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YIK 517.1

Kunra npegteranaser coSoft cospemenuuit kype
MATEMATHURCKOrO 2H2MH33, HANHCAHHHA HIBECTHHIM
aMePHKAHCKHM ydeauiM. To cTnmo U colepmanuio oua
OTAMMACTCH OT WMEWOWHXCH TPAAHLHOHHHX KYPCOB,
MonuMo obHYEO BKAIOYAEMOr0 MaTepHana, KuAra
COREPHAT OCHOBH TEOPHR METPHYSCKHX NPOCTPAHCTE,
TEOPHIC HKHTRTPHPoBaRHE nuppepenunagbENX  GOpPM
H# AOBEPXHOCTAX, TEOPHIO HHYErpana H T. A.

B xounme xaxAcW TJaBH NPHBOEATCA Y1aulo
nofloGpanunle ynpaicueHns (06IRHM YucHon okoao 200),
Cpeay HHX eCTh KaK mpocTHe NPHMEPH, HARIOCTPH pyIoe
liMe TEOPHIO, TAK M TPYAMHE 3a0aun, CYUECTBEHHO
IONOJAAWINE OCHOBHOA TEKCT KHHTH.

Kuura ¥, Pyauna MokeT CAYXHTD yHeSHUM
ftacoGMeM AAS CTYAEHTOR MATEMATHUECKHX H dHanue-
ckiX (aKyALTETOB YHUBEDCHTETOR, NEAATOPHUECKHX
KHCTHTYTOB H HEKOTOPHX BTY208. Oua Gyler moxesna
acaxpanTaM H TPENOTZABATETAM 5TAX yueGHWX zape-
AcHui, a TaKKe NHIKEHEPAM, XEeAIOUEM PacllUPATE
CBOR 3HARAS TIO MATEMATHYECKOMY AHAAW3Y. '
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OT NEPEBOAYHKA

Kunra napecTHOTO amMepHKAaHCKOro matemaTtnka Y. Pyauna obnaga-
€T PHIOM JOCTOHHCTB, BHACASAIONIHX ee CPeRH PYKOBOACTB MO MATEMaTH-
YECKOMY aHaJn3y. Ee otanuaer HpexAe BCOTO CHCTEMATHYSCKOE HCAO b
3oBaHHe OOIHX TOYEK 3PeHAs # aGCTPAKTHEIX HACH YIKE NPH H3NOKEHHH
OCHOB AHMG(PEPEHUHANLHOTO H HHTErPANBLHOrO HeuHeAeHnud, Tax, Hanpu-
Mep, NPOCTERHUM NOHATHAM TEOPHH MPENeNOB ABTOP NPemTocHaaer
onpene/ieHHe METPUUYECKOro NMPOCTPAHCTBA.

OcolexHo MHTepecHOH M yZauHOR Ham NpeicTaBasercA Faasa 9,
I0CBAMIEHHAS HHTEI PANLEOMY H ARDQeDEHTHANLROMY HCUHCICHMIO (PYHK-
l.ll'lﬁ MHOTHX HEePEeMCHHRIX. 3)1er dBTOPY YHAANOCh DEUWHTbL pAj MeTOAH-
YECKHX NPOGIEM, ¢ KOTODHIMYE NMPHXOAUTCA CTANIKUBATHCA KAKAOMY, KTO
npenopaer aHaNK3 Ha MareMardyeckux dakyabTeraXx yHHBEPCHTETOB.

B 370f raabe NPUBOAKTCA OdeHb KOPOTKOE H H3SIHOE ROKA3ATE/Nb-
CTBCG TEOPEME! O JOKAAbHOA 06PaTUMOCTH MMIAAKHX OTOGpAKEHHt eBRAK-
ROBHX NPOCTPAHCTB, AOKA3aTEABCTBO TEOPEML! O HeABHON PYHKUUH, KO-
TGpas conponomnae'rca HHTEPEeCHBIMH TeOMeTpHUECKHMH DNPHAOXKEHH:A-
MH, 3aTeM NPHBOAMTCA OCTPOYMHOE JOKA3ATENBCTBO TEOPEMH O 3aMeHe
NepeMeHHHX B KparHoM HHTerpajite. OHO OCHOBAaHO HA JIOKAJBLHOM npef-
CTaBJIEHHH TJAAKOI0 0TOGpaMEHHS ¢ HEHYAEBHM HKOGHAHOM B BHAE
CYNEPNO3HIHK HECKOALKHX OTOGPa)e U, OCTABMAIOU{HX HEH3MEHHbIMH
BCce KOODAHHATH, KpoMe OfEeH. B 5700 ke ryiaBe H3NIOKEHO HCUHCAeHHE
Rudpepenunasbirix dopM 1 GopMyaa CToKca (B ee COBPEMEHHOM BHLE).

Ctnilb KHHTH BNOJIHE COOTBETCTBYET €¢ Ha3BAHHMIO: IJ1aBHOE BHHMaHHe
YAENACTC HMEHHO OCHOBaM, a He aetaasM. Hekoropsie BamHbie cBele-
HUR (TaKHE, CKAKeM, KaK Teopema Py6uni, TEOPHA HecOBCTBEHHBIX un-
TET PANIOB ¥ RHTErDasOB, 3aBHCALIRX OT napaMerpa) JHbo BOBCE HE CO00-
WAKTCA, AH00 COCTABJIAIOT CONEPMAHWE YIPANKHEHHH,

Kuera Banucana oueHb CKaTo. YTBEDHACHHA, HMEHYEMHE B Tpa-
AMIGIOHHHX Kypcax TeopeMaMy H cHalkaeMLle he OYeHb KOPOTKHMM
J0Ka3aTeNbCTBAMH, YNOMHHAIOTCH 34eChb NOPOH BCKOJIb3E, KAK HEUTO
caMo co0OR pasymelowieecsi, HAH JaKe HE YNOMMAAIOTCA BOBCE (HO He-
ABHO HMCTONB3YOTCA). B ROKA3aTeABCTBAX, BCerAa aKKYPaTHHIX H Ges-
YOPEUHBIX HO CYIIECTBY, NOPOR BCTPEYAKOTCH BONIBHOCTH DEdH.



6 Om nepeendeuxa

Bce 3To JONXKHO CAVIKHTS HIBECTHHM [IpelocTepesenes Aas CTy-
AeHTA, BAEHBLIE MPHCTYHAKMICIO K H3Ydelio anaauza. B 1o Ke spems
CHeUMAANCT, HCKYLIEHNHIH B aHaanze, OVACT COpaBei/iiBo PacCMATPH-
BaTH OCOOGHROCTH KHHTH, NENeWiCICHHBE B ApensfyeM adsalle, Kak
22 AOCTONHCTBAD CHATOCTH HANOKEHHA HIBARHT €ro OT HOBTOPEHNA CTaH-
AZPTHLIX PACCYHALHHH, KOTOPHIMH OGH JABHO OBJIAAE, 2 HEKOTOPLIC BOTL-
HOCTH eyl NPUATRO DA3H000PAMT CTUAD,

Kunra ¥. Pyauna Synet iy XBTh HOAe3HLIM 110COGHEM AN BCEX, KT
H3YHaeT MaremarHuecKufi AHAAN3 HAN NPENoJaeT ero.

B. Xasun
cewmafipn 1075 1,



NPEOHUCIHTIOBHE

D1a KHUrA 333YMaHa KAK PYKOBGLCTBO N0 KYPCY alANH3E, KOTOPHIK
O6HYHO NPOXOAAT CTYAEHTH B KOHHE IIePBOTO 3Tana oOyweHHT WM
B IiepBHIA rojl BToporo 3Ttana ),

QOcHoBHOEe DpasavHe MEXKAY HACTOAUIAM M HEDBWM  ({BHILLICIIHNMM
10 Jer Rasaj) Ma3AaHieM COCTOHT B TOM, UTO Tenepb ropasno Gosee
noApoGHO H3NoXena TeoPHA (GYHKUHE MHOTHX NepeMEHHBIX.

K3MeHeHHe CReJaHo B OTBeT HAa MHOTOMHC/ACHHHE MNOMKEeNaHHs
yutatesiefl, ['1apa 9 Teneps HauuHaeTCA C PACCMOTPCHHA HEKOTOPHIX
OCHOBHBIX TNOHATHH, OTHOCAIMXCE K BeKTOPHEIM NPOCTPANCTBAM;
3aTeM ONPeResTIOTCA NPOHIBOLHHE OTOOpaKeHHH KaK NHHeHHHE 0TO-
Opaxenns; Nanee GOPMYAHPYIOTCA H JOKasHIBAIOTCH (663 HMCMOABIO-
Bains oupeRenuTeNe#) Teopema o6 obpaTHOR HYHKUAM H HEKOTOPHIE ee
BaxKHeHNe CIeACTBAS; YCTaHARAHBAOTCA CBOHCTRA AMddepeHuuanbAHX
(opM (B CBASH C OTOOpaXeHHAMH TIPOCTPAHCTBA); [V1ABA 3aKAHYKBAETCH
HOBOJILHOG OGIEM BapHaHTOM TeopeMbi CroKca — A-MEDPHHIM AHANOTOM
OCHOBHOW TeopeMbl WHTeTPAJNbHOrO HCYHCACHHS.

B cBASH ¢ 9TUM MBI BRJIIOYH/IH TeNeph B rNaBHl 2 H 4 Goaklle cBe-
AeHHHA 06 eBKAHACBELIX MPOCTPAHCTBAX H O METPUUSCKHX NPOCTPAHCTBAX,
yeM panblie. OfHAKO 5Ta AONOAEKTE/NbHaA OGIIHOCTb HE BHISHIBAET
IONONHWTEAbHBX TpyaHocred. Teopemb!, HaNnoKeHHHE 3kech B 9TOH
HOBOH NOCTAaHOBKe, He TPYAHee, WM COOTBETCTBYIOUIME TEOpeMsl Ha
GPSAMOA H/H HA H/AGCKOCTH.

OcTanbHbie TaBbl OCTaBJeHM 03 SHAYHTENbHLIX HSMeHeHMil, HO
MHOTOE NepenkCcaHo 3aHOBO H HeKOTOPHie 1eTadH {KaK HajeeTCs aBTOP)
YAYULUIeHR,

IlepBas yacTs rnasu 1, 8 KOTOPOR C NOMOLOBK CEYEHRH B MEOIKECTBE
pauHOHAABHHX YHECEN NOCTPOSHH BRIECTBEHHEIE UHCAA, MOXeT OBITH
fIpH NepPBOM YTEHHH ONYNIEHAa; eclH NOCTYHHTL Tax, To AAS JIOFHYe-
CKOTO 0COCHOBAHHA OCTaJibHON MACTH KHHIY MOKHO NPUHATL 32 NOCTY-

1) Pazanune MeXAy CTYNEHT2MH NEpBOLO STana oOGYNeHHA {undergraduate
students) » erynentamu Broporo stana (graduaie students) B yuupepcurerax CIIA
COOTBETCTEYET TPHMEPHO PASARUEIO MEXKAY HAMIMME CTYREHTAMH MJIANIIEX KYpcoB

# CTyNEHTaWH CTapIIHX KYPCOB, yike 330pasiunMu KabeADY H HMEICIHME Hayy-
HOTO pyKoBoAHTEAA.— [TpUm. ped,



8 Tpeducaveue

nat teopemy lleaexunga. I'iasul ¢ nepBoil no ceibMyio cliefyer a3y-
4aTh B TOM NOPAAKE, B KAKOM OHH HANHCAHL!, TOFA@ KaK TPH N0CAeAnHe
rJIaBRl {IOYTH HE 3aBHCAT APYr oT Hpyra.

ucao sanad Bo3pocao, Tenepb HX okouo 200, Hexoropwie us nux
#e TpeGyloT NOYTH HHYEro, KPOMe HENOCPENCTBEHHOro TMPHMEHEHHSA
Pe3yabTaTOB, NOAYYEHHEIX B TEKCTe; APYPHe paccuHTanH ka #3obpera-
Te/bHOCTb AYYIUKX CTYAEHTOB. DOJBOIHHCTBO TPYAHKX 3a1a4 CllalKeHo
YKa3aAHEAMH.

Yoamep Pydun



FJAABA l

CHCTEMBI BEHIECTBEHHBIX
H KOMINIEKCHBIX YHCEJ

Bregenue

Haygenue ocHOBHLIX NMONSTHA awanausa (TaKUX, KaK CXORHMOCIh,
HENPePHIBHOCTE, hnddepeHnUpoBanHe H  HATEIPHPOBAHHE) ROJIKHO-
OCHOBHIBATHCS HAa TOMHO OTpefe]ellHOM NOHATHH uncsa. M, oinako,
He OypeM BCTynaTh B ofcysdeHHe aKCHOM, KOTOPHIM NONMHHAETCH
apAjpMeTHKA UeJLIX YHCeA, a OyleM HCXOJHTh M3 CHCTEMH PalHO-
HAMLHEIX YBCed.

Mu npearnosaraem,. 9To 4uTaTeN s 3RAKOM ¢ apudMeTHKOR pauBo-
HaJbHEIX yHCeN (7. e. dHCeNd BiAa n/m, vie n W m—ueame, ms=0),
# TONIEKO HANOMHAM OCHOBHMWe cBoficTBa 5THX wdcest. Cymma, pas-
HOCTB, TIPOM3BeJeHHe H 9acTHOe JIOOBIX ABYX PaNHOHANBHEIX THCE—
pallHOHANLHOE WHCJO {AeNCHHe HA HYJb HCKJIIOWAeTCA); BLHIIONHAIOTCH
33KOHEI KOMMYTATUBHOCTH

p+q=q+p, pa=gqp,
SAXOHR ACCORRATHBHOCTH
(p+Q+re=p-i-(g+r)  (pe)r=plgr)
B 3aKOH .RHCTPHGYTKBHOCTH
(o-+q)r=pr+gr;

cnpefeNeHo OTHOMEHHe <, sajjawllee NOPAJOK B MHOMKECTBE PalHo-
HAABHHX utices. Ornomenne < ofilagaer TeMm CBORCTBOM, UTO JJjd
MoOHX pALHCHAALHRIX ukcer f B ¢ Jubo p=¢q, mbo p<<g, mubo
¢ < p; OHO TPAHSHTHBHO, T. €. €CJIH < H ¢<<f, T0 p<<r. Kpome
toro, p+qg>0 u pg>0, econ p>0 ® g>0.

Xopomo H3BECTHO, UTO CHCTEMa PauUMOHAJBHHIX uncedl obAanaer
MHOTHMH HefoctaTEaMu. HanphMep, He CYIMECTBYST PpalHOHAABHOTO
YHCAA p, TaKOrO, YTO0 pP=:2 (MBI ST0 BCKOpe AOKaXKeM)., 3To pedaeT
Heo0XOAHMEIM BBeAEHHE TAK HASLIBAGMBIX <HPPAIHOHANBHEIX WHCEds,
KOTOpHE 4aCTO 3amMCHBAIOTCH B BHAE GeCKOHEYHHIX NECATHYHEIX
pasnoxennii, npdueM COOTBETCTBYIOIMHE KOHEUHBE JecATHYHLE Apobu
CYUUTAOTCA HX npuimiKendaMy. TaK, N0CIEN0BATEABHOCTE

1; 1,4; 1,41, 1,414; 1,4142; ...



10 Fa. 1. Cucmesot SetqecmscHaby U KOMNISKCHNE HuCtA

sctpemutca K ) 2». Ho zo Tex TOp, [OKa MBI He ONpeaeldii Hppa-
LHOHAABHOE uscaAo V2, ocTaeTcs OTKPHTHM BOMPOC: K UeMy Ke
BCE-TAKH CTPEMHATCH 3Ta TOCAEAOBATENBHOCTHL?

Cnapguags wean 3TOH TVashbl U COCTOHT B TOM, uTobH JAaTL Heob-
XOJHMOE Ofpeac/cHHe.

1.1. TTpumep. CHauana moKameM, 9TO HAKAKOS DAUHMGHAILHOE
HHCAO P HE YAOBIETBOPAET YPABHEHHKD

) pP=2.

HeficTBUTeABHO, TIPSANONOXUM, YTO 5TO He Tak. Toraa cyihe-
crByeT yiosaertsopsioulee ypasHenuo (1) wHcno p=m/n, tne m, n—
nesbie, HpHUEM XOTH Obl OAHO H3 HHX HEUeTHO.

Hoxcrapass 8 ypasxenne (1), nonyuaem

2) me=2n?,

370 NOKA3LIBALT, YTO M2 -~ YETHOR UHCSIO. 3HAUHT, M YeTHO {ecau Gbl m
GLII0 HeYeTHBIM, TO ¥ Mm? GBLIO Ol HeueTHbM) H, Clei0BaTensHo, m?
hZeantes ua 4. [lostoMy npasasw wacTb papeHcrTsa (2) Aeaurca Ha 4,
TaK 4TC A% YeTHO, OTKYAA CJeAyeT, YTO H R UETHO.

Taxum ofpazoM, npearnosoXeHde O TOM, YTO BHINOAHEHO paBeli-
cTtBo (1), 3acraBaseT HAC 3aKAIOUHTL, ¥TO Ofa YHCAA i, #— YETHHE,
BOIPEKH HameMy BHIOOPY m H A. 3HayuT, PaBeHCTBO (1) HEBOZMOKHO
NpH PamHOHAALHOM p.

ccrieflyeM Tenepb noppoSeee 3Ty cutyaumo. Ilycte A—Muo-
XecTBO BCeX NOAOKHTENbHLX PALHOHANBHBIX P, TaKHX, 4T0 p<l2,
4 NycTh MHOKECTBO B COCTOHT H3 BCeX NONOKATENBHHIX PAaIHO-
HaJZbHHIX P, TaKHX, 9TO p? > 2. MM noxaxkeM, uto A He COZepKHT
RaHOOMBINErO YHCHAA, a B He cOAepXHT aUMelbIHEro.

Toanee, MHl ZOKAXeM, HTO A3 Jwoboro p H3 A MOXHO HailTH
pauMoOHaAbHOE WHCAO ¢ B3 A, Takoe, yTO p<<q, H A Jgoboro p
u3 B Mul MOXeM HalfiTy pauMOHANBHOE YHCIO ¢ H3 B, TaKoe, 4T0 ¢ <I p.

[Iycto p npurapnexut A. Torza p? << 2. Br6epeM pannoHasibHOR £,
Takoe, 910

2—p?

O<h<<l m h<2p+l
TMonoxam g==p-+h. Torga ¢g=>pn
P'=pP+@p+Hh<<pP+2p+DNh<p+2~p") =2,
TaK 4YTG § HAXOAHTCH B A. Btum }101(8331-13 nmepBaa 4acTh HaiHero
yTBEpXKAeHHS,

Ipepnonckim Teneps, wro p npusapnexnt B. Torma p*>>2.
[lonoxum
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Torga 0<<q<<p M ) . :
F=p—(*—-2)+ (%,,"—2— >t —2)=2,
TaK 4TO ¢ TpHHANJIe}HT B.

1.2. 3amevyanne. eas npEPefieHHOrO Bbime pacCyXECHHA—
110Ka3aTh, YTO B CHCTCME PAUHOUAMLHLIX GHCENT HMEIOTCH HEeKOTOphe
npofensl, 1HECMOTPA Ha TO 9TO MEXAY JKGHMH EBYMS paliOHaJb-
HbIMH HHCAAMU HAXOAUTCH TpeTbe (160 p << (p-+-q)/2 << g, ecmu p < g].
Cefiuac Mu1 onamieM npepjoxedHell [lemexuunom npouece, KoTophil
(03BOJART 3ANOHHHTL 3TH NpoGeini H IPUBOAHT HAC K BEUISCTBEH-
HbIM uncIaM. YTo6H He yBeauuwsaTe OOBEMA KHHTH, MBt He Bespe
OyaeM NPOBOAHTH PACCYKAEHWS BO BCex Aetansax. Ilosmoe Manoxe-
Hie, HauHHAHIeecs C NeJHX THCes, MOXKHO HaiiTd B Knure Jlangay
«OcHOBLI aHaAM33%, TAe PeUb UZeT TOABKC 00 3TOfi UMCAOBOH CHCTEME.

1.3. OGoauaveuus. Ecnu A—MHOXKecTBO (3/EMEHTAMH KOTO-
porn MOryT OuITh QHCIA HAM JIOOHe ApyrHe 00BeKTH), TO 22MHCh
X € A o3nayaeT, 4YTO X NPUHAAJEIKHT (WIH ABNAETCH 3JeMeHToM) A.
Ecnu x ne gsnsercs anemMeHToM A, Mb Gypevm mucats x§ A.

MHoXecTBO, He CcoJiepiKalliee HE OAHOTO 3JeMeHTd, Mul Oygem
L43blB4TE MYCTHIM MHONKECTBOM. ECAH MHOMECTBO COZEPIMUT XOTA GH
QJIHH WIeMeHT, TO OHO HA3LIBAeTCH HEHYCTBIM.

JeAeKANA0BR CeMeHHA

14, Onpegfenenue. MEHOXeCTBO G pAUNHOHANLHHIX YHCEN

HAILIBACTCHA CeHCHUEM, €CnYy
(I) @ comepxkuT x0T4 01 OAHO PAHHOHANBHOE YHMCNIO, HO He BCH-
KOe pauKHCHAJABHOES YHCHAO,

(I v1a p€a u ¢g<<p (¢—paUAOHANBHOE UYHCIO) HMEEM § € &}

(IH) B a HeT HaHOOJLIIETO UHCHA,

B aroM pasfene Mo GyAem ynoTpeSasTs GYKBH P, @y 7, ... TOJIBKO
A1 0003HAYEHHA PALHOHAMBHLIX YHCEN; CeyeHHs OYAYT ODO3HAuAThHCR
OykeaMH «, B, ¥, ... (3a HMCKJAOMeHHEM CAyvas, O KOTOPOM TOBO-
puTca B onpeaeaenan 1.7).

1.6, Teopema. Ecau p€a 4 gda, mo p<Zq.

HoxazateanctBo. Ecm pEa u ¢g<<p, 10 us (II) caenyer,
Y10 GE . '

lpuunmad BO BHHMAEHE 3Ty TeOpeMY, VIEMEHTH MHOXKECTBA ¢
HIIOT/a HA3WBAIOT HAKHEMH UHCIAMH CeYeHHA O, a pauHOHAJbHbIE
yucJIa, He MpHHAAAeKALHe ¢, HA3HBAIT BEPXHHMH YHCJaMH CEYCHHS O.
Ilpumep 1.1 moxaspiBaeT, YTO He BCErJa CYyIeCTBYyeT HaMMelibliee
Repxnee yucno. Ofnako AJst HEKOTOPBHIX ceueHnli HauMeHnilee BepX-
HCe 4ACAO NeHCTBUTENBHC CYLUeCTBYeT.
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1.8. Teopema. flycmb r — payuonaassoe uucao . [Tycmo muose-
GMBO (. COCIMOWM U3 60X PAUUONQALHLIX 4ucer P, MAKUX, 4mo p<lr.
Toz0a a—cewenue, @ r—HauMenbUlee BEPXREE WUCAD CEHeHUS .

HoxasateabcrBo. SlcHo, 4TO @ YAOBJAETBOPAET YCAOBHAM
(I) u (II) onpenenenua 1.4. YUro xacaerca (III), o nyxuo anum
3aMeTHTb, U9TO A JIOGOTO pEa MBl HMeeM

p<-'112*35<r,
nostoMy {p4-r)/2€a.

Hanee, r¢a. TlockonsKy HépaBeHcTBO p << r BiedeT 3a cooft
BKJAIOUEHHE pPEQ, TO r--HAUMEHBIUEE BepXHEe WHCJIO CeYeHHda «.

1.7. Onpeaenesnne, CeyeHue, MocTpoeHHOE B TeopeMe 1.6,
Ha3bIBAETCH PALUOHAIbHOM Cederuem. F.CIH MEL 3aXOTHM NOAYEPKRYTH,
UTO ¢ eCTh DAalHOHaJbHOE CeUeHHe, CBA3AHHOE ¢ HKCJOM r YKa3aHHBIM
abpazom, To OyAeM nucaTh o =r",

1.8, Onpenenenne. Ilycinh a, p—ceyenusn. Met Gynem nucatob
a==0, eciH H3 COOTHOHIEHHR pE€a& cJjaefyeT coorHowenye p¢f,
a U3 geEP cheayer gEa, T. €. €CAH STH JIBA MHONKECTBA TOXKJE-
CTBEHHO COBMajaioT. B mpoTueHOM caydae MB Oylnem mMcaTe o %=f.

3amevasue. 10 onpeAencHHe Ha NEPBRH BIVINA KaXKercs
namuauM. Ho paBencTBO He Beerfia ONpeReasercd KaK TOMAECTEO.
Hanpumep, ecns p=a/b u q = c¢/d — panyonansaye wHcsa (@, b, ¢, d—
uenbie), TO p==¢ N onpelieleHKI0 o3uauaeT, 4To ad = be, HO He 00%-
3aTEJBHO @==¢ H b=d.

BeeneM Tenepb OTHOWICHHE NMOPAAKAa B MHOMKECTBE CEUeHHH.

1.8, Ounpenesenne. IlycTs o H P—cevennn. Mur nuinem
a<fP (wm P>a), ecan HMeercH palAOHANbHOE MHCIC P, TAKOE,
uto pEf ¥ péa.

o< p o3Hauaer, yto a=p RaH o <.
¢ > § ossauzer, yto P<<a,

Ecmu a>0% Tto Mt SyfeM ropoputh, YTO CEHEHHE (¢ MOMONRHUTENLHO,
ecan o> 0*—mMpt GyAeM FOBOPHTb, UYTO OHO HEOTpHiUATEsBbHEO, AHa-
AUTAYHBEIM o0pasoM, ecmm o< 0% TO « OTPHUATENBHO; OHO HENOJO-
KHTENbHO, ecaH < 0%, .

Mui, RoHewno, OyheM NpOAOTXKaTh NOJbSOBATLCH CHMBOMNOM <
A PAlHOHAABUKX 9YHCEs, TaK 4YTO 3TOT CHMBON (BpemenHo) Oymer
HecTH ABOAMyio Harpysky. Onuako u3 KoHTeKcTa Beerja Oyget scHo,
KAaKOH CMHICJ cJefyeT €My NPHOHCATD.

1.10. Teopema. Ilyemo a, p—cewenus. Tozda aubo a==§.
2u60 o << P, subo P< a.
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JokasareanctBo. Onpegenenns .8 u 1.9 acio nokaswBaor,
4TO €CJM ==, TO BH OfHO H3 ABYX APYTHMX OTHOIIEHH{ He BLIMOJ-
neno. YUrobn moxasath, 9TO OTHOLWCHHA ¢ <Zf H P<a HCKAOYAWT
Apyr JApyra, NpefnofioXuM, 4TO 00z 3TH OTHOIIGHHS HMEIOT MECTO.
Tlocronbky o <Zf, HMeeTcH pauHOHaNBHOE YHCJAG p, Takoe, 9YTO

PEP  pio.
TTockombKy P <Zu, HMeeTCA panHOHA/MBHOE WHCNO ¢, TAKoe, 4TO
gea, q¢p.

ITo Teopeme 1.5 us Toro, uro pEP u g¢f, caenyer, uro ¢<<p.
Tak Kak HepaBeHCTBA p<iq U ¢ < p He MOTYT OAHOBPEMEHHO BHITIOJI~
HATHLCA AN PAUHOHANLHHX YHCed, Mbl NPHIVIH K MPOTHBOPEYHIO.

Jo cux nop Mul K0Ka3asH, YTO M3 TPeX OTHOLUEHHIT MOXeT BHIOJ-
HAThCA camoe Gonbiiee opxo. [Ipeanono:kuM Teneps, uTOo @ ==p.
Torpa sBa 3TH MHMOXKECTBA He COBNAJAlOT TOXKISCTBEHHO; STO 3HA-
4T, 9TO JHOO & COAEPKHT pauuoHANbHOE p, He cofepkamecca B P,
H B 3TOM caydae < e, mbo [ comepkur pamHOHAJILHOE ¢, HE CO-
ReprKauieec B @&, U B STOM cayuae a<f.

1.11. Teopema. Mycms o, B, y—cederus. Ecau a<<p uP <<y,
mo o< y.

Hoxkasareancrpo. Ilockoaeky a<Zf, cymecTByer pamo-
HaNLHOE p, TaKoe, UTO

peP, péo.
[MockoabRy P <y, cyuecTsyer pallHOHAJILHOE ¢, TAaK0e, YTO
g€y, q4p.

Tenepp sameTuM, uTO H3 cOoOTHomeHnlk pEP H g4 P caemyer, uro
p << (; TIOCAeAHee BMECT€ C COOTHOLLEHHWEM p§¢a BJAeyeT 3a coboil
g ¢ o. Taxum ofpazom,
q€v, gge.

3TO 3HAUHT, YTO & <TY.

[Tocneaune nse TeopeMbl MOKASHIBAIOT, YTO OTHOLHEHHE < MEXKAY
cedeHuamH (onpegencude 1.9) meficrBurensHo ofnajaer TeMu CBOA-
CTBAMH, KOTOpHle OGBMHO CBA3HBAIT C NOHATHEM HEPABEHCTBA.

Teneps MEl mepexofuM X TNOCTPOSHHIO apUDMETHKH B MHOMeECTBe
ceeHui,

1.12. Teopema. Mycme o, p—cevenusa. Mycme y— muoONce-
CMen ecex PayUONQALROIX uticea r, maKux, 4mo r=p-fq, 20e pca,
qEP. Toeda y—-ceuenue.

HokasaTeasctpo. Mu noramkeM, YTO Y YAOBASTBOPSIET TPeM
ycnoBUsM onpedenenus |.4.
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(I} flcuo, uto y menyero. ITyets sda, £¢B, s u {—paunonann-
Hele uucaa, Torga s--t>p--g npn Beex pew, gE€P, Tek uro
s-+tdy. 3HavwET, Y COAEPKAT He BCE PAUHOHATbHLE YHCTA,

(I}) Tlyets r€y, s<Cr, s—panuonaibroe uncao. Torja r==p-q
NpU HEKOTOPHX pEa, g&f. Bulbepem pamvonansiioe ¢ Tax, wro
s=1-+¢. Torna {<p, 3uayuT, {€a, NOITOMY SECY.

(H1) llpeanonoxum, uwro r€y. Torda r=p--¢ OpH 1EKOTOPHIX
pE€a, g€P. CymecrByeT pPaHCH2ILHOE $I>p, TAK0E, HTO SEa.
3uaunT, s+gE€y H s-+gi>r, TAK YTO 7 HE SBAACTCH HAHGOMLHIHM
pauMonasbHLIM YHCAOM B .,

1.13, Onpegencnue. Ceuenne Y, DOCTpORHHOE B Teopeme
1.12, obosnavwaercsa uepes a-}-f u HazwBaeTcs CyMMOH « M B.

(3amesaHne, clledalnoe nocle onpegetends 1.9, OTHOCHTCR Takke
U K CHEMBOAY -i- )

1.14. Teopema. figeme a, P, y— cevenun. Toeda

@ atp=PF+a

(0) (04-P)+y=0+ (B-I-¥), max wmo cxkobxu MOKNO Ongckamo,
He 0nacasce 08yCMbICACHHOCMU,

(c}) a4+0*=aqa,

HDoxrasareasctso. J[Jag nocTpoewus o-+f HyXHO B3sTh
MHOJKECTBO BCEX PaUNOHaJbHHX YHCea BHAA p-- ¢ (p€a, ¢EPB). Hna
noctpoeHns f--o buecto p4-¢ nyxnc O6paTe ¢+ p. B cuay sakona
KOMMYTATHBHOCTH AJI5i CJIOXKEHHS PallHOHAMbHLIX yHces, ¢+ BB f-+a—
TONJACCTBEHULIE CevenHs, ¥ CBOHCTBO (a) JOKaszano,

AHaNoOrAuHEM o6pas’oM 33KOH ACCOUHATHBHOCTH AJf CJAOMKEHHN
pauHoHaNibHEIX YMcea BJaeqeT 3a coboll paeeHcTBO (b).

YUrobu pmokasath (c), sHOepem r€oa-+0% Torma r=p-i-gq
npu HekoropsX péa, ge0* (r. e. ¢<<0). 3rauut, pq<<p, TaK
4o p+-gEa ¥ rca.

Teneps nycTh r ¢ «. BulepeM panMoHasbhOe YHCAQ 8> r, TaKOe,
yro s€a. Ilosoxuw g=r—s. Toraa g<<0, ge0* u r==5+t¢q, r2K
uto rca--0*.

Taxum ofpasom, cedenus o-+0" H o cosnagator.

1.156. Teopema, [Tycme a—cedenue, u nycme 3adanc payuo-
raavHoe «ucao r>>0. Tozda cyuecmeyiom payUoRassroie p, g, maxue,
ymo pEa, gda, g He ABAALMCA HAUMEHOLIUM U3 SEPXHUX WU
CEHCHUR O U q—p=T.

HokasarteabcrTBo. DBnifepeM pauHoHajibROe HHCJIO SEd.
Odas n=0, 1, 2,... 0OAOXKHM S,=s5-nr. Torja MmeeTca eAuH-
CTBCHHOE LieAce M, TaKOoe, 4T0 S &0 H Spu §a.
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Ecnu §,4¢ HE €CTb HauMeHbIIEe H3 BePXHHX UHCEA CCYCHHA O,
T0 BHIOEDEM P=:38p, G==Sp4y.
Eciu §p;.¢ -— BaAMeHBUIEe H3 BEPXHHX WHCEN CEYeHHs ¢, TO BOIbMEM

L F
P=S%mT g+ §=Smuy '!"-"2"-

1.16. Teopema. ITycms w—cesenue. Tveda cyuecmeyem odno
u moabio 0OKo Ceserue P, makve, wmo o+ f==0%

HoxkasareancTBo. CHauahu MBl JOKaXKEM eIHHCTBEHHOCTE.
Ecan o + By =a4-fo=0% 10 Teopema 1.14 noxassmaer, uro

Bo=0"+Pa=(a+ ) +Pr=(a—+Po) -+ fs =0* 4 Py = f.

Ana J0Ka3aTenbCTBa CyWECTBOBAHAA 0003RAUMM uepes f  mMHo-
HECTBO ECeX PaMHOHANBHEIX P, TaKHX, 4TO -——p ABASETCH BEPXHHM
YHCAOM CEYeGHA ¢, HO He HAHMEHBUIHM H3 BepXimX 9HCeJI. Mp
GOMXKHE UPOBEPHTb, YTO 5TO MHOKECTBO [ yLOMIETBOPSET TpeM
yeiosuam onpepesenuss 1.4, Bumonnemme ycnosma (1) oueBuaso.

(I} Ecin pEP u g<<p (g—panvoHajbHOE), TO --pd«
H—g>>—p, TaK 4TO --§ ecTb BEpPXHee YHCJIO CEYSHAT «, HO
He HauMeRsiee. 3HaudT, §EP.

(II) Ecam pcEB, 10 —p ecTh BepxHee YHCAO CEUEHMA ¢, HO
HE HanMeHbIIeS, TaK YTC HMEETCH DAalHOHAJBHOE YHCAO q, Taroe,
HT0 —q < —p B — ¢ § a. Tloaoxum

P i A

Torga —g<{—r<I—p, TaK 4T0 —r eCTh BePXHEE YHCJIO CEYEHHH a,
O He HamMeHblUlee. 3HAYHT, MH HALUNIH PAUHOHANABHOE 7 > P, TaKOe,
770 r&f.

Tlokasae, uTo f§—cCeuenke, Mbl AOIKHH TeHepb HPOBEPHTL, YTO
a--f=0" )

lipeanosoxuM, uro p€a-PB. Toraa p=g¢-+r npu HeKOTOPHIX
g€a, rEp. 3nauur, —réga, —r>q, ¢g+r<<0, u pe0*

lpexnoncxus, uro pe0®, Toraa p<<0. Ilo Teopeme 1.15
HMCIOTCSE  palHOHAJBHEIE YHCAa g€d, r¢o (NpHYEM r He ABAALTCH
HAHMEHDBIIHM H3 BEPXHUX UYKCeJ CeueHMs @), TaKHe, YTo r—g= —p,
[Mockonbky -~r € B, MB HMeeM

p=q—r=q+(—r)€a+p.

JloKa3aTeAnCTBO 3aKOHUEHO,

1.17. Onpenenenune. CedcHue, nocTpoeHHoe B Teopeme 1.16,
obo3HaYaeTcH —da.

1.18. Teopema. Has mobux cewenud o, P, vy, maxkux, wmo
B<<y, umeem o1-p<a-y. B uacmuocmu (nosgean p==0%, mm
‘meem a-+y>0% ecau >0 y>0%
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Hokasareabcrs o. Cormacko onpepenermaM 1.9 a 1.13,
e+ pB<Laty. Ecan
a+p=a-ty,

B=0"+B=(—0)+(@+B) =(—a)+(@+1)=0"+y=y
no teopeme 1.14,

TO

1.19. Teopema. Hycms «, Pp—cevenun. Toeda cywecmsyem
0GHO u MOAbKD 00MO Cewenue ¥, maxoe, wmo a-+y=p.

OdoxasatenbcTBo. EIHACTBEHHOCTH CAEAYET M3 TOTO, YTO
HEDAaBEHCTBO Yy ¥ y; BAcueT 3a c000fi HEPABEHCTBO G-}y, F& a-+ v,
(reopema 1.18).

TTonoxum y=p-+(—a). Ito Teopeme [.14 Mb uMeem TOTHA

gt+y=at B+ (—ai=a-+(—a)+pi=
=[o-+(—a)] +§=0"4-p~=p.

1.20. Onpeneneunne. Ceuenune y, nocTpoeHroe B Teopeme 1.19,
ofeo3nagaerca depes p—a, T. e. Mo numeM f§—o BMecTo B+ {—a).

1.21. 3ameganue. Ham coBcem He norpeSyercs B 57O/ KEHre
teopua rpynn. OAHAKO uuTATENH, 3HAKOMHE C HOHATHEM TDYMML,
MOL7IH 3aMeTHTb, 4TO Teopemui 1.12, 1.14 w 1.16 ossauaior, 4ToO
MHOXECTBO ceueHHI ecTb KOMMYTATHBHAA T©PynNa OTHOCHTENLHO
ClOXKeHus, BBeJleHHOTO onpefenennem 1.13. Cefiuac MW onpenenum
YMHOXKERHE U NOKaXKeM, UTO MHOKECTBO cedeRuii olpasyetr nose.

OcTaHoBUBIMCh NOAPOGHO HA CJAOMEHHH M BHYHTAHHA, MW COBCEM
KpaTko 1 Ge3 JOKa3laTeAbCTBA PACCMOTPHM YMHOXKEHHe M JeJiCHHe.

OKa3aTe/LCTBZ TeOpeM, KOTophe MH Janee chopMysupyeM, cosep-
IEGHHO AHATIOTHYHKW NOKASAaTENBCTBAM TEOPEM O CHOXKEHHH H BHIYH-
TAHHH, 32 HCKJIOYEHHEM TOTO, 9TO HHOTAA HeOSXOHEMO PacCMOTPeThb
HMEeCKOABKO CyuaeB B 34BACHMOCTH OT 3HARA COMHOXKHTENER,

v 1,22, Teopema. IMycmeo «, p—maxue cewenun, amo o’ 0°,
B> 0% Ilycmo ¥ cocmoum u3 ecex OMPUUGMEALHBX - PURHORAALHBX
QUCEA U 6CEX POYUOHGALRBIX T, maxkux, wmo r=py, ade p&a, gePp,
p>0, ¢>>0. Toeda y— ceuerue.

1.23. Onpenenenne. Ceuenye, nocTpoeHHoe B Teopeme [.22,
ofosHauaeTca vepes aff H HasuiBaercs npouseedenuem cedenuit a u P.

1.24. Onpesenenne. KakaoMy cedeHHIO & CONOCTABHM cCeye-
HRe | a |, HaskIBaeMOe abCoMOMHOL seauunot o K ONpEAeaseMoe CAe Yo
mAM o6pasoM;

a, ecad o> 0*
l u l = { ] } 1

—q, ecan <0,
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fcro, 40 | ]3> 0* npu Becex o ¥ |a|=0% Torna ¥ TOMBKO TOTAA,
KOTAa o == (*,
Tenepe MbI MOXKEM JONOJHHTL ONpefcsieHHe YMHOMEHHA.

1.25. Onpegeaenne. Ilycts o, p—ceuenun. I[loaoxkum, fo
OlIpeAesIeHHID,

—{la||B]) ecm a<0% p>0°
af=y —(al||Bh, ecm a3 0% B<<0%
lal|B], econ a<<0% B<<0*.
3aMeTHM, 4TO fnpoHsBeReHke jc| |f] yxwe Onyo onpegenero B 1.23,
TaK KaKk {a|>0°% [Bi> 0%
1.26. Teopema. [dan aoboix cevenud a, P, y useen
(@) ap=fu,
(5) (eB)y=-a(Pv),
€©) of+y)=af-tay,
(d) a0*=0
(&) ap=0% mossxo moz0a, Koz0a a=0% ua §=0%
(N ol*=a,
(g) econ a<<P u y>0% mo ay<<Py.
1.27. Teopema, Ecau o=%0% mo O0sa wobo2o cedenitn P
cyueemayem 000 U mOAbk0 00HO ceuenue vy (komopoe Mot Gyoem
uhognavame wepes Pl/a), maxoe, wmo ay=_f.

B sakaouenue 9TOro pasgesa INpHBEIEM TPH TEOPEMH, Xacalo-
necs PpauHOHAMBHEIX CcedeHHML.

1.78. TeopesMa, Jlar wobuix payuonQAsKuX dticet P i @ uMeen
(@) p*+q*=(p-rq),
by p*q*={p@)",
() p*<<q* moeda u moseko mozda, Ko2da p<4.
MoxkasatenscTno, Ecau rEp*4-4%, 10 r=35-+14, rae s<p,
f <7 q, TaK 4TO 1< p-+q. 3uaunt, r€{p-+q)*.
licma re{p-1-g)*, T0 r<<p-tg. Tlonoxmum
h h
h=pt-g—r, s=p—g, t=¢—3 .

Torya s€p®, t€g* u r=s-1f, Tak uro r€p*-}-¢*. DTEM HoKazaHo
cooiictse (a). JlokasarenbctBo cBolficTBa (b) analoruvso.
Leau p<sq, 10 p€g*, HO p¢p*, Tak uro p* < g%
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Ecan p*<<g*, 70 HMeeTcA DaNMOHAMLHO® UHCJAO r, TAKOe, YTO
rég*, r¢p*. 3uauur,
pLr<2q,
TAK WIO P < {.

1.29. Teopema. Ecau a, B—cevenun u a<<f), mo cuuecn-
Byem PAyUOKAAbHOE cederue r*, makoe, 4mo o< r*<<p.

JloxasaTteabcTso. Ecau a<IP, 70 cyecTByeT pamuoHab-
Hoe uucjQ p, Takoe, 4rto pEP, pda. Bubepem r > p Tak, arorep.
[Tockoapgy r€P U r¢r°®, Mbl BHENM, YTO r*<Zf.

TTockoneRy pEr* u pda, MH BHIMM, UTO @ << r*.

1.30. Teopema. [Jan awbozo cevenun o umeen pea mozda
u moasKo moeda, Kozda p*<Zda.

HAokaszareascrso. [Jna moforo pankoRanALIOro p MMeeM
p 4§ p*. 3nayur, p*<Ca, ecan p€a. OGpatHo, ccau p* < ¢, TO Cywe-
CTBYET panuoHaleHOe f, vakoe, 4yT0 GEa M g4 p*. TagkuM obpasom,
9> p; NocAelHEE HEPaBCHCTBO BMecTe ¢ §Ea BJaeyeT 3a cobof
BiJiOUEHEHe pEa,

Bentecrpenpuie YHcha

llosBesieM HYOPM CKa3aHHOMY B NpeXbAyileM paspene. Mmu pac-
CMOTPDENK HEKOTOPhIE MHOKeCTBA PAlHOHAABHWX YHCEA, KOTODHE MH
H43BaMH cevenusMM. Dy onpezenenn oTHOUiCHHE ROpAAKa W JABe
onepaunil, HA3BAHHLIC CHOXeHHeM H YMHOKEHHEM, ¥ Mbi JOKasa/H,
4TO NOJYUHBLIAACA apHQMETHEA CCYCHHH TOAMHHAETCR TCM Xe 3aKO-
HaM, UTO H apmpmemxa PAGHOJANIBHEIX MHCEN. Heeiun CJAOBAMH,
MHOMKECTBO BCeX CEUCHHA GLLIO NPEBPHEiLlEHO B YIOPSACUCHHOE NOJIE.

Ocofoe pugManne OLIAQ YAeJeHO CHCHMHANLHOMY KAaCCY cevenui,
TAK H4SLIBAGMHIM «PalHOHANLHRM CENeHHAMR, W MH  OOHADYMEM,
TG Npd 3aMeHe PAMHOBAAbABIX UHCEA 7 COOTBETCTBYIOIMME ceue-
HHFMU £ CYMMbI, NPOH3BEEHHN H NOPADNOK CcOXpansioTcs (T1€0-
pera 1.28). Dror ke (haKT MOKHO BHIPASHThL, CKa3aB, YTO YIoOps-
Louennoe nofe BCeX pauMOHANLHBIX HHCEN usomptpno YTIIOPAA0YEH -
HOMY HOJAIC BCEX PalBOHAalLHEX ceyeHWd; 3TO HO3BOJMAET HaM OTO-
KACCTBATL PAHMOHARLIIOE CedeHRe r* ¢ pAUBOHANBHEM HHCAOM 1.
Pasymeercd, r*— 3T0 He TO We CaMoe, YTO r, HO CROACTBA, ¢ KOTO-
pPHIME MBI MMeeM Jeno {apuPMeTHRA K NMOPAAOK), OAHHAKOBH I STHX
ABYX NOJAAX.

Tenepe onpeiesnM, uTo MEl GYHEM NOAEMATL NOX BELCCTBENHBIM
THCROM.

1.31. Onpepenenne. B namHuefimenm ceuenssa GyRYT HasHBAThCH
BEL{ECINBERNbIMU  wUCaRy. Pauionanbibe cevennss GYAYT OTORKAECT-
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BJASTHCA © pAMHOHAJbHLIME uHciaMi (M OYAYT HasHBATLCA paKHo-
vanpHEIMH yuchamu). Bce Bpyrue ceuennd OyAyT HASHIBATBCR UpPG-
UUOHAALHBMI HUCAAMU.

TarnM 0GpazoM, MHOMECTBO BCEX pAUAONANLHHX MHCEA OK23k:-
BAeTC MOJAMBEOKECTBOM CHCTEMBL BelleCTBEHHEIX wWHced. Teopema [.20
MOKA3LIBACT, YTO MeWAY JIOOHMH JABYMs BEUECTBEHHEIMH YHCJAAMH
HMeCTCst pallHndatbHoe adcao, a Teopema (.30 moxasmeaer, 4o
Kamaoe BeleCTBCHHOC UHCHO (¢ ¢CTh MIOWCCTBO BCEX pALHOHBA M-
BRX YHCER P, TAKHX, 4TO p<0,

B caepywomeili TeopeMe BRHICKA33HO UPE3BLIYANHO BAKHOE CBORCTBO
CHCTEME! BRILCCTRBEHHBIX YNHCCA.

1.32. Teopema {(Oeaexunn). Hyems A u B—maxue muone-
CINBQ BEULECMBEHHLIX HUCCA, RMO

{a) xamcdoe senecmeennog wucio npunadaexum uau A, usu B;

(b) Huraxoe sewjectngennne wucao He npuradaexmum o A, u B,

(c) #u A, nu B ne nycmer;

(d) ecau €A u PEB, mo «<<f.

Toeda cywecmsyem odn0 {1 MOALKO 00HO) BEWECIMBERNOE HUCAD ¥,
maKoe, «mo o<y npu gcex o€ A u y<<B npu scex BEB.

[lpeae ueM OEPEXOMHTH K JOKASATEAbCTBY, COPMYaHpyeM
Takoe CAeJICTRHE.

Caegcrtene. B npednosomenusx meopemor 1.32 aubo A codep-
wwum Houboavuce wucaw, abo B codepacum Haumensiuee HUCAO.

Hefictsurensio, ecan v €A, 10  -—HauGoivwee auceo 6 A, ecan
v €8, T0 y—rapMensimiee B B; B cuiy (a), oflna M3 3THX BOSMOXK-
iHocTel JOMRHA OCYMIeCTBUTBCF, TOTAR Kak, B cury (b), oum
He MOFYT OCYIREeCTBHTbCH 0fe.

VIMeuno cymecTsoBaite ¥ (eAWDCTBEHHOCTh TPHBHAJILEAZ) COCTAB-
AfeT CoAepkanue 7ok Bamnoil Teopemu., OHO NOKa3LiBaeT, 4YTO
1poGeilbl, KOTOpPHIE Mbl OOHAPYKKAY B CHCTEME DANHOHANbLHBIX UYHCeR
(cp. ¢ npusepom 1.1), Teneps zanomientr. boaee Toro, ecan G Mbl
LONBTAARCh HOBTOPUTH TOT NMPOIECC, KOTOPRIH TIpHBEA Hac OT paud-
OHAMPHEIX MHCEA K BeilleCTBELNGIM, M RauafH CTPOHTH CEYeHHs (KaK
P onpefeieHny 1.4), saeMEHTAME KOTOPHIX OBUIB Ob BellecTBCHHbIE
YHCHIR, TO KaXJoe CedeHHe HMeJo Ob HaHMEeHbliee BepxXHee YHCHO,
F Mb CMOIJIH O cpasy me OTOXASCTBHTD KAXKJAOG veueHHe ¢ HaH-
MeHBBIMM H3 €r0 BEPXHHX MHCET, He LOJYUHB HHYETC LOBOrO.

Mo oroit npuunne Teopemy 1.32 mHOTAa Ha3LBaAOT TeopeMmol noj-
HOTHY AAA BElleCTBEHHBIX YHCEN,

Hokasareascrpo teopemu 1.32. Honyetum, 410 nMeloTCs
ARz gdc/Ia Yy B ¥p, ATSl KOTODUIX BHIIOJNHEHO 3aK/NOUSHEE TeCpeMbl;
nYCTh ¥y <Y BerbepeM y; TaK, 9T0 vy << y;<<y: (37C BOSMOMKNO
no teopere 1.29). Torna K3 HepaBeHCTBa yy<y, CAELYET, WIO
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¥3€A, B TO BpeMs KAK HepaBeHCTBO ¥y <y Aaer y;€B. 210 mpo-
THBOpeuBT ycaoBHIO (b). TakuM ofpasoM, cyulecTByer He Gonee yem
CAHO YHCAQ Yy C TpeOyeMbiMH CBOHCTBAMH.

TIycTb Yy —MHOMKECTRO BCEX DaHHOHANBHBIX 4MCeNd p, TAaKHX, YTO
pEa npH HeKOTOpoM & E€A. Ml JOAKHW RPOBEPHTH, YTO Y YAOBIAET-
BOpdeT ycnosusaM ofipeletenns 1.4,

{I) Tlockoauky A Henycto, y Takxe wenyero, Ecit BB u ¢4 8,
TO q?a npu awboM a €A (u6o o < f); sHaunt, g4vy.

(1) Echu p€y u g<<p, TO p€o NPH HEKOTOPOM a € A; 3HauuT,
g&a, NOITOMY GEY.

(III) Ecan pcy, 10 pca npu HekoTopoM a £A; 3HauHT, Cylle-
CTBYET ¢ >>p, Takoe, 4T0 ¢ € a; ClefoBareanlio, g&vy.

TaxuMm ofpasoM, y— BEILECTBEHI0E YHCAO.

Slcuo, uto @<y npH BeeX a€A. Ecanr 6m npu nexotopom P € B
OKa3anocs, 410 f<iy, TO HawJoch OB PALHOHANBHOE YHCJO p,
Takoe, 910 pEy B péP; HO ecaum pEy, TO pEa NPH HEKOTOPOM
ac A, a orciofla caenyet, 4To i < a, Bonpery ycnosmo (d). Takum
oGpasoM, y<f npu scex PEB, B K0KA3ATEALCTBO 3aKOHYEHO,

Tenepb MH OTKaXeMCHi OT HEKOTOPLIX corvianieHuél o6 ofosHaue-
HHSIX, NeficTBOBABIIMX [0 CHX 10p. Dykew p, g, r, ... Goabine
He OyILyT npelHasHaYaThCsl TOALKO /S paliOHaNbHBIX yHCed, H GyK-
BamMu @, B, y, ... TOMKE MONKHO CyleT NONL3OBATLCH JJHA DasHLIX
Heaqeit.

1.33. Onpegenenne. Ilycrs E—HEXOTOPOS MHONECTBO Belle-
CTBeHHHIX uMces. Ec/M cyltecTBYeT YHCJO Y, TaKoe, UT0 X< Y NpH
peex x€E, To Mul GyJeM rosOpHTh, YTO MHOMeCTBO E ozpanuueno
ceepxy, a uncho y OyaeM HasuLBaTh sepxwed opanuyed Muoxecrsa E.

Huxune rpavHLBE ONPENENRIOTCA  awalorudnmm  o0pasom., Ecan
MHOXKECTBO FE OTpaHHuYCHO CBEPXY W CHH3Y, TO OHO Ha3mBaeTcs
OTPAHHYCHHBIM. :

1.34, Oupexenenne. Ilyers £ orpannueno csepxy. Ilpeano-
JIOXHM, 9T0 § O0NaflaeT cAeAYIOINUMY CBOHCTBAMH:

(a) y siBnsercs vepxHe# rpaHunefi MHoxecrsa F;

(b) eca x<Cy, TO X HE #ABJISETCH BepXwed rparRHaeli MHoXKe-
ctea E.

Toraa y HasbiBaevcst eepxwed epanvio (TouHOH BepxueHd rpaMm-
nedl) Muokectea E (Kak caenyer us {b), cyuiecTsyer He fonee uem
OfHO TaKoe 4YMCHO y). Mu Gymem ymoTpeGaarh cokpauiensoe o6o-
3nayenHe sup AJAA BepxHell rpaHu.

Huxusaa rpaup (inf) mobGoro muoxkectBa E, orpafHYeRHOro
CHH3Y, OnpedeNseTcs TakuM XKe o6pa3oM.

1.35, TIpamepsn. (a) Ilycts MHOKecTBO E COCTOMT u3 BCeX
yucen 1/n, rae n==1, 2, 3 ... . Toraa Munoxecrso E orpamugeso,
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ero Bepxdad rpanb pasHa 1, a ero HuXusA rpadb pasHa (. 3ame-
THM, UTO B TOM CNy4ae BepXHAS IPaHb NPHRANJIEIKHT MHOMKECTBY,
a HEXKHAA rpaHb— He NPHHAANCKHT. .

B ofeM cayuae Bepxuas rpaHe (WAH HHXKHAS TpaHb) MOXET
NPHHAAJIEKATE, A MOXKET M He NPUHAJIeKaTh MHOXKECTBY.

(b) Ilycte E cocTOMT M3 BCeX HeOTpHUATENbHBIX uHuced. Torpa E
OFpaHHYeH( CHH3Y, HO HE OrpatHHueHO CBepXy, H €I'0C HEXHAA T pail
pasua 0.

1.36. Teopema. [Hucme E - nenyomoe muoxcectnso eetyectneen-
Rbx qucen, ozpanudennoe ceepxy. Tozda supE cywecmeyem.

HokasarenscTBo. I[lycts A-—MHOKECTBO BeHIECTBEHHBIX
YACeN, OUpeAeneHHOe CAeAyomHM obpasoM: €A B TOM M TONLKO
B TOM C/Iydae, KOrAa cytecTsyer uueno x € E, Takoe, uto ¢ << £, [lycts B
COCTOMT H3 BCeX BellleCTBEHHHX WHCeN, He MNpuHaffexaliux A.

$lcio, WTo NMHKAKOA sseMeHT MHOWecTBa A He ABARETCS BepXued
rpatuuedt Maomecrsa E, a kamawii aneMeHT MHOXecTBa B spnsercs
BepxHeR rpaunueil Muoxecrsa E. UroSw zokasate cyllecTBosamue
BepXHell Ipaiyd, JOCTATOYHO IMOITOMY AOKA3aTh, uT0 B coflepmur
HaWMEHbILEE UUCAO.

[TposepuM Tenepn, 4T0 A H B yAOBAETBOPHIOT NPEANONOKEHUSM
TeopeMel 1.32.

Ouesunno, wrto cBofictRa (@) u (b) Butommentr. TNockonnky E
HENyCTO, CYMECTBYET HEKOTOPLIA 3jeMedT X€E M Kaxaoe wuCHo
o < x npumapaexut A, Tak Kak E orpaknueso cmepxy, cymecTsyer
SHCNO g, TAKOE, YTO X<y Np BeexX x€ E, 3Haunt, y€B ¥ BHNOA-
reno cBoficTBo (¢). Ecan a € A, To cyiuectByer saeMent x € E, Takoil,
410 a<Zx. Ecyn B€ B, 1o x<{f. Takum obpazon, a<<f npr BCex
a€A, $€ B, u Bunoaneno (d).

Hrak, B cuny caeacteHs W3 Teopemn 1.32, smbo A cogepmur
uavbonbtiee 4Hen0, JHG0 B copepmut Haumerniree. Mbl JOK2MKEM,
YTO NepBafd BO3MOMKIOCTb HE MOMKET OCYIECTBUTHCH.

[ycre € A. Torra cyutecisyer uucao x€ £, Takoe, 410 o << X.
BuGepem a’ tag, uto o<a’ < x. [lockonmsky o' <<x, To &' €A,
Tax 4T0 ¢ He €CTh HaH{oJbllee 4o B A,

OTo 3aBEPIIAET AOKA3ATENHCTDO.

B kavecThe npunomenns BHUIUITONKEHIOr0 ML TPHBEAEM ROKA-
JETCABCTBO CYIUECTBOBAHNA KOpHeH -8 CTeNeHH M3 ROJ0MMTENAbHEIX
BCHIECTBEHHBIX uncea. Tem <aMbM OyHeT NOKa3aHO, KaK MOXKHO
BPCEOA0IETh TPYRHOCTH, OTMEYEHHLIC BO BBEREHHH (HPPAaUMOHAALHOCTD

1 2).
1.37. Teopewma. [din scakoeo setyecmsennozo x>0 U 6cAK020

Heaoeo n>>0 cymecmeyem odno u moaoko 0dno sewsecmeenmoe y > 0,
makoe, 4mo y" == x.
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310 YHCAO 3ANHCHBAIOT Tak: ¥ X Wik xi/n,

JlokxasareancTBo. EapnCTBEHNOCTL CACAYET H3 TOro, YTO
HepaBeHeTBO (< gy <y BIC™ET 33 COO0H HEPEBERCTBO YT << Y7

Tlyets E — MHOXKECTBO, COCTORUIEE H3 BCEX MOJSOMKHTENBHEIX Bemie-
cToeHubx £, Tarkux, 4T0 " <7 X. _

Ecam f-=x/{] 4 x), 10 0=} < 1; augunr, "<<f<<x, rak yro E
HemycTo.

Hoaoxum {y=1-x. Torma n3 nepabencTsa f > {; CJARRYyeT, UTO
"> ¢>x, nostoMy {¢ E u {, sBasercs BepXHefi rpaHuuefl MHONe-
ctha E,

Tlycte y—Bepxuasi rpans Muoxectsa E (Koropas cymec'rnye'r
no teopeme 1.36).

HonyctuM, uto y" < x. Bmbepem A Takum, ure O<<h<Il ¥

r— yﬂ
TEpr—y -

n
Toraa, ofosuauasn yepes (m) KoapuuuesnT 1pd 2™ B pashoKendd
Gunoma {1 -+2)", noayuum

et () (3w ()0

<+ [(D) o+ () +(0)]=
=y -Ha[(l+ )" — <y FH(x—y)=x.

Taxnm oGpasom, ¥+ A€ E. DTo IpOTHBOPEYUT TOMY, UTC ¥ — BEpX-
HAS TPaRMLA MHOXKecTRa [,
Jonycinm, uro y" > x. Brbepem & 1axum, uro 0 <<k <<1l. k<<yn

h <

Yt —x
R T i
Torpa npu > y—& noayuum

R T R Y R G
ok (D3t e (36
>y —k [(")y“"+ >yn-—2 +(2>I:

=y" =R+ 9"y >y — (Y - x)=x.

Taxim obpa3om, y—k uBnseTca Bepxueft rpanunell muoxecrsa E,
a8 3TC NPOTHBOPCYHT TOMY, WTO {f — NAUMEHbIIAA U3 BEPXHHX TDaHHI
Muexecrsa E,
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Caepopartenbto, y*=x.

1.38. HecsTuunne apo6u. B saxmouenue storo pazzena
YKaXKeM Ha COOTHOWICHHE MeXKAY BelleCTBeHHBIMH YHCJaMH H Jecd-
THRHHMHE LPOGAMH. :

flycTe x>0 BemecTBeHKOe uHcA0. [lycth  rp— HanGosbiuee
nes0e MHCHQ, Takoe, 9T0 Rg <. x. Ecan ng, ny, ..., Nx_y y¥Ke BubpaHs,
T0 OyCTs ny — HauboJbuiee NeJoe TRCAD, Taxoe, 4UTO

"ﬂ 10 [ I ng.
IIYC“: £ —uHOXecTBO qnces

(3) no+%+...+% (k=0,1,2 ...

Torna x—mepxusaa rpans MHomecrsa E. [Jecatnudce pasnoxene
THCAA X HMEeT BHX

4y mmmng ...

Obpatno, Aas moboét Geckomeunoft Aecaruunodl ApoGu {4) Muo-
keeteo £ uncen puga {3) orpanuvyeno cBepxyl), u (4) ssasercd
ACCHTHYHBIM PAa3svOXKeHHeM BepxHeli TPaHH 3TOr0 MHOMeCTBA ),

My ne ofcyxgaes nogpoGHe AecaTHUHBE APOGH, Tak KaX HYKOrAa
e GyneM MMH MOAb30BATLCH.

-

CACIIMPERRAA CHCTEMA BRIECTBEHHHMX yuCEn

1.39. Onpenesnenune. PacumMpensass chCTEMA sellecTBEHHRX
IHCES COCTOMT M3 CHCTCMLE BRINECTBOHHBIX WHCES, K KOTopod mnpH-
cocARHeHB JBa CAMBOAa —<¢o W - oo, NpuvYeM BHOCJHAKTICH clle-
AYICILHE CROHCTBA!

{a) ecdH x— BEWECTBEHHOE UHCJO, TO — oo« X< -+ co,
x x
x-l—cox +OD' X— o= —-m’ -_F&?’ﬂmwgo;

{6} ecim x>0, 10

x-(4o0)= 4o, xe (=)= —oo;

1) HeoGxonamn oTMevdtsb, 410 a9 (8=1, 2, 3, ...).—Tpum. nepes.

2} 3to yrEepiKAcHHE aBTOPA CHEAYET YIOMHHIb., HECATHUHHM DaaNoKeHHeM
nodd X HA3IBAHA NOCHSALSATeNLHOCTL yHcer (3), NOAYHeHHAR © DOMOINLIO «Apl-
naikeHnlt 20 wedocmameys, NpUYes KAXAAT KCHEUHAR APoGh, COOTBETCIRYWNUAA
o e 0aaTeAb KLY nn,ni s M, RACT HAHTYULIRER ﬂp“ﬁ.‘!ﬁ)ﬁ(ﬁﬁll& K X cJiesa ¢
roiineteio 1o 105, Ho a TaxoM cuyuae HeBepHO, 4O Apobb fgAifln ... A crvy
1 ity=0, nap=9 (k=1, 2,...) sAsaserc: JeCHIHMHMM pAMOKedker AR
win £ TaKHM ACCATHYHEIM Dasfomenues CAYMHT apode 1,00U.. .-—[ipus. nepes,
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{¢) eca x<0, TO
X:(+ )= —o0, x:(=c0)= +o0,

Ecnd  peofxXoanmo TOAYEPEHYTL pasfduue MEXAY CHMBOJIAMH
— o, + 00, ¢ ONHOR CTOPOHE!, H BelleCTBEHHLIMH YHCJAMH, ¢ ApDY-
rofl, T0o NOCJENHHE HASHIBAIOT KOHEYHEIMH ).

1.40. Onpefeneune. [lycts E — MHOXECTBO, SMEMEHTH KOTO-
POTO NPUHAMANEKAT PACIUKPEHHOH cHCTeMe BeilecTBeHHRX ulicesn. Ecan
E He orpannueHo cBepXy (T. €. e/ JAA JOGOr0 BEECTBEHHOTO Y
CymiecTByer sneMent x€ L, Takoff, 4TO y<Ix), TO BepxXHss TpaHb
MHOKecTBa F mo OlipefeNeHHI0 paBHa -+ oo,

AvajtornyAeM 00pasoM HHIKHSAA rpaHb MHOXecTBa E, He oOrpa-
HHYEeHHOTO CHH3Y, N0 ONPEAENeHAI0 paBHA — oo.

Hrax, B pacmmpeHnoft cHCTeMe ReIECTBEHHBIX 9HCE! KaXKaoe

MHOKECTBO HMeeT inf M sup. DTo # ecTh IVaBHad JIPHYMHA BBCACHHA
CHMBOJIOB ~— 00 M - cO.

KoMnnexcHbie uucha

L.4l. Onpenenenue. KoMriexcHbim 4u4CA0M HAIEIBAETCA Tapa
BelleCTBEHAMX wHcen a, b (B Takom nopsiaxe). O60SHAUHM 3TO KOM-
IJACKCHOe 4Hcno uepes (a, b).

B stoMm paszese Gyxpamu x, y, z GYAYT 0603HAYaTHCH KOMMMEKC-

ubie yHcaAa, Oykoamu @, b, ¢, ... — BelileCTBEHHME YHCIA; MBI GyeM
(BpeMenHO) mHCATH

u=(1, 0) n=(0, 0),

1.42. Ounpenenenne. Ilycts x=(a, b), y={c, d). Toraa
X=-y TOrAa H TONLKCG TOTK3, Korja a=c u b=d, Tape x, y cono-
CT2BHM JBa KOMIMICKCHBIX WHCHa, 0003HAYaeMHIX uepes X+ y, xy W
ONPeCIEHHNX CAERYIOMuM 00pasoM:

x4+ y={ad-c, b44d),
xy=(ac—-bd, ad+ bc).

1} Taxofi cnocoS pacIiMpeHAsT MHOMWECTRA BCEX BEIIECTBOHHHK YHCOA He coraz-
cyetest © TeopHel CeyeHnil, NPH NOMOMH KOTOPOR TOABKG MTO NONOMHAMNOCE MHO-
MECTR) BeeX PANHOHAABALIX uHced. leficTouTenbHo, UeHTPANBLEOE MECTO B TROpUH
Jlepexnuna 2auuMacT NOKAsATEIbCTREO CHMECTHE0GQMNUR MIOKECTBA (MPPALHOHANL-
HetX wHCeN), IAEMEHNTH KOTOPOTO CBAAHW JPYF € APYrOM R ¢ PalMOHAMhHHMK
HHCAAMHE MROTOYHCNEHHHMH COOTHOIEHASIME (4 He NPOCTO BBEACHHE HOBHYX CHM-
BONOR, YACBJASTBOPHIOMNK ONpejesientl akcHoMaM). C 9TOH TouXM 2peunsa pac-
WHPeHHE MHOXKOCTEA BCEX BeUICTBEHHHX HHCEA MOKHO Onliio OB <IOCTPOHTHY,
PACCMOTPER €mie ABA ceueHdR! AAA NepBoro Hs pux (ofo3RauaeMoro ——oc) BHK-
HHM KJECCOM CYHRUT TYCTOR MHOMECTBO, & IS RTOPOIO (0G03HANAEMOro -t O0)--—
MIGHKECTBO BCCX PANNOHAABHNX qmces. PasyMiuo OnpefeluB CMHCAT CHMBOAGB
¥ 4 o0, x-(-k o0}, oTHOMIRHHE <, > K T. .. MOMHO OO Ou doxaseme cholicTna
{u), (), {c).—Iipum. nepes.
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1.43. Teopema. His onepayuil cioncenusn u ymnoxenus, ese-
Oennvix 8 onpebeaenut 1.42, 6BINOAHAIOMCA 3AKOHGL KOMMYMAIMIUG-
NOoCmu, accoysamusHocmu i ducmpubymusHocni.

Hokasarennctro Ilyets x=(a, b), y={c, d), z={e, ).
(@) x+y=(a-tc, b+d)=(c+a, d+ b=y x;
) x+y)+z=(atec, b+d)+(e, =(a+cte b+d+f)=
=(a, B+ (cte d+P=x+(y+2%
(¢} xy={ac—bd, ad -+ bc) =(ca—db, da+cb)= (¢, d){a, b) =yx;
@) (xy)z=(ac—bd, ad +-bc) (e, f)=
= (ace-— bde —adf — bcf, acf— bdf + ade + bee) =
={a, b)(ce—df, cf +de}=x{yz);
(€) (x+yle=(a-+c, bt-d(e f)=
== (ae -}-ce— bf — df, af +cf 1 be-i-de)=
=(ae—bf, af --be)+ (ce—df, cf + de)=xz-}+yz.
1.44, Teopema. Jaa 206020 KOMAACKCHO20 X MEEM X+ R =X,
Xn=n, xu=4Xx.

dokasaTeabcTBO., 310 CACAYET HEMOCPEACTBEHHO H3 OINpe-
nenenua 1.42.

1.45. Teopema, Ecau xty=x+2, mo y=2z

Hoxasateancrro. Ecan y=£2, 10, Kak NOKA3LBAIOT ONpe-
neaene 1.42 n Teopema 1.18, x--ys4x+ 2.

1.46. Teopewma. Hag 00020 KOMNAEKCRO20 wHCAG X Cyujecni-
oyem O00HO U MOALKO OOHO KOMNAGKCHOE HUCAO §, TAKOR, YTO
¥t y=n.

Mu oflo3HAWHM BTO UHCIO y uepes —x.

Hoxaszareascrso. EAMHCTBEHHOCTE ClieRyeT H3 Teopemst 1.45.
*Iofp OKA3aTh CYUIECTBOBARNE, AODYCTEM, Y10 Xx==(a, b), u nojo-
KM e k= {-—a, —b)

1.47. Teopema. Ecau nucame x—y emecmo x+-(—y), mo

{a) x—x=n,

(0) (—x) y=x(—y) = — (xg) = (—u) (xg), _

MO MO HE GOBNUKAEM KUKAKOR HeAcHocmu, ecau mur 6ydem sce

MU BUIPANCENUR BANUCHEAMb 8 sude -— xy.
JokasaTenncTRa TPHBHANLHEL

1.48. Onpenenenne, [lycts x={a, ), Mu Oynem nHasuBaTh
ehcoaomnod  eeauqunod wacha x uyMeAo |x|=V a4 5% (Mm pac-
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CMaTpHBaeM TOJbKO HEOTPHLATENLHOE SHaueHHe KBAZPaTHOTO KOPHS,
KOTOpoe ompefeaseTcd EMHHCTBEHHHM 00pasoM 1o Teopeme 1.37).

3aMeTnM, 9TO0 aGCOMIOTHAA BeMHYHHA KOMILIEKCHOTO YHCAA — He-
OTPHIIATE/IHOE BEIeCTBeHHOS YHCAO,

149, Teopema. [Jas mobux KOMNACKCHBIX HUCeR X, §f UMEEM

(@) | x>0, ecau x==n, u {n|=0;

6) |xgi=1x]]g}

HokasaresnnctTBo, Ceoficteo (@) rtpuBManbio. Yto Kacaercs
{6), 10 nycrs x=(a, b), y=(c, d). Torna | xy P =1 (ac—bd, ad+
A+ be) P = @ - O*ad - @ + b = (a® + BB) (P d%) = | x|y

Suauur,
|xg|=V|xPlyP=|x]||y]

Hokasars nocieAHee PpaBeHCTBO MBI NPEZOCTAaBASEM UATATEJIO
(ynpaxkHenne 4).

1.50. TeopeMa. Ecat xy=n, mo aubo x=n, aubo y=n.
HoxasareabcrBo. Ecan xy=n, 10 no teopeme 1.49
{xflyl=txy|=|n|=0.
[ockonbky |x| u J)y| BELIECTREHHH, OTCIOAA chaeiyer, 4o Judo
|%|==0, /m6o |y|=0, 1. e, aubo x=n, mbo y=n.
1.51, Teopema, Ecau x=n u xy=1xz, mo y==z,
HoxasareascTBo, HMeem
X(Yy—2)=xy—xz==n,
Io teopeme 1.50 y—z=n, 1. e, y=2,
1.52. Teopema. Haa 4106020 KoMRAEKCHO20 X =1 Cywecmeyem

O0HO 14 MOALKO OOHO KOMNAEKCROE 4UCA0 Y (Komopoe Aot Bydesm sani-
ceiame & sude ulx), maxoe, wmo xXy=u.

dokasatenbctBo. EAMHCTBEHHOCT: CiefyeT H3 Teopemsl 1.51.
[Mycrs x={(a, ). Ionomum
(.8 —b
y= ( BLpE T GE Lt

Teraa

xy = (a, b) ( asj_bs ! aa:j,z )-—-(l, 0) =u.

1.53. Teopema. Feau xn, mo daa 206020 KOMRAEKCHUO ¥
cyuecmagem 0GKO U MOALKO OOHC KOoMitaekcroe z (Komopoe mot Gydem
sanucoieams ¢ eude y/x), maKoe, wno xz ==y,
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HoxasareabctBo. Ilonowum z==(u/x).y. Torna
xz_—_:x..-g..y=u.y=y,

HMrak, MH noxasaid, 49T0 KOMMAEKCHLIE YHCAA CO CROKeHHeM
H YMHOXeHUEM, BBeJEHHHIMH B ONpeAencHuyd 1.42, nofuHHAIOTCS BCEM
OOBIYHEIM 3aKOHAM apHMeTHKH.

1.54. Teopewma. [lan soboix eewecmeennoix wucesr a u b umeesm
(@) (@ O)+(b, 0)=(a-tb, 0),
(6) (@, 0y(b, 0)={(ab, 0),

@ (3i5)=(3+0) com 00,
(d) l(a O}|=]al.

B (d) cuvBost |@| Hy:KHO MOHHMATL B CMhCAe onpefenenns 1.24,

HoKkaszaTensCTBO TPHBHAIBHO.

Teopema 1.54 noxaseiBaer, YT0 KOMIVIEKCHbe uucna Befa {¢, 0)
o063 210T TeMM Ke apHPMeTHUeCKEMH CBONCTBAMH, YTO H BeliecTse-
iisle 4ucna a.

Ml MoxeM noaTomy crompectBurh (g, 0) ¢ a; 3T0 OTOXKAECTBME-
[{e NPeBpallacT MHOMKECTBO BCEX BCILECTBEHHBIX YHCENT B HOAMHO-
JKECTBO CHCTEMBl KOMIJIEKCHRIX UHCEsI.

B uacruoctu, Mut OyieM Tenmepb nucars O BMecto n H 1 BMecTo u.

Yurarenb, BEepOATHO, 3aMETHJ, MTC MBI TOCTPOHAH APHOMETHKY
KOMIIEXKCHBIX WHCed, He BBOAS TAHHCTBEHHOTO cumBoaa <)/ —1».
leneppr MBI XOTHM HOKa3aTh, YTC OOO3HA4eHHe (¢, §) DABHOCHIBLRO
Onjiee MPUBBIGHOMY & - bi,

1.55. Onpegenenue, i=(0, 1),

1.56. TeopeMa, i#= -1,

Hoxazarenwcrso. #=(0, 1){0, 1)=(~1, 0)== ~1.
1.57. Teopema. Fcaw a u b—gewecmeennse wucra, mo
(n, )y =a + bi.

HoxasateabcTBo a4 bi=(a, 0)+4(b, 0@, 1)=(a, O+
V0, By=(a, b).

i.58. Teopema., Ecau x 1 §— KOMANAEKCHOE HECAQ, MO
fr+y|<x|+iy)

MoxvasarteanctBo, Eeiim x4+ y=0, TO JjOKasLiBaTe Heuero.
Jonyosns, wro x+ 50, 4 DONOEUM

5 o LE Y

sty °
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YmHOXAA Ha x-Ly, MH 3aKJ0daeM no Teopeme 1.49(4), uto

Ji|=1. Kpome TOoro, Ax-tAy— BewecTBeHHOe umcno, Ecan Ax =

={a, b} ¥ Ay= (¢, d), 70, KaK mMOKa3eiBaeT onpejesenye 1.48,
fel<idxl=1xl,  |el<|My]=|yl,

3UAYHUT,

|¥+y|=2rx+dy=atelal+]e|<| 2]+ gl

1.59. Onpenenenue. Ecii ¢ W b BelleCTBeHHBE YHCIa

H z=a+ bi, TO KOMOMEKCHOE WHCNO Z =a— bi HasHWBaercsl conps-
HCEHHBIM C 2.

1.60. Teopema., Ecau x, y— komnrexcuve qticaa, mo

(@ xty=x-+y,

(b) }-!} = XU

(€) xx==]x]* (snauum, WGCAO XK 6CUIECMBERNO U Neompuya-
MEAbHO),

(d) x+ x — sewecmoennoe «ucao,

(e) ecau x GewECMEennc, mo x==x.
JloKasaTesbCTBA 3TUX YTBEPXKIEHUE TPHBHAIbHEL

1.61. OGosuauenune, Ecau x, ..., X, —KOMIVIEKCHBIC HHCJA,
T0 Mu fypeM nHcaTs

k3
Xt %t . xn=j_2' Xje

Ml 33aKOHUMM 3TOT pasfes BaXHBLIM HEPABEHCTBOM, H3IBECTHBIM
noa HaspankeM HepabeHCTBA IIIBapua.

1.62. Teopema. Ecau @y, ...,a, & by, ..., by— KOMRAEKCROE
qucaa, mo
n

E aﬁj
=i .

Boxasateabctpo., [lonoxum A=Yla;p, B=2|bp,
C=Y a;b; (B0 BCEX CYyMMaX B JIOKA3aTeNtbCTBE j MPOGEraeT MHONKe-
ctBO wieea 1, ..., n). Eeom B=0, 10 b= ...=5b,=0, u 3axino-

uyenHe TpuBuambHo. JonyeTuM nosromy, uro B >0. Ho teopeme 1.60
HMEEM

n
I
|

2 7
< X lay X 16,
. P

=1

2}| Ba;— Cb;|*= X, (Ba;—Cby) (Ba;— Cb)) =
=322 |ﬂj I’““BC Za}-bj— BCZajbj+
+iCPZ| 6P =BA—B|CP=B(AB—|CP)
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My BHAMM, YTO
- B(AB—=|CH =0,

TaK KaK BCE cJAaraeMue B IepBolf cymMme HeorpuuarenbHu. Orciofa
cnenyer, uro AB—|C[*>> 0, nockonbky B >>0. Ho 310 M ectp 'Tpe-
OyeMoe HepaBeHCTBO,

Epkasostd npocTPaHCTRA

5.63. Onpeneaendsn. Jag Kakaoro NOAOKKTEALEOTO LENOTO R
oB03HaunM uepes R® MHONKECTBO BCeX YNOPAOYEHHHX NOCHEROBa-
TeABHOCTeR H3 £ BEIeCTBEHHEIX YHCEN

X=(Xy, Xzy «+¢y Xa);

MHCHA Xy, .., X3 HASLIBAIOTCS KOOPIMHATAMH SieMeHTa X. DAeMeRTH
MHOMKecTBa R* Ma3LIBAIOTCA TOUKAMH, HAM BEKTOpaMH, OCOOEHHO Npa
k>1. Mn Gyiem of03HauaTh BEKTOpH GYKBaM{, HAGPAHHBIMH IKHP-

ilbim mpHdToM. Ecanw y=(y;,, ..., ys) U 0 —BelleCTBEHHOS WHHCIO,
TO MOJOMHM

Xy=&-+go oo or X+ Ya)

GX == (L, « ooy OKR)y

TaK 410 X--YER*® u ax¢RE TeMm caMhv ONPERcneHO CACKEHHE
RCKTOPOR, & TAKKE YMHOMKEHMe BEKTOpA Ha2 BeLeCTBeHHOe YHC/O
{(ckansp). DTH jABe onepauMH NOAYAHSIOTCH 3aKOHAM KOMMYTaTHB-
NOCTH, ACCOUHATHBHOCTH H AUCTPHOYTHBHOCTH (IOKA3aTeNbCTBO TpPH-
BUAJIGHO, T4K KaK AHAJNOTHYHRIM S8KOHAM MOBYHHAIOTCH BEIIECTBEH-
ilBle YHCAA) H npeBpawtaloT R* ¢ sexmoproe npocmpancmso HGd noaem
neegecmeennete wuces. Hynepoit anemest npoctpanctsa R* (unorma
I3LIBAGMRI HA4OA0M, WIH HYALEHM 6eKMOpoM)——-3T0 Touka 0, Bee
KOOPAHHATH KoTOpoli paBHul 0.

Mur onpenenum eme TaKk HasLBaeMoe CKAAspuoe (LA eHympeN-
tee) npouseedeniie BEKTOPOB X H ¥:

13
Xy= Z Xl

{=1
il TAKWE HOpMYy BEKTOpa X!

x= ot ()

Onpepenennasi TakuM 06pa3oM CTPYKTYPa (BeKTOPHOE NPOCTPAHCTBO
R" ¢0 cKanspHEIM MpoM3BefEeHAEM K HOPMOR) Ha3MBAeTCH eRKIMAO-
BUIM R-MEpHBIM TIPOCTPaHCTBOM.
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1.64. Teopema. Jlgems x, y, 2€R" u o — sewsecmeennoe wucao.
Tozda
(a) x| = 0; .
(&) |x|=0 mozda u moasvko moeda, xozda x =10
(c) [ox|=laj|x};
(d) {x-ﬂélmly{;
(&) [x+yl<IX|+1y5
() |x—zl<ix—y[{iy—zl.

HokasateancTro. YTBepwennsa (a), (b) M () oueBwmnm,

a (d} crexyer remocpeAcTsenno H3 mepasenctsa Ilsapua. B cuay (d),
HMeeM

Xty 2=x4+y)-E+¥)=%xx4+2x-y+y¥y<
<ixP+2ix|lyl+iyE=(x|+|ly)e

4T0 AoKaswnBaeT (¢), Hakoweu, (f) cnepyer nz (e), ccam saMennrn x
Ha X—Y¥, Y HA ¥—~2Z.

1.65. 3ameuanusa Teopema 1.64 (a), (b) u (f) nossomut nan
(eM. ra. 2) paccmatpupath R* Kak MeTpuuweckoe mpocTpancTso.

IMpocTpaneTBo R! (MHOMECTBO BCeX BEWECTBEHHHX YHCCA) OOHHENO
HASHBAIOT NPAMOA, WM BelleCcTBexnoM mpamoll. Ampazoruumum obpa-
soM, R® na3spBaIOT IAIOCKOCTBIO (cp. onpefenemtist 1.41 u 1.63).
B sTHX ABYX CMy4asx HOpMA--3TO a0COMOTHAS BeJIMMHHA COOTRETCT-
BYIOWIErO BEIIeCTBERHOTO MJH KOMIIEKCHOTO YHCAA,

Ynpamuenns

1. Tlyets r—panmonanpuoe uncno (r==0), a x-— uppauyokab-
Hoe. JloxasaTb, 4TO 9HCAad 7+ X A rX MPPAUHOHANLHLL

2. loxa3aTb, YTO MeXKAY MOGHMM ABYMS BEMECTBCHHEIMH UHCAAMH
COIEPMHTCA HPPALHOHANBHOE YHCJO.

3. Hlokasath, 41O ie CYHIECTBYeT PANHCHANBLHOTO YHCRA, KBak-
pat xoroporo pasern 12.

4. Ilyere x>0, y>>0 u n— nonoxurensnoe wenoe aucio. Joxa-

3aTh, YTO
n - nop——
Vx-Vy=Vxy
{¢p. ¢ teopemoit 1.37}.
5. Ecmu x>> 0, a r— pankokanbHoe 4ucAo (r = n/m), TO NUAOKEM

=" ¥
Hokasatb, uto x"==(}'x ).

6. Hoxasats, 910 ecm x > 1, T0 xP << x? 11pH M100LIX PAUHOHRb-
HbIX p, , TAKHX, 4TO p<I g,
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7. Onpepesnte x¥ 77 x>>1 B BELICCTBEHHOTC §, HCNOL3YS
ynpaxiuende 6 0 Metoa Teopemn 1.37, M jokasath, uto

{a) x¥<Zx* ecan | <x, y<<z;

(b) x¥ < 2%, eca 1 <Cx <2, y==>0;

() x¥% == x¥x%,

8. Kax HyxHO u3MeHnTb ynpaxuenms 6 H 7, ecin 0. <CI?

8. Ilyers b> 1, x>0. JoKkasaTb, UTO CyeCTBYET GAHO K TOALKO
OAHO BeINECTBEHHOE WHCAO y, Takoe, yTo x=0Y, 310 uncao y Hasw-
Baetcs JorapudmMoM x mpu ocHOpaMHE b.

10. B KaKux MyHETax HAIIEro HIM0XeHHS TEOPHH BeIecTBeHHBIX
TUCCA BOSHHRAM OW TPYAHOCTH, et Oul Oho onmymneno ycaosue Ii}
onpefienchns 1.4?

11. Ecan 2y, ..., 2, — KOMIICKCHBIE YHCHA, TO

2y 24 .. b i< |2 |22+ 2l
12, Ecii x H y-— KOMIJIEKCHBIE YUCAR, TO
Hxl—]glI<|x—gl. .
13. Teopema 1.36 Gpuia BhBemeHAa n3 Teopemst 1.32. Ha camom
Jene 3TH TEODEMM paBHOCHALHHW. UTOOH YGERHTBHCS B 3TOM, AOKA-
AnTe TeopeMy 1.32, He NONB3YACH CEYEHMAMA B MHOXKeCTBe PallHO-
HEABHHX WHCeN, a HCNOJLIyA KaK noctyaat teopemy 1.36 u o6hu-
nute apudMerTuueckne CBONCTBA BEMECTBeHHBIX UHCEN.

14. Ilycts z— TaKOE KOMIIEKCHOE WHCAO, HTO | 2|=1, T. e. 22= ],
Bruscaurs | 14224 |1~z '

15. Jlpr kaxux ycnoBuAX B HepanemcTbe lllBapua mmeer Mecro
paBercTROP "

16. Tlpeanonokum, wro k3> 3, X, YER®, |Xx—yl=d>0ur>>0.
JuKasats, yro

(@) echw 2r >d, 70 cymecrayeT GeCKOHEUHOE MHOMKECTBO TO49eK
7 ¢ R*, ragux, uro

|z2—X|=z2—y|=r;

(b} ecnu 2r=d, TO cymecTsyer B TOYUHOCTH OAHA TaKas TOUKA Z;

(¢) ecnu 2r < d, TO He CymecTByer TaKWX Z.

KaKk HyXHO W3MeHHTb DTH yTBepXieuus, ecad k=2, k=17

17, Hoxkaszats, 970

[x+-yP+[x—yP=2{xF42]yp

cean X € R, y € R*. Heronkosath 370 reomMeTpudecKh, KaK HEKOTopoe
YTBePRAEHHEe O MapaJieNlorpaMMax.

18, Hdokasatb, uto echin R>2 u XER", 10 cymecrByer BekTOp
y€R", Taxo#l, ut0 y==0, vo x-y=0. Bepno au 370 npy k=17 -

19. Hycre a€R®, BER® Hallth ¢€cR* u r>>0, Takue, w10
|x—a|=2{x~b] Toraa ¥ TOALKO TOTAR, KOrZa |Xx—c|=r.

(Pemeiwe: 3¢ =4b—a, 3r=2|b—a|.)



TNMABA 2

JIEMEHTBI TEOPHH MHO)XECTB

Koneunnie, cueTHble H HecHeTHHE MHOEECTRA
Mbl nayHeM STOT pasfies C OnpefeeHUA MOHATHA (YHKUMH,

2.1. Onpenenenne. Paccmorpum gea muoxecTsa A u B, ane-
MEHTaMH KOTOPBIX MOTYT OBITh JloOkle OGBEKTLI, H MPeANOI0XUM, YTO
KaXNOMy SJIeMeHTY X MHOXeCTBA A HexOTOPHM CocofoM NOCTaBjeH
B COOTBRTCTBHE MeMenT MHOKectBa B, Korophifl M 0003HAYAM uepes
f(x). Torma | nasviBaerca ¢hyrryued us A B. B (une omobpanxcenuen
MROXecTBA A B B).

MroxectB0 A RasuBaercs obaccmblo onpedeserus Qynkinu f
{MBl GyfneM rOBODUTH T8KKe, 9TO [ onpegeneHa Ha A), a saemeutd
f (x) nasupaored awvawewuamu . MHOXKecTBO Beex 3vavewnit dyHk-
muE [ HaseiBaeTcs ee o0aacmbio SrRaveHuil.

2.2, Onpenenende. Mu GyleM TOBOPHTE, NTO MHOXeCTBO A
ecTb noduroncecmso MHOXectsa B, B mucate Ac B (wm B A),
eCa KDKABIE sneMeHT MHOXKeCTRa A ARJIACTCS SJEMOHTOM MHOMKeCT-
Ba B. Ecan, kpome Toro, B B nMeeTcd 3JEMEHT, He NMpHHAAMERKAMKG
A, T0 A KA3KBAETCH COOCHIREHABIM TIOAMBOKECTBOM MHOMecTsa B.

B yacTHOCTH, AYCTOR MHOXKECTBO F CJHYKHT NOAMHOKECTBOM JI0Goro
MuokectBa, H A< A, Kagopo 6 nH 6Wio MuOXecTdo A,

Ecmi AcB u B A, 10 Mul Gynem nucats A =25,

2.3. 3ameuanne. To OGCTOATENBCTBO, UTO NYCTOE MHOMKECTBO
ABIFETCS MOAMHOMKECTBOM JIO00re MHOKECTBa, CBA3aHo ¢ ORHOH JIOTH-
yecKodl TOHKOCTBLIO, YacTO BHLISHIBAIOMIER TPYAHOCTH Y HATHHAOMEAX,

H3 onpepenenus 2.2 siCHO, UTO eC/H MHOKeCTBO A Me ecTb NOA-
MHOXKECTBO MHOMECTBAa B, TO NOMKEO OGLITh BepHEM CAeAYIONce
YTBEPKACHHE: CYUIECTBYET 37IeMeHT x, Takoef, wro x€A u x ¢ B».
Ho ecmt A mycro, 10 He CyumeCTBYET Takoro x, 4ro x € A, H Bhicka-
3aHHOe TOJIBKO UTC YTBEPHKICHHE JIOXKHO.

[MopoGuue paccyaeuuss DPHMEHHMEI BCETHa, KOTKa MBI XOTHM
LPOBEPUTH, MTO MYCTOS MHOMKECTBO YAOBAETBOPAET HEROTOPhHIM yCjo-
BHAM,

24, Onpenedenne. Ilycrs A 1 B--—-j8a MHOXeCT84, H IYCTL
f—orobpakenne A 8 B, Eciy Ec A, 10 f(E) onpegensercs Kak
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MHOXECTBO BCEX 3AeMeHTOB f(x) ana xCE. Mo GyneM HasmBath
f(E) obpasom mHoxecTBa E npu orofpaxenun f. B stux oGo3na-
ueHuAX f(A)}-—310 MHOKecTBO sHauemnfi f. $lcwo, wro f(A)c B.
Ecmu f(A)=2B, to Mut Gynem ropoputb, uTo f oTOGpaxkaer A ua B.
(3ameTuM, WTO B COOTBETCTBHH C STHM CJOBOYNOTPeGAEHHEM K@ O3HA-
yaer GoNbliee, qeM &.)

Ecmt Ec B, 10 f1(E) ofosnauaer MHOXKeCTBO BeeX x € A, TaKux,
a10 f(x)CE. Mu Gynem masmisate f2(E) npooGpasos wmuomecra F
npu orobpaxeunn f. Ecam y€B, 10 f3{y)—9T10 MHOKECTBO BCeX
x€A, Taxnx, uro f(¥)=y. Ecim mpu Kakpom AyeB MHOKECTB0
f(y) cocTout He GoJee ueM H3 OZHOTO sneMenTa A, To f Hasblpaer-
CA 63aUMHO 00HOZHANHoIM oTobpaxenreM A 8 B. DT0 MOXKHO Bhipa-
SHTb CAefyiomuM ofpa3zoM: oroOpaxenne f Muoectea A B B BsanmHo .
OAHO3HAYHO, ecaH f{x;)+ f(x;) Kampuufi pas, koraa x,=x,,
x1EA, xgeA.

(3anuce X, % x, O3HAUAET, UTO X; U Xy~ PAS/HUHLIC SAEMEHTH!
B NMPOTHBHOM CAyYae MbI MHHIEM X; = X,.)

2.5. Onpengenenue. Ecian cymecTsyer B3auMHO OAHO3HAUHOE
oTofpaxenne MroxectBa A xa MHOKeCTEBO B, To Mb 6yAeM TOBOPHTE,
4T0 MeXEIY A K B MoxeT 6HTb YCTAHOBJCHO B3aHMHO OJHOSHAMHOE
coomeemcmetie, HAH 4T0 A B B MMeIOT OZHO H TO XKe KapdusaivHoe
44cA0, WJH, Kopoue, 410 A H B sKBHBaJeHTHH, W OyjAeM NHcatb

A~ B. 270’ oTHOWIEHHE, OYECBRAHO, OGJAjAET CASAYIOIMHMH CBOH-
CTBAMH:

pepaecusnocms: A~ A;
cummempuanocms: ecnl A~ B, 10 B~ A;
mpansumusnocms: ecid A~ B # B~ C, 10 A~C.

Besikoe ortHomende, obnajalomee 3THMH TpeMs CBOfCTBaMM, Ha3H-
BACTCS OMHOUIEHUEM IKGUSAACKMHOCIU.

2.6. Onpepenenne. Ilycts n—mo6oe NOJAOKHTENBHOR IeA0E
YACHQ; J,—MHOXKECTRO, I/IEMEHTAMH KOTOPOFQ C/AYMKAT NeJme YHCAa
1, ..., #; J—MHOXKECTBO, COCTOALIEE H3 BCEX  NOJOKHTENBLHHIX
ueqsx uucen; A-—umofoe MHOXKecTBO. ME GyAeM TOBOPHTL, 4TO

(a) A Koweuno, ecni A~ J, mpH HEKOTOPOM 7t (IYCTOE MHOKe-
CTBO TaKXe CYHTAETCH KOHEUHEIM);

{b) A Gecxonesno, ecyin A He ABAAETCH KOHEUHBIM;

(c) A cuemmno, ecan A~ J;

(d) A necuemno, ecnr A He KOHEUKO H HE CUYETHO;

(€) A ne Gosee wem cuemwo, ecAn A HAM KOHEYHO, HJIH CYUETHO.

Ecin A 1 B—xoHeynHe MHOXKECTBa, TO OYEBHIHO, 470 A ~ B Toraa
H TONBKO TOrAa, Korda A B B COBepkKaT OAHO K TO Xe 4YHCAO 3je-
MeHTOB. OHaxo AR GECKOHSUHHX MHOKECTB CMHC/H CJIOB «COAEPKAT
OfHO M TO JKe VMHCJO 3JeMEHTOB? CTAHOBHTCH OYEHb TYMaHHBIM.
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On NMPOACHASTCA ¢ NMOMOLILIO NMOHATHA B3aUMHO OAHO3HAYHOIO COOT~
BETCTBRA.

2.7. Mpumep. INycrs A MuOXKecTBO Beex Uenwx uucen. Torxa
A-—cyetHoe MHOXecTBO. JeHCTBHTGNBHO, DPACCMOTPHM ChedyIoHiee
pacnosoxenne MHONKecT8 A u J

A:0, 1, —1, 2, -2, 3,3, ...,
J:1,2 3,4, 56, 7,....

B 37oM npEMepe MBI MOMEM jake YKa3aTh B RBHOM BHAE GopMyay
Ans otoOpaxenusi f muomectBa J B A, yCTaHABJAMBAIOWErc B3aHMHO
OJHO3HAYHOE COGTBETCTBHE MEXKAY STHMH MHOXecTBaMH:

n .
5 (n wetuo),
fy=} 2

1
7 (n neyetno).

2.8. BaMevanne KoHeqHoe MHOMKECTBO He MOMeT OBITh 5KBH-
BaNEHTHO CBOEMY COGCTBeHHOMY noamuokecrsy. Opuaxo ana Gecko-
HeuHLIX MHOXECTB 370 BO3MOXHO, KaK NOKasnlBaetT npumep 2.7,
B KOTOpOM J-—coOCTBeHHOR NOIMHOMECTBO MHOMKecTBa A.

B aeficTBHTeAbEOCTH MBI MOTAM 6W 3aMeHUTHL onpefedexune 2.6
(&) cnenylomefi Gopmyanposkoil: A Geckoneqno, ecad A SKBHBANCHTHO
OAHOMY F3 CBOHX COGCTBEHIHLIX NMOAMHOKECTE,

2.9. Onpenenenune. Hocredosamessrocmso Mbl Gy IeM HA3HBATD
$ynxnmic f, onpeAeneHHyi0 Ha MHoKecTBe J BCeX MOJNOMKHTENBUEX
nespx wncest. Ecom f(r)=ux, npd n¢J, To npuesTo 0603HauaThb
NOCAEAOBATENbHOCTE [ CHMBOJIOM {X,} HJH THCaTb X;, Xa, X3, ... -
3HaveHus QYHKUMH f, T. €. 3JeMEHTH X,, Ha3HBAOTCA YACHAML
nochenosarenbHocTH. Ecan A —HeroTopoe MHOXKECTRO H ecnd x, € A
npu Bcex neJd, ro {x,} HasuBaercs nocsedosamessuocmso B A, AU
nOCcAe306aMeAbROCMbI0 dAEMEHMO8 MRONWecmsa A.

3aMeTuM, 410 YIEHL Xy, X2, X, . - - TIOCAENOBATENLHOCTH HE 06A3aHEL
OHITE PASAHTHBIMH.

BerAy Toro 4TO BCAKOE CHETHOR MHOMKECTBO CAYIKHT MHOMKECTEOM
3HayeHuil HEKOTOPOR B3aHMHO OXHO3HAUHOH (PYHKLHH, onpepencHol
Ha J, MBl MOXEM pacCMATPHBaTb BCAKOE CUETHOE MHOMKECTBO Kak
MHOKECTBO 3HayeHufi HEKOTOpOfl NOCAENOBATENLHOCTH € PA3HYHHIMH
yjaenamyd. Jonyckas HEKOTOPYI0 BOJABHOCTH Peyd, TOBOPST, YTO 3.e-
MEeHTH JHOGOTO CHeTHOrO MHOIKECTBA MOMKHO «PAaCNOJOXKHTL B lOCTe-
HOBATEJHLHOCTES.

HHorra yno0HO 3aMEHHTb B STOM ONpefieieHHH J MHOKCCTBOM
BCEX HEeOTPHUATeNbHHX leAHX uHces, T. €. HauuHaTb ¢ 0, aHe c |.
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2.10. Teopema. Beaxoe Oecxonedroe nOGMHONECMBO CHEMHOZO
Mmroxcecmea A cuemno.

Hoxaszateancro. [Tpeanosoxum, uro E < A U E GeckoHeYHO.
Pacrionokum 5/1eMenTsl ¥ MHOXeCTBa A B NOCACHOBATEALHOCTS {Xn}
¢ pasinuibMM uienamd. [locTponM nocsenoparesibEOCTL {Ma} caeayio-
IHM 06pasoM.

[lyecte n; —uauMeHblnee uenoe NOJOKHTENLHOE UYHCIO, TaKoe,
UTO Xn €EE. Ecan ny, ..., fay (R=2, 3, 4, ...) yxe BuOpanu,
TC HYCTh fp -~ HAHMEHbBLICE UeJoe HHCIO, GOMbINee fig.; W TAKOE,
910 Xa, € E.

Honarast f(k)=1xa, (k=1, 2, 3, ...}, Mbl NONYSHM B3aUMHO
OHO3HAMHOE COOTBETCTBHE MeXAY E w J.

Sta TeopeMa NOKAa3hBaeT, 4YTO, rpyGo TroBOPS, CUeTHHE MHOMe-
CTRa NPEICTABAAIOT «HANMEHbIDYIOr GECKOHEUHOCTh: HHKaKoe Hecyer-
HOC MHOMKECTBO HE MOXET OHTh NOAMHOMECTBOM CUYECTHOTO.

2.1t. Onpenenenue. [lyetp A u Q—MHOMKECTBA; nNpeAnONO-
KHM, 4TO KaXKAOMY INEMEHTY G MROXeCTBa A COMOCTaBeHO HEKOTOPoe
NOAMHOMKECTBO MHOXeCTBa Q, KoTopoe Ml o6o3nauuM uepes Fy.

MHOXKECTBO, 3JIeMEHTAMH KOTOPOTO CAyMaT MHOXecTBa E,, Gyger
o0o3HayaTheA uepes {E,}. BMecTo TOro 4ToGH TOBOPHTR O MHOMNKECTEE
MHOKECTB, Mbl HHOTJa OyleM FoBOpHTE O Halope MHOMECTB HJAM
0 ceMeilcTBe MHOMKeCTR ).

Ob6vedunenue ceMeficTpa muoxecTs {£,} onpepensercs Kax Muoxe-
¢T80 S, Takoe, uTO X €S TOCA2 H TOABKO TOTAR, KOPAA X &L, XOTA
On Opr ofHoM a€A. Mul GyfeM noabzoBaThCs OGO3HAUCHHEM

{1) S= U Eq.
aEA
Ecan A cocTonT H3 neamx vucea 1, ..., #, T0 OOLIUHO NHILYT
(2) S= U En
HJH
(:.))) S=E1UE2U°"UE'

Eeat A—MHOMKECTBO BCeX NONOKHTEALHBIX 1EALIX ulced, TO oGwlg-
noe ofosnayesne TaKOBO: )

4 S= U En.
m=1

1) Ha camoM pene eMHOXKECTRO MHOMECTD -—STO NOHRTHE, [0 CYHIECTBY
OTNHUHOE OT NMOBATHA «CeMeACTP MHOMECTBS, KOTOpoe 3Aeck ONpeResenc. Cemefi-
£TIO MHOMECTR €cTh omofpasceru¢ MHOXECTBA A B MHOMECTBO BCEX NOAMHOMECTS
muoxecyea Q. Moxer okasatees, uro Eg, = Eq. npu o' == ¢*, &', 0" € Q.—Mpux,
Hepes,




35 Ta. 2. Jasemenmer meopun Mroxcecing

CumBon oo B (4) yKazulBaeT TOAbKO, 4T Geperca ofbegHuenHe
cuemnoeo cemeficTsa MHOXecTB. Ero He caeflyer cMellHBaTh ¢ CHMBO-
JAMK + o0, ~—00, BBeJleHHHIMY B onpepenchua 1.39.

Hepeceuerue cemefictBa Muoxects {E,} onpelensercs KaKk MHOXe-
cteo P, Takoe, uT0 X €P TorZa H TOMIBKO TOrRa, Korda x€E, mpu
Beex aCA. Mu GyzeM nonbaosaThcq 0GO3HaueHHEM

(5) P=( E,
CEA

HIH

(©) P= | En=ENEsl..; N En,

HAH

@ P= 1 En.

Kak fis obvenuHenufl. Eciu Muoxecteo A B He nycto, 10 M Gyaem
TOBOPHTL, 40 A U B nepecexawomcs, B NPOTHBHOM CJYYae —YTO OHH
He nepecexaomea.

2.12, lipumepn. (a) DonycruM, uro £, cocTonT us uncea I, 2, 3,
a E,—us wacen 2, 3, 4. Toraa E, ) E, cocrour us vucen 1, 2, 3, 4,
B TO BpeMA Kak E,[) E,—H3 uscen 2, 3.

(b) ITycrs A—MHOXKECTBO BCeX BEHECTBEHHEIX YHCEN X, TAKHX, 4TO
0<x<1. Ona moBoro x€ A nyctb Ey——MHOMECTBO BCEX BEILECT-
BeHHHX 4HCes ¥, TakHX, 9T0 0 <y << x. Torna -

(i) Ex< E, Toraa u Toapko TOrja, Koraa 0 < xLz < 1;

(i) xLElAEx=E:;

(iii) QAE“ nycTo,

x

Yreepxaenus (i) u (ii) ouesnausi. YroSn foKa3aTs (iii), samertnm,
970 npu mobom y >0 umeeM y ¢ E,, ecan x << y. 3uauur, y¢ N E..

xcA

2.13. 3aMeyaHHa. MHorde cBoiicTBa o6beayHEHHNT 1 nepeceye-
HHi COBEPIIEHHO AHAJIOTHUHBl CBOACTBAM CYMM H MPOH3BEASHHUSL.
B ZeACTBUTENLHOCTH CIOBA ¢CYMMa» H «IPOM3BeJeKHe» HHOrXa ynoTpet-
AMIOT B 9TOM CMBIC/IE # BMecTO | H 1 nHuyT Z H H

3aKoHBH KOMMYTATHBHOCTH M aCCOUMATHBHOCTH TPHBHAJIEHO BHIIOJ-
HATCA

(8) AUB=BUA; ANB=BN4;
9) (AUBYUC=AU(BUC); (ANBNC=AN(BNC).

IDTEM ONpaBJAHO OTCYTCTBHE CKoGok B (3) u (6). 3akom amctpu-
GYTHBHOCTH TAKXe BEINOJTHAETCS:

(10) ANBUGO=(AnBUANC).
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Yrobn AoKa3aTh 370, 06O3HAYHM JIERYi0 H NPaByl0 YacTH PpaBeH-
ctea {10) coorBercTherno uepes E ¥ F. :

Honyctum, uto xc £. Torga x€A n x€BYC, 1. e. x€B nmu
x€C (umt u 10 B aApyroe). JvawdaT, xCANB wau x€cANC, T8k
yro x€ F. Taxum o6pasom, E C F.

Ilpeanonoxum teneps, yto x€F. Torna x€c ANB uwm x€ ANC.
Takum obpasoM, x€A U x€B|JC. 3naust, x€ AN{BYC), Tax uTto
F— E Caepoparensno, E=F,

IlepeuncanM elie ReCRKONBKO JAETKO TPOBEPACMBIX COOTHOHICHMMA:

(11) Ac AYB,

(12) AnBc A.

Ecmm @ oGosHayaeT mycToe MHOXECTBO, TO
(13) AUG =A, ANB=0.
Ecmt Ac B, 10

(14) AUyB=B, ANB=A.

2.14. Teopema. Iyemv {E,}, n=1, 2, 3, ..., ——nocsedoea-
MEALHOCME CHRMAHBLY MHONECME, NOAOKCUM

(15) 8= ﬁiEn.
Tozda snomecmso S cuemuo.

HokaszareAbpcTBO. PacnoNokuM Kakaoe MHOKECTBO E,
B NOCTeAoBaTeNuHoCTE {Xn}, £==1, 2, 3, ..., ¥4 paccMOTpHM Gecko-
HeuHylo Tabumuy

(i6)

8 KOTODOH JeMeHTH MHuOMKecTBa £, 06pasyioT #-10 CTPOKY. 3rta
TaMuua COREPKHT BCEe 3JCMEHTH MHOKecTBa S. DTH s/EMEHTH
MOMHO PacAONOXKHTL B MOCACAOBATENBHOCTh TakK, KaK YKA3bLIBAOT
CTPEJIKU:

{17} X113 Koty Xini Xare Xozy Xigs Xygy Xpow Xogs Xpgl ooe s
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Ecas xaxue-uubynr jABa miomectda E, umeior ofume 3aeMeHTH,
TO oHM nosBATCH B (17) Gonee ueM ofigiH pas. 3HauuT, CymeCTByeT
HOAMHOKECTBO 7 MHOMECTBA BCEX NOMOMKHTENbHHX UeJbIX YHCEN,
TaKoe, 4T0 S ~ T, OTKyla Cleyer, 4TC MHONKeCTBO S He Golce ueM
cueTho (reopema 2.10). Flockoawky E; < S n E, Geckoneyto, 10 u S
OeCKOHEYHO, H NOITOMY CYETHO.

Cnencraue. Honycmusm, umo A we 604ee wem cdempo 4 wmo
npu xawoom o €A muoxecmso B, ne Gosee wem caemuo. HHoromum
T = | Be.

GEA
Tozda muomcecmeo T we Gpaee uem cHemHo,

Hehcreutemnuo, T 3KBHBAJEHTHO HEKOTOPOMY NOAMHOMECTBY
MHOMecTBa (315).

2.16. Teopewma, Ifyems A—cuemnoe MuoNeCMEo, & nycmo
B, — muoncecmen scex wnabopos (a, ..., a,) u3 n 4ienoe, ede ar€ A
(k=1, ..., n) u ssemenmot ay, ..., G, He OORIAMENLHO PASAUYHGL.
Tozda mromecmao B, ceemsno. :

Bokasarenscrso. To, 470 MpokecTRO B, CueTHO, — OUEBUAHO.

Honycrum, yro muokecTBo B, , cuetno (n=2, 3, 4, ...). Dnae-
MedTht B, uUMeT BHI
(18} (b’ a) (bEBu—h OEA)«-

[pu KaxknoM dHKCHpOBAHHOM & MHOXECTBO Bcex nap (b, @) skBuba-
JAEHTHO MHOMECTBY A M, 3HaunT, cuetHo. TakkM o6pasom, B, —o6ne-
JAneHHe CYETHOrO MHOMECTBA cueTHHIX MuOXectB. [To Teopeme 2.14
B, cyetno.

YTBepxiense TeopeMbl AOKa3aHO N0 HHAYKuAH,
Chnepcrene. Muosecmso ecex payuoMasbHelX wuces CHEMHO.

Hokasarenvctro. Ilpumesum Teopemy 2.15, masip n=2
H 3aMeTHB, UTO KaMJoe patdOHAJRHOE YHCAC r HMeeT BHJA b/a, rae o
H b—ueale wucaa. MuoxecTso nap (@, b), a noITOMY H MHOMECTBO
apoled b/a, cuerno.

Ha camom jene aake MHAOMECTBO BCeX aJiTe0paHuecKuX HuCe.a
CUeTHO (CM, ympaxHeHde 5). :

€/YIOIIas TeOpeMa MNOKA3kBAeT, OJIHAKO, UTO He Bce 6GecKORey-

HHE MHOKeCTBA CYeTHbL

2.16, Teopema. Hycms A—muoxecmeo ocex nocaedosamens-
Hocmedd, saemenmot Komopoix —yudpee 0 u 1. Muoxcecmeso A necuemno.

JneMeHTaMu A caymar nochejgoeaTeabhoctH Bufia 1, 0, 0, 1, 0,
1,1, 1,....

Hokasatenbcrso. Ilycts E— cueTHOR MOAMHOMECTBO MHOMKE-
ctBa A, u nycrs E COCTOMT M8 NOCIeXOBaTeNbHOCTER S;, Sy, Sgy v .o .
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[TocTpoum nocsefoBaTe bHOCTD § chelyiomysm ofpasoM. Ecm | n-a
uudpa B s, paBua 1 (cooTsercTBenHo 0), TO nycTh 2-1 Mudpa B 5 pasna 0
(coorsercTBenHO 1). Torka nocne0BaTEBHOCTD $ OTAKYAETCA OT KaXkK-
JIOTO 3JleMeHTa MHOXKEeCTBA £ XoTa On OLHMM YieHOM, 3HaynT, s¢ E.
Ho ouepdano, yro s€ A, Tak uro E-—colCTBEHHOE NOAMHBOMKECTRO
MHOXecTBa A.

Mul HOKasafil, MTO KaxKkAoe cYeTHOE HOIMHOXKECTBO MHOMXKecTBa A
ABAKETCSA COOCTBEHHBIM NOAMHOMeCTBOM. CrefiopaTenbHo, A necuyeTHO
(10TOMY 4TO B NPOTHBHOM cayuae A Obiio Ohl CBOMM COGCTBEHHBIM
NOAMHOMECTBOM, 4TO HEBO3MOXHO).

Hpelo npupenenHoro A0kasatedbCTBA BUepBHie Bhickasal Kantop.
Taxoft MeTOJl A0Ka3aTeJAbCTBA HA3KWBAIOT KAHTOPOBCKHM SHATOHAJIBHLIM
NpoueccoM, NOTOMY YTO €CAM MOCACKOBATENBHOCTH Sy, Sy, ... PACHO-
JOXHTb B Bufe Tabauuk Tana (16), To Npu nmocTpoenud HOBOA TMocKe-
JOBATeJIbHOCTH OYAYT YYHTHBATBCH HJIEMEHTHI JHATOHAIH,

UnTaTens, 3HAKOMBIE ¢ JBOHYHLIM MPEACTABJIEHHMEM BeLIeCTBeHHBLIX
YHCeN, KOTAa 3a OCHOBaHHe BMmecTO wicsla 10 Gepercs amcio 2,
3aMeTAT, YTC W3 TeopeMul 2.16 ciiefyeT, 9T0 MHOXKECTBO BCeX Beule-
CTBeHHHIX WHCeN Hecuerho. Bropoe HoKasaTeNLCTBO 9TOro (PaKTa Mil
JaguM B TeopeMe 2.43.

MeTpHueckHe NPoCTPaNHLTBA

2,17, Onpenenenne. TOROPAT, YTO MHONKECTBO X, 3/ieMeHThHI
KOTOpOro MH 6yjeM HasWBaTb MOuKkaMil, €CTh MempueecKoe npo-
cMpancmeo, ecan JOGHM JBYM TOUKAM p H ¢ MHOXKecTBa X COOT-
BETCTBYET BELIeCTBEHHOE uucAo d(p, q), HaA3LIBAEMOE DACCMOARUEM
0T p A0 ¢, Taxoe, 4YTO

{a) d(p, )>0, ecqu p=q; d{(p, p)==0;
() d(p, @y=d(q, p)
(c} d{p, 9)<d(p, r)1-d(r, ) npu mobom rEX.

2.18. ipameprn. CaMuiMy BaHBIMH NPHMEDaMH METPHUECKHX
NPOCTPAHCTB ¢ HalleH TOMKH SpeHHs CAYXKAT €BKJMACBHL NPOCTPaH-
cTBa RF, ocobenso R (BetuecTBenHas npamas)  R? (KoMnaekcHad
NJOCKOCTb); paccTosiHue B R* onpenensercs Tak:

(19) d(x, y)=|x—y| (x, yER").
ITlo Teopeme 1.64 Mmerpuka (19) yaoBJeTBOPSIeT YCAOBHAM ONpeAeJe-
s 2.17.

Baxno 3aMeTHTh, 4TC KaXAoe NOAMHOXECTBO Y MeTPHUECKOro
npocrpaucTBa X B CBOW Ouepehb ABAAETCH MeTPHUECKHM NpOCTpaH-
CTBOM ¢ TOH JKe caMmoifi PyHKuueit paccrodnus. B camom zene, scwo,
4TO €CAHM YCenoBHAsA (g) —{c} onpejenenns 2.17 BuMOJHEHH AJA p, q,
re€X, T0 OHH BHIDOJAHEHH ¥ AJA p, ¢, r, NeKaWHX B Y,
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TaknM ofpasomM, KaXjoe NOAMHOMKECTBO €BKJNIOBA NPOCTpaH-
CTBa — MeTPAYECKOe NMpocTpaHcTBO. JIPYrHMH npEMepaMy c/Iy:kKaT npo-

erpancyed € (K) 1 X2 (1), paccmarTpHBaeMuie COOTBETCTBEHHO B T, 7
u 10, -

2.19. Onpenenenne. Ilog wuwmepsasron (a, b) mul Oygem
THOHHMATb MHOXKECTBO BCEX BellleCTBEHHLIX MHCEa X, TakHX, 410
a<<x<<h

Ylox ceasmenmom {a, b) Mbl GyAeM NOHKEMATE MHOMKECTBO BCEX Belle-
CTBEHHLIX UHCEN X, TAKHX, 4YTO ¢ x<b. ‘

Huorza Mu GyneM BCTPeUaTLCS C NONYHETEPBAJAMH |a, b) ¥ (a, bl;
nepBbill COCTOHT H3 BCEX X, TakMX, UTO @<\ x<Ih, BTOpOd—n3
BCeX X, TAKHX, 9TO a< x< b.

Ecom a;<<b; nps i=1, ..., k, TO MHOXKECTBO BCeX TOYEK X:=
=x(Xy, ..., X3) B R*, KOODAHHATH KOTODHX YAOBNETBOPSIOT Hepa-
BeHCTBAM a; <X < by (1 i< k), nasuiBaeTca k-mepuoll Kaemxoud.
TaxkuM oOpasoM, OfHOMEpHAd KJETKAa—39T0 CerMeHT, AByMepHas
KJETKE — NPSAMOYTOJLHEK H T. A.

Ecma X€R* u r>0, 10 omkpoumenl (Wan samxuymsidl) wap B
C IIEHTPOM B X PAJHYCOM r €CTh NO ONpeleNieHHI0 MHOXKECTBO HCex
y€ R*, Takux, uto |y-—x|{<<r (mm |y—x|<7).

HasoeM muomectso E — R® eminyxaois, ecan npu mobux x € E,
YyEE u 0<CA <1

Ax4-(1—A)y€E.

Hanpumep, " wapst stinyras, n6o ecmn |y—x|<<r, jz2—x|<r
B 0<<A<<l, 1O

Ayt (1= z—x|=|Ay—x} -+ {1 - A z—x)} <Ry x|+
F{(1—A)z—X|<<A+{l—A)r=r.

To ke ZOK23ATEABCTBO HPHMEHHMO M K SaMKHYTHM mapaM. Jlerxo
BUHACTE TaKKe, U4TO k-meprme KNETKH BLITYKJbI.

2,20, Onpengenenne. Tlycts X — MeTpuuecKkoe NPOCTPAHCTEO.
Bee yrnoMmuHacMble HHXKE TOWKH H MHOMKECTBA CJeAyeT CUMTATh 37ie-
MeliTaMH H NOAMHOXKeCTBAaMM mpocTpaHcTea X,

{a) Oxpecrinocmso TOURK p HaduiBaeTest MHOXKecTBO N, (p), cocTos-
llee H3 BCeX TOYeKk ¢, Takux, 4ro d(p, q) < r. Uucno r Ha3nBaeTcs
paduycom oxpectHocTH N, (p).

{b) Touka p naspiBaetca npedevrod mouxori MHOXKecTBa E, ecau
Kasdass OKPECTHOCTb TOYKH p COJIEPKHT TOUKY ¢~ p, TAKYW0, 4TO
g€EE.

(c) Ecnu pe E u p He sABiserca npejenshofil Toukoff MioXkKe-
ctRa E, TO p uasbiBaeTCA usosuposannod moukod mnoxectsa E.
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(d) MnpoxecTBo E 3amxHymo, ecqM Xamiuas npefefibHasg TOUKa
MHOXKecTRa E Asndercs ToMKofi MHOXKecTBa E.

(e) Touxa p naspiBaerc exympenneil TOUKof Muoxectsa E, ecau
oHa HMeeT OKpecTHOCT: N, Takyio, uto N E.

(/) Muoxectao E omkpeimo, ecin Kaxjad TOYKA MHoMecTBa E
ABASETCA €r0 BHYTPCHHEH TOUKOI.

(g) Hdonoasnenuesn wmuoxecrsa E (ofosHawaeTcss cuMBosoM E°)
HA3LIBAETCH MHOMXECTBO BceX Touek pEX, Takux, 4to p§ E.

(h) MuaxectBo £ cosepuienno, eclii OHO 3aMKHYTO M €CaM
Kaxjlag TOUKAa MHOMecTBA £ ARNAETCH ero npefeabHOH TORKOM.

(i) MeoxecTBOo E o2panudeno, eCld CYWIECTBYIOT BEHIECTBEHHOE
yicao M m touxa ¢€ X, Takme, uto d{(p, g)<<M npn Beex p¢E.

(/) Muoxectso E ectody nsomso B X, ecau xXaxaas TOUKA MHO-
mectsa X sBaserca Aun6o npefesbHOM TOYKOH Muomectsa E, anbo
nDpUHaAJIexuT MHOxectBy E (nu6o # T0, W Apyroe).
' OTMeTHM, YTO OKpeCTHOCTAMH B R' cAyXar HHTepRaJH, B TO
BPeMsl KaK OKPECTHOCTH B R®--5TO BHYTPEHHOCTH OKPYKHOCTEl.

2.21. Teopema. Bcakas okpecntnocms REASLMCA  OMKPOMGLM
MHONCECIMBOM.,

HokasateabcTBo. PaccMoTpuM  okpecTHoete E =N, {(p);
nycTb ¢-—Kakaf-HHOYAb Touka MHOMecTBa E. Torga cymectsyer
TIONIOXHTEABHOE BELIECTBEHHOE WWCAO A, Takoe, WTO

d (p, qy=r—h.
Ias Bcex Touex S, Takux, 4to d (g, S) <, MB HMeeM

d(p, s)<d(p, §y+d(g, s) <r—h+h<r,
TaK 4rto s€ E. TawuM ofpasoM, §-—BHYTPEeHHAS TOUKA MHOXecTBa E,

2.22, Teopema. Ecau p— npedessnasn mouxa muoscecmsa E,
mo mo6as oKkpecmuocms MOKL P codepicum OecKOHERHO MHOZ0 MOYex
mroocecrnea E.

Aokasarteascreo. [lpeanosokuM, uTo CymecTByeT oOKpecT-
Hocte N TOYKH P, COAEPHAWAR TONBKO KOHEWHOE YHCAQ TOYEK
muoxecrea E. Ilyets ¢y, ..., go—Te TOUKH MHOXKectTB2a N E,
KOTOpHEe He cosmajamnT ¢ p, [looxuM

r= min d{p, qm)
tmzn

(Tax Mu ofioanauaeM HauMcubuuee u3 yucen d{p, ¢,), ..., d(p, g,).
SIeHo, YTO MHHHMYM KOHEUHOIC MHOMXKECTBA NONOKUTEALHLIX YHCE —
TIONIOKHTENBLHOE WHCIO, Tak uto r > 0.

OxkpectHocTh N, (p) He COAEPIKAT HU OZHON TOUKH ¢ MHOXKecTBa E,
TAKOH, 4TO ¢ = p, MOITOMY p He ABJAAETCH NPeReSbHOH TOUKOH MHO-
wectBa E. IDTO npoTHBOpeURe W AOKASHIBAET TEOpPEMY.
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Cnencreue. Koneunoe MHOXCECED mouex He umeem npedeas-
HBIX MoYer.

2.23. I1lpume pH. PaccMOTpHM cheyiole MOAMHOKECTBa MPO-
crpancTa R%:

(@) MHOXKEeCTBO BCEX KOMNJIGKCHHIX 2, TaKHX, 410 j2]<C1;

(b) MHOXeCTBO BeeX KOMIBKCHHX 2, TaKHX, urto |z|<1;

(C) HeKOTODOEe KOHEYHOe MHOMKECTBO;

{d) MHOKeCTBO BCeX HEABX YHCe

(e) MHOXecTBO, cocrosiiee H3 uncen 1/n (n=1,2,3,...).

OrMeTuM, uTO nocAefHee MHOXKecTBO E HMeeT npeienbHyl0 TOUKY
(a uMenno z=0), HO HUKaKas ToyKa MHOxecTsa E He sBJIAeTCR €0
npefeapHofi Toukod., MH XOTHM NOAYEPKHYTh PAasSHHLY MeXAy cBOH-
CTBAMH MHOXECTBA HMEThb TIPEASNLHYIO TOYKY M CONepKaTh npejeib-
HYIO TOYKY.
(f) MuoxecTBO BceX KOMIVIEKCHHX qucea (1. e. RY);
{g) unrepsaa (a, b).
MeTHM, uT0 MHOMectBa (d), (e), (g) MOXKHO paccMaTpHBaTh
# KaK NoAMHOXecTBa mpocTpaHcTsa R,
GHBKOTOPHG CBOACTBA STHX MHOXECTB MEPeurcseHn B Cjelyrwei
Tabauue:

3amknyTo Ormkprto CoBepiLesEHo Orpanyueno
(&) Her Ha ' Her Ha
b)) Ha Her Ja Ja
(¢) Ha Her Her Ia
{d) Ha Her Her Her
(¢} Her Her Her Ha
(fH DNa Ha Ha Her
(2) Her Her Ha

B cTpoxe (g) M He 3anonMuMaM BTOpoil KJeTK#. [IpHuKHA 3TOTO
B TOM, HUTO HHTepBaX (@, ) He ecTh OTKPHITOR MHOMECTBO, €CAH
paccMaTPHBATL €ro Kak NOAMHOXKeCTBO npocTpancTBa R, no on
ABAAETCA OTKPHITHIM TIOIMHOMKECTBOM TNpocTpancTBa RY.

2.24, Teopema. Hycme {Eg}—{xoneunoe uau OGecxoneyrioe)
cemeticmeo muoxcecme E,. Tozda

(20) (U Equ)' = 0 E,.

Hokasateanctpo. [lycth A u B-—MHOKecTBa, CTOsAUME
COOTBETCTBEHHO C/IeBA W ChpaBa B paeencte (20). Ecm x€A, To0
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x¢ UE,, snaunt, x¢ E, npH Bcex o, MOSTOMY x€ EG npu Beex «,
. .

Tak uto X €[\ Eg. Takum o6pasom, A < B.
OGpatno, ecau x€B, 10 x€ Eg NpH BCeX ¢, 3HauAT, X§ E, upn
Beex @, noyroMy x ¢ () Eq, Tak uto £ € (U E4)°. TakumM o6pasom, B< A.
L] a

CurenosaTenso, A==B,

2.25. Teopema. Mruowecmso E omkptimo moeda u moavko
moada, Ko2da €20 CONOANEHUE 3AMKRYMO.

HorasareabcTro. CHavana npeanonoxuM, uto E° 3aMKHYTO.
BrGepem x¢ E. Torga x¢ E° n x e Asaserca mnpepeibliofi TOHKOH
MHoXecTBa E°. 3HauuT, CYIMECTBYET OKPeCTHOCTH N TOUKH X, TaKas,
uro MHOXKecTRO E°(IN mnycro, 1. e. N« E. Takum ofpazoM, x—
BHYTPEHHAA TOuKa MuOXectsa E, 4 E oTkpmToO.

Tenepy npernonoxkumM, yto E orkpuito. Ilycts x—npeledsHas
TouKa MHOxecTBa E°, Torna Kamjas OKpeCTHOCTb TOYKH X CONCPIKUT
HeKOTOPYIO TOYKY MHOXKecTBa E°, Tak 4TO X He ABAACTCH BHYTpPeH-
Hedl Toukoll MHOXecTBa E. [lockonsky E OTKpHTO, 3TO 3HAYHT, YTO
x € E°. CrepoBatesbno, E° 3aMKHYTO.

ChregcrBue. Mnoscecmeo F samxnymo mozda u moasko moada,
Ko20a eeo donoamexue omKpHmo,

2.26. Teopema. {a) Uaz awbozo cemeiicmsa {G,} omrpoimoix
Muooicecms muoxcecmeo |) G, omrpsnmo.
o

(0) Aas mobozo cemeiicmen {F,} 3aMKNYMbX MHONECINE MHOMNCE-
cmeo [\ Fp samrxrymo.

(c) ‘jﬂﬂ}l mobo2o  Kouewrozo cemedemsa Gy, ..., Gy omxpoimox
MHONCECTNE MHONECE0 ﬁ G; omkpsimo. '
() Has mobozo x(::;uﬂoeo cemeiicmea  Fy, , Fn samgnymox
MHONCECE MNOMCECHIB0 161 F; samxnymo.
-

Jdokasarteasvctpo. INonoxuM G= |JG,. Ecin x€G, 170 x€ Gy
a

npY HEKOTOPOM €. TaK Kak X—BHYTPEHHAR Touka MHONectBa U,
TO x—BHYTpPEeHHAA TOUKa MHOKecTBa G, G OTKpHTO. YTBepxKae-
Hue (a) NoxasaHo.

Tlo Teopeme 2.24 umeem

21) (QFG)°= [a' (Fa),
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a no reopeme 2.25 MHOXecTBa Fg OTKPHTH. 3HAYAT, H3 (@) caenyer,
4YTO MHOXecTBO (21) OTKPHTO, TaK ¥TO MHOXKecTBO [|Fg 3aMKHYTO.
|+

Teneps nomoxum =iﬁl G Ina nwoboro x€H cymecrnyer

OKpecTHOCTh N; TOUKH X pajpmyca ry, Takag, yto N, = Gy (i =1, ..., n).
Tlonomum

r=min(ry, ..., rs),

u nyctb N—oKpecTHoeTh TOYKH x paguwyca r. Torga N G; npa
i=1, ..., n 71ak aro N — H, u MuOXecTBO H OTKDHTO.
[Nepexoas kK fonouHenHsM, Mbi BhiBeaeM {(d) u3 (c¢):

(0 FY=0 (Fo.
=1 i=i

2.27. llpumep. B yreepxienuax (¢} v (d) npeanigyiefi TeopeMul
KOHEYHOCTb ceMelcTs cyuiecrsenHa. [eficTButensso, nycrs Gp,—

HHTEpBaJ ——TL- , -:l—) (n=1,2,3,...). Toraa G,—oTkpuiToe nox-

o
MHOXKeCTBO TipaMof RY. TlonoxuM G = {']16 . Torpa G coctour H3
n=
eAMHCTBeHHOR TOYKH (a MmenHo, x=0) W no3sTOMy He ABAfeTCH
OTKPHITRIM MOAMHOKECTBOM H3 RL,

Takum 06pajoM, nepecedeHne GeCKOHEYHOTO ceMeficTBa OTKPHITHIX
MHOXeCTB He 06d3aH0 OHTb OTKpHTHIM. [logofubiM o6pasom, oGbe-
AuHeHde GeCKOHEYHOro cemeficTBa SaMKHYTHIX MHOXKECTB He 00s13aHO
6LITE 3AMKHYTEIM.

2.28. Teopema. [Tycms E—3amiuymoe MHONCECHIBO BeULECMBEN-
noix uucea, oeparuuennoce ceepxy. Ilyeme y=supE. Toela y¢E.
CpapHuTE 3TO YTBEDXACHHe ¢ mpuMepamd 1.35.

Hoxaszateascrtso. JdonycmuM, uto y¢ E. Ana kaxaoro i >0
cymecteyer Toaxka x€ E, Tagas, uro y—h < x <y, TAK KaKk HHade
y—Ah Obmo Ou Bepxuefl rpanuuefl mMuomecrsa E. Takem ofpasowm,
KAXAa# OKPECTHOCTL TOUKH y CONEPIKRT HEKOTOPYI0 TOWKY X MHO-
xecTBa E, mpuueMm x ==y, Tak Kak y§ E. Cnegopateavho, y—upe-
AenkbHag TOYKa wMHOMKecTBa E, He npuHaanexawmas E, Tak 410
MHOKecYEO E He samkuyTo. Ho 3T0 npoTHBOpeMHT yCA0BHIO TeopeMut.

2.29. 3ameuanye. JoayeruM, uro EcY <X, rae X—
MeTpHyecKoe npocrpascTso. To, uro E —OTKpHTOE NOAMHONECTBO
npocTpancrsa X, O3nauaeT, u4TO € KaxAoH Toukokt pEE ceAsauo
BOMOXKHTENLHOE YHCAO r, BJA KOTOPOro B3 yoaosmil d(p, q)<r, g€X
cnefyer skioyerne g€ E. Ho mMu ywe samvetusn (m. 2.18), ato Y —
TOXE MEeTPHUECKOe IIPOCTDPAHCTBO, TAaK 4TO Halle OnpeiefeHUe ¢ TaKHM
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¥Ke ycnexoM MoXHO oTHecTH K Y. Jlns mnoauofi TOUHOCTH Mbi GyjeM
TOBOPHTH, YTO MHOXKecTBC E omkpumo omwuocumessro Y, echn Kax-
Aot Touke pE E oreevaer umcqao r>0, Takoe, uto g€ E, ecau
d{p, 9)<<r u g€Y. Ilpumep 2.23 (g) NOKAsHBAaET, YTO MHOXKECTBO
MOXeT OBITh OTKPHITBIM OTHOCHTENBHO Y, He GYAYUH OTKPHITHIM
nofMHOXKecTBOM npocrpaHcTBa X. OfHAKO MeXAY STHMH DOHATHAMH
HMeeTCHd NMPOCTOe COOTHOLUEHHE, KOTOPOe Mb! Cefuac YCTAHOBHM.

2.30. Teopema. yems Y = X. Hodmuomecrnso E mromxce-
cmea Y omKpouno omuocumesvio Y moeda u moavko moada, Koeda
E=Y )? G 04a nexomopoeo omrpuimoeo nodmroxcecmsa G npocmpat-
cmea X.

Hoxasareascrso. HdonyctuM, 4T0 E OTKPHITO OTHOCHTEABHO
Y. Ona kamaoro p€ E Halipercds MONOKHUTEABHOS YHCAO rp, TAKoe,
uTo u3 ychaosuit d(p, g} <Irp, q€Y caepyer, uto g€ E. Iyers Vy—
MHOXKEeCTBO Beex g€ X, Takux, uro d (p, g) <<rp; NONONKHM

G= U V’o
pEE
Toraa no TeopeMam 2.21 u 2.26 G —OTKPBITOE TNOAMHOMECTBO MNpo-

crpaHcTRa X.

IMockoasky p€Vy upn seex p€ E, sicho, ure E < GN Y. Cornacro
HauwieMy BuiGopy okpecTHocTH Vp, umeem VoY — E mpr Kamnaom
PEE, 1ax uro GY — E. Takam obpasom, E=CG(Y, 4 noroBuHa
TeopeMHl lloKa3aHa.

O6patHo, ecnu MuOXkecTBo G oTkpuito B X #t E=GNY, 10 Kax-
naa rouxka p€ E umeer okpectHocTh Vo= G. Torna VpNY < E, rak
4TO MHONKeCTBO E OTKPHITO OTHOCHTENBHO Y. ~

KoMnakrHple MHOXKECTBA

2.31. Onpenenenune. Omgpsumsim noxpoimues MHOMecTBA E
B METpuuecKoM npocrpancree X Mol OyneM HaswBaTh cemeficTeo {G,)
OTKPHITBIX ROAMHOMECTB mpocTpancTBa X, Takee, uto E  |) Gg.
o

2.32, Onnpenenenne. IloaMuoxkecTso K MeTpHHecKoro mnpoct-
paHCTB2 X HASHBAETCH KOMNQKMHHAM, €CAH KaXhoe OTKpPhIToe NOKPH-
THe MHOXKecTBa K COflepIKMT Kowedroe MOANOKPHITRE.

ToBopst Tounee, TpeGoBanue COCTOMT B TOM, uTO ecaH {Go}—
OTEPWRTOC NOKPHTHE MHOMKECTBa K, TO HMEETCHd KOHEYHOC YHCGIO
HHAEKCOB Gy, ..., Oy, TAKHX, 4TO

K= GgU ... UGep

[TonsiTHe KOMNAKTHOCTH HMeeT GOJbINOE SHAUCHHE B aHAAH3e, OCO-
GeHHO B CBASH ¢ HEmPepHIBHOCTLIO (T, 4).
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SlcHo, 4TO RaMAoe KOHEYHOE MHOKeCTBO KOMMAKTHO. CyinecTso-
BaHye WIHPOKOTO KAAcCa GeCKOHEUHEIX KOMNAKTHWX MHOXECTE B R*
Oyaer crepoeats H3 Teopembl 2.41,

Mu samernnm paree (B n. 2.29), uto et EcY < X, 10 Miuo-
®ecTBO E MOmer ObTh OTKPHLITHIM OTHOCHTENRHO Y, He OyAyud oOT-
KpuTHM orHocHTenbHO X. CBOHCTBO MHOMecTBa E OHITb OTKPHITHM
3aBMCHT, TaKHM 00pa30M, OT MPOCTPAHCTRA, B KOTOPOE OHO TIOTPYIKEHO,
To e BepHO H B OTHOWICHWH CBORCTBA MHOMKECTBA OLTH 3AMKHYTHIM.

Oznnaxo, KaK Mbl YBHAHM, KOMOAKTHOCTHL — Gojee yao6uoe nous-
THe, HTo6W cQOPMYJAHpOBATH CAGLYIOWIYH) TeopeMy, Mu Gyzem
FOBOPHTE BPEMEHHO, UT(Q MHOMECTBO K KOMIOBKTHO OTHOCHTeAbHO X N
ec/M BRINOJHEHH TpeoBaHusa onpeiesennsn 2.32.

2.33. Teopema. Honyemum, umo K<Y < X, Muoxecmeo K
KOMNAKMHO OMHOCUMEABHO X 8 mOM U HIOABKO 8 MOM Cayuae, Kozda
OHO KOMRAaxmuo omuaocumeassso Y,

B cury sroff TeopeMbl MBI CMOXKEM BO MHOTHX CHTYalsX pac-
CMATPHBATE KOMNAKTHHIE MHOMKECTBA KaK MeTPHYECKHe NpPOCTpaiicTRa
camMx no cebe, He ofpaulas HMKaKOTO BHHMAUKA Ha O0BEMIIONIEE
[POCTPAHCTBO. B YACTHOCTH, XOTH MOYTH GECCMBICAEHHO FOROPUTL 00
OmKphiMeIX TIPOCTPAHCTRAX WAH O BAMKNYMelX NPOCTPARCTBAX (Kaxioe
MEeTpHYeCKOe NPOCTPAHCTBO X CJAYKHT OTKPHTHM NOAMHOKECTBOM
caMoro cefs H 3aMKHYTHIM [OJIMHOMECTBOM CaMoro cefst), HMeer
CMBICA FOBOPHTh O KOMRAKMHOLX METPUUECKHX RPOCTPAHCTBAEX.

Jokasareancrro. [IpeanonoxuM, uro MHOKecTBO K KOoM-
nakTHO oTHocuTensHo X; nycts {V,}—cemelictBo MEROMeCTB, OTKpPSI-
THIX OoTHOCHTeabHo Y, Taroe, uro K< {JV,. Tlo Teopeme 2.30 npm

a4
KamJoM o CYIHeCTBYET MHOXKECTBO (., OTKDHTOE OTHOCKTEMLHO X,
Taroe, 4To Vo =Y [ G,; nockonrky K KOMOAKTRO OTHOCHTeNbHO X,
MBI HMEeM

(22) KaGyl... UG,

Mp# HEKOTOPOM BLIGOPE KOHEYHOTO WHCAZ MHAEKCOB Oj, ..., Up.
Tax xax K Y, 10 us {22) caenyer, uyro

(23) KcVeU... UV

Tem caMiM AOKA3aHO, YTO MHOXKECTBO K KOMNAKTHO OTHOCHTEALHO Y.
O6patHo, AonycrTuM, uTo K KOMUAKTHO oTHocutessHe Y. TMyets
{Ga} —ceMefiCTBO OTKPHTHX HOEMHOMKECTB NPOCTpaHCTBA X, HOKPH-
palomee (. Tlonommm Vg =Y NG, Toraa sxuouenme (23) Syger
BEIONHEHO NPH HEKOTOPOM BHIGOpE @4, ..., Oy Tak Kak V, < Gy,
10 (22) cnepyer n3 {23). :
JloKasarenncTRO 3aKOHUSHO,
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2.34. Teopema. Komnaxmupie NOGHHOMECMSR MEemPUKECKUX
NPOCIPAHCME SAMKHY ML

HdoxasarteabcrBo. IlycTk K —KOMIAKTHO® NOIMHOKECTBO
MeTpHYecKoro nmpoctpanctsa X. Mol jokaxeM, 4TO ROMOAHEHHE MHO-
xecTBa K eCTb OTKPBITOS NOAMHONECTBO NpocTpaHcTBa X.

[peanonoxum, uto p€ X, p¢ K. Ecau g¢ K, 10 nyers Vo n W, —
OKPeCTHOCTH COOTBETCTBEHHO TOMEK P Y ¢ pajAKyca, MEHbIIETO

%d(p,_ q) [cMm. onpeaeackne 2.20 (a)).

Beugy toro uro K —koMmakTHo, Hafijetcss Komeunsii HaGop
TOYEK §y, ..., §n, NPHHAAMEIKAIUX MHOKecTBY K. Takux, 4TO

KeWoU...uW, =W.

Ecan V=tin'. .- NVg,, 10 V—okpecrrocts TOuKH p, He mepece-

Kawowascs ¢ W. 3uauny, VcK*, Tak 410 p—BHYTpeHHsA TOUKA
mHoxectBa K°. Teopema Aokasada.

2,35. Teopema. 3asmesymoie nOOMHONCECIIER KOMAAKMNKX MHO~
HEECME KOMROKIINGL,

HokasareasbcTso. HonycruM, ute F o K < X, mHoXkecTBO
F saMkdyto {otnocurensto X), a K—xomnaktHo. Tlyceth {Ve)—
OTKPHITOE NMOKPHITHE MHOMecTBa F. EcaM npuCOefHHHTD MHOXECTBO
Fe g {Va}, 10 MH nonyaum OTKphITOE OKpuiTHE Q MHONecTBA K.
[Tockonbky K KOMUAaKTHO, CYweCTBYeT KoHednoe moacemefictso O
cemeficTBa £, NokpuBalouwee MHoXecTBo K, a cliefopaTenbHo, d F.
Ecan muoxectso F® sxoanrtT B @, To MH MOXeM yAaJHTb ero ms @
H NOJYYHTb OTKPHTOe NOKpuTHe MHOMecTBa F. Takum oGpasoM, mm
II0Ka3a/IH, YTO KOHEYHOE NOANOKPHTHE NOKputHA {V.} nokpuisaet F.

Cnepcrrue. Ecau F samesymo, a K xomnaxmno, mo FNK
KOMRAGKMNG,

Hokasateabcrso, Teopemur 2.26 (6) u 2.34 noxasmsalor,
410 MuOKecTBO F (K saMkHYTO, a Tak Kak FNNK < K, 10 no reo-
peme 2.35 muoxectso F (1K KOMNakTHO.

2.36. Ecau {Ko}— cemeiicman xomnasmeusix nodmmoncecms mempu-
weckozo npocmpaxcmea X, maxoe, 4mo nepecetenue Mobo20 KOHELHD20
nodcesedemsa cemetcmea (Ko} nenycmo, mo u [\ Ko nenycmo.

a

HokasaTteancrso. 3apukcupyeM MHOXectBo K| M3 ceMeficTBa

{Ks} u nonoxum G, =Kjg. Tlpegnonoxum, uto B K, Her Taxof
TOYKH, KOTOpasi MpuHARJexana Oum Beem wmHOWecTBaM K. Torna
MHOXKecTBAa (U, OOPasyloT OTKPHITOS NOKDHITHE MHOXecTBA K;; Tak
Kak K, KOMDaKkTHO, HalpeTes KOHeYHHR Habop MHJAEKCOB O, ..., Up,.
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Takofl, uTO K1C:GG1U -++ UGs,. Ho 310 OsHauaer, uto MHOMKECTBO
KiﬂKain vor NKe,

nycTo. MH nosyunAH NMPOTHBODeUNHE € YCAOBHSIMH TEODEMBI.

Caepcrane. Ecau {K,}— nocacdosamesrsnocme wnenycmo xosm-
nasmpoix  muoacecms, maxas, amo K, > Knpyy (n=1,2,3...), mo

o
u muoxcecmeo | K, senycmo.
=1

2.37. TeopeMa. Ecau E — beckoneunoe nodMHONMECMB0 KOMNAK -
HO20 Jﬁwmecnwa K, mo E umeem npedeaonyio mouky, npunadiexca-
Wy K.

Hokasatensctso. Ecniu Ou Hukakaa Ttouka Muoxectsa K
He 6pina npemennHOR Toukoll MHOMecTBa F, TO Kaxuas Touka g€ K
uMena OH OKpecTHOCTB Vg, coaepxautyio He 6Gojee ORHOR TOMKH
mHoxectBa E (a mMennO TOUKy g, ecnm g€ E). Slcmo, uro HEKakoe
KOHeuHOe mnofceMefictBo cemeficTea {V,} He MOXKeT NOKpHTE MHO-

kecTBO E; 10 e sepHo H Aas K, tak kak E < K. Ho ato nporu-
BOPEYHT KOMNAKTHOCTH MHOMecTBa K.

2.38. Teopema. Ecau {I,}—nocsedosamersrocmo cezsenmos
8 R\, maxas, smo o>l (n=1, 2, 3,...), mo muomecmeo

[++]
N I. Henycro,
2 |
HokasateasctBo. Ecan I, =|[ag, b,], T0 nycrs E ecTb MHO-

KeCTBO Beex d,. Torsa MHOXecTBO E HENycTO U OrpaHUYEHO CBepXY

(uncnom b,). Ilyctb x=sup E. Eciu m ¥ n — NOROKHTENbHbE Helble
qHCJa, TO

On < Amin < bpan < brm

TaK 910 X< by NpE KakpaoM m. II0CKOMBKY OYEBHAHO, UTO G < X,
TO MBI BHIHM, 9TO XEJ, upu m=1, 2, 3, ....

2,39, Teopema. Hycme k— nosoxcumenvoe yesoe wucao, Ecau
{In} — nocredosamessrocmo k-mepubix Kaemox, ‘maxaa, umo 1,514

{(n=1, 2, 3, ...), mo mnoxcecmso ﬁx I, nenycmo.
n=

LKoxasateascrtBo. Ilyets [, cocTOMT u3s BCex ToueK
X={Xy, ..., X3), TAKHX, YTO

A, j <X by g (I<jg<k n=1,2,3,...),

¥ 0yCTh Iy, ;=(an, s, bn,;]. TIpE KaxkpgoM | nocnesosatensHocts {I,, ;}
YAOBACTBOPAET NMPeANONOKEHUAM TeopeMbl 2.38. 3HauuT, CymecTBYIOT
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semecTsennbie uncna x5 (1< j<<k), Takue, 410
Gn, LA bn,;  (1<i<k n=1,2,3,...).

IMonaran x* = (x7, ..., xk), Mbi BHARM, YTOX*Clompun-==1,2,3,....
TeopeMa joKa3zana,

2,40, Teopema. Jhoban R-Mepras Kiemxa KOMRAaKmua,

HoxasareabcTBo. Ilyere [ ecTb k-MepHad KieTKA, COCTOS-
Ias H3 BCEX TOWEK X=(X;, ..., &), TaKAX, 4TO ;< Xx;< by
(1< j< k). Moaomum

8= X by a}™.

Torpa X —y[< 6, comu x€f, yel.

JonycTHM, 470 BONDeKH YTBePKICHHIO TEOPEMH CYIHECTBYET
OTKpbiToe ToKpuiTHe {Go} MHOMeCTBA [, He COAepXKaliee KOHEUHOTO
noanoxkpuTHa MHoxectBa [, [loaokuM ¢;=(a;--5;)/2. Cermentnt
(@;, ¢;] W [g; b;] ompemensior Torza 2% k-mepHnx wierok Q;,
obbeHe e KOoTophiX ecth /. Xota 6b! ONHO W3 3THX MHOMKeCTB (,
(obo3vayuM erc f,) He MoXeT OHTh NOKPHTO HHKSKMM KOHCUMBIM
noacemedictBom ceMefictsa {Gg} (B NPOTHBHOM cayuae Tak Gwna Gbi
noxpwiTa Best Knetka f). Temepb Mbt pasobeM J, ¥ NPOAOAKHM HTOT
nposiecc. Mur noayanM nocienosaredsocTs {/,}, ofnanaromylo cie-
AYIOIUME CBOACTBAMH:

(@ Iohi=oholio>. ..

(b) I, He nNOKpLIBaeTCA HUKAKHM KOHOYHHEM Mo MeficTBOM
cemeficrea {Go})s

{c) ecnn x€l, 0 y&lp, 1O |X—y <278,

Hz (a) B Teopemur 2.39 chrefyeT, uTO CYINECTBYET TOYKa X*, NpH-
Haanewawasn neeMm MuoyectsaM f,. Ilpn HekoTOpOM O« mMeeM X* € G,.
Tockoasky G, OTKPHTO, -cyuiecTyeT r >0, Takoe, uTO H3 Hepa-
BeHCTBA |y-—-X*|<Ir caeayer BrJioveHHe .yEG,. Ecm n croas
BeJMKO, WTO 278 << r (Takoe n cymecTByeT, U0 MHaye 27 8/r Ann
BCEX NOJNOMHTENBHHX LelulX n, UTO HeBOSMOIKHO), TO K3 {¢} caepyer,
uyte I, Gy, a 310 BPOTHBOPEUHT yTBepKAeHHD (b).

JoKa32aTeNILCTBO 3aKOHYCHO,

YieepwieHue 006 SKBUBANCHTHOCTH CBOHCTB (@) M (§) B caenyio-
JIEeH TeopeMe H3IBCCTHO NOJ HaspaHHeM Teopemu [efine — Bopeas.

2,41, Teopewma. Fcau muowecmso E uz R* 061adaem oduus
us mpex credyowux caodcme, mo oro o06aadaem u Jeyma dpyzumu:

(a) E oepanuueno u saMrrymo;
(b)Y E romnaxmno,
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(¢) Kamdoe Beckonennoe noOMroNcecmso MHoxcecmea £ umezm npe-
deavryio moury, npunadasexcauwyio E.

HokasateasrcTBo. Ecan (g) pmmnoanero, 10 E« 1/, rpe [ —
HeKOTopas k-MepHas xJaeTka, M {b) chepiyer s teopeM 2.40 u 2.35.
Teopema 2.37 nokasusaer, uto (b) Baeuer 3a coGoft (). Ocraerca
J0Ka3aTh, 4To U3 (c) cneayer (a).

Ecan MEOXKecTBO F£ He OrpafHudeH0, TO OHO COZEPKHT TOUKH Xy,
TaKHe, 4T0

|Xal>n (n=1,2,3,...).

MuoxecTtBo S, cocrodimee M3 ITHX TOYEK Xp. OeCKoHeuHo W, oue-
BHANO, He MMEET NMpeenbHEX ToueK B R® W rem Goxee B F.

TaxaM ofpazom, #3 (¢) chefyer, 4TO MHOXecTBO [ OrpaHHYEHO.
Ecan E He 3aMKHYTO, TO MMEETCA TOUKa XoC€ R, saBisiouiascst
npegensHoll Todxofi MHOXectBa £, no He npunajnexawas E. Ilpn
n=1, 2, 3, ... HMEIOTCH TOUKH X, € E, Takwe, 4TO X, —Xo| << 1/n,
ITycTe S-—MHOKCCTBO ITRX TOYEK X,. Torga §— Geckomeunoe MHO-
“JKECTBO (B NPOTHBHOM chyudae |X,— X¢| HMeZo 6M NOCTOsHHOE mono-
JKHTeNLHOE 3HadeHHe AJA GeCKoHeyHOTO MHOXKeCTBa HOMEpOB n),
Xo-— MpeJieNbHAs TOWK2 MuoXectsa S B R* Her RPYruxX npefenb-
HRX Touek MuOxecTsa S. JleficTeuTeNbRO, ecaE YER", y==Xe, TO

; 1 1
| X~y |Zi%—yi—|Xa—X[> [ X~y Z 5 %—V]

A BCcexX A, 3a HCKIIUYeHHEM HeXOTOpOoro KORCUYHOTO MHOWCCTBEa;
3TO TMOKASHBAET, 4TO y Re #BARETCA NpelensHOf ToOuKod MHuoKe-
ctBa S (Teopema 2.22).

Taxkum o6pasoM, S He HMeeT NpeAeAbHHX TodeK B £; anayuT,
MHOXECTBO £ 3aMKHYTO, €CNH BHNOJHEHO (C)-

CrepyeT OTMETHTh B CBSI3H ¢ 3710 Teopemolt, uto (b} B {c) 3KBH-
BAJICHTHH B JIOGOM MeTPHUECKOM npocTpascTBe (ynpaxuenue 13),
o 4to u3 (@) B obmeM cayuae nHe creaywor {b) ¥ (c}. Hanpumep,
STO Tak B HpocrpancTse £2, Kotopoe obecyxpaerca B ra. 10. Omun
ApUMep AaeTCA TAKKe B YrpakKHenRkH 9.

2.42. Teopewma (Befiepmtpacc). Beaxoe cepanuueinoe 0eCKoney-
Hoe nodmuoxcecmao npocmpancmsa R* umeem npedessuyso mossy 6 R*.

JokasarenncrBo. Bynyun orpaHaSeHREM, MEOXKECTEO, 0 KOTO-
POM RHEET peub, COJAEPIHTCH B HEKOTOPOR k-MepHoli kneTke I R:.
ITo teopeme 2.40 MmuOMecTBO [ KOMAAXTHO, NOITOMY, COI'ACHO TeoO-
peme 2.37, mBoxkecTee E HmeeT 8 J npelesbHYIO TOUKY.
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Corepruentinie MHomecTna

2.43. Tecopema. Hycme P — nenycmoe coGEPUIEHIOE MHONCETMBO
8 R*. Tozda P necwemno.

JdokasareanbcrBo. TIoCKOALKY MHOXKECTBO £ HMEeT nmpeseih-
Hble TOMKH, OHO ROUKHO Oith GeckoneuwswniM. Homycrum, ute P
CYeTHO, M 0003LAUHM TOYRH MHOMKOCTBA [/ uepes X, Xp, Xz, «.. -

M moctpouM nocsienoBatebHOCTh oKpectocTelt (Vi) caenmyio-
HgHM oGpasoM,

Ilycth V, —Kagkan-Hn0yRb OKPECTHOCTD TOUKH X,. Ecam ¥V, cocrour
n3 Bcex y € R, Takhx, 9T0 |y —X,!<Cr, TO COOTBETCTBYIQIIAN 3AMK-
HYMan oxkpecmuocms V, €CTh IO ONpeZENenuio MHOXeCTBO BOex ¥ € R”,
TaKHX, 4T0 [y—xi|<r. (Kak w B Teopeme 2.21, sierko AoKasaTts,

YTO RONONIHEHHe MHOXKeCTBA V), OTKpHT0. 3HAYUT, 3aMKHYTE OKpe:
CTHOCTH 33MKHYTLL.)

JonycTHM, WTO OKpeCTioCcTh V, NMOCTPOEHA TaK, YTO MHOMELTRO
Vo) P menycro. IlockonbKy Kawfast TO4KA MHOKECTBE P ecTh npe-
AeNbHas TOUKZ 3STOFO MHOMKECTBZ, CYWECTBYET OKpecTHOCTE Vg,
Takas, wio (i) Vo<V, (i) X, ¢ Vi, (i) Muoxecrso Ve VP
nenycro. B cHay (iil), Vay YAOBIETBOpSET DPeANOIOKEHHIO HHAYK-
HHH, W fIOCTPOSRHE MOMET GhITb 1ipOAOIKEHO.

Monoxnm Kn:=V,\P. Byjpyun orpaHnueHHHM H 3aMKHYTHIM,
MHOXeCTBO V), XomnakTHO. Hu ofua Touka MHO#ectsa P ne nexwr

[~
B {1 Kay TR KaK X5 § Kpuy. Orciona crielryer, 410 MHOKECTBO

Rauced
oo .
N K, nmycto, tak kark K, P. Ho peab Kamaoe Muomkectso K,
n=t
nenycro B cuny (ili) u K, DK,y B cuny (i). D10 mpotaBopeunt
CHeNiCTBRIO B3 Teopems 2.36.

Crencraue. Kawdwi cezmenm la, b] (a<b) necwemen. Muo-
HECMBO BCEX BCLYECINBENRBIX HILCEA HECHEMNO.

2.44. Kantopoo MHomecTBO. [lpuMep, K MOCTPOCHHIO KUTOPOTO
Mbl nOEPeXCAHM, MOKasuWpaeT, YTO B KR! CYWecTBYOT COBEpIIEHHEH®
MHOMXeCTBa, He COACpHAlOAe HHKAKOrG MHTepBana.

Ilycte Ey ectb cerment [0, I]. ¥Yaasum M2 Hero umreppan
(-;—, %) , H nycts E,—obneuieHdne cerMeHTOB

[0.4]. [3.1].

YaaauM CpefiHHe TPETH STHX CErMeHTOB, H OyCTb F,-—ofbenu-
EEHHE CErMeHTOB

[o5]. [5: 5] [s: 5] [5:1]-
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IMpogomkas TakeM 06pasoM, Mb TIOAYMHM IOC/IEA0BATENLHOCTD KOM-
NaKTHHMX MHOMeCTB FE,, Takux, 910

{a) Exz o E,oDEs> ...

{(0) E, ecth ofpeAuHeHne 2" CerMeHTOB, LJMHA KaXAOTO H3 KOTO-
pux paBHa 37"

oy
Muomxectpo P = i’]1 E, Haswipaerca Mroxecrsom Kautopa, Muo-
T

wecTso P, OueBnAHO, KOMIAKTHO, M Teopema 2.36 noxaswiBaer, urto
P Hemyero,

Hukakoft mHTepBan BHA

Sk+1  3k-+2

(24) qm B ’
rie B B m— NOROKHTENBHEIE HENnie YHCAa, He HMeeT oOIWHX Touek
¢ P. 3naunt, P He CONEDKAT HHKAKOrO HHTEPBata, HOO Kax bl
naTepBan (¢, f) copepxur uHTEepRan BRa (24), ecau

3»-nr. - L_a

B G -

Uro6nt nogasaTh, 4To F COBepUIeHHO, AOCTATOMHO NOKA3aTb, UTO
P He comep¥uT H30AHpOBaRNBIX Touek. [lyere x€P u myetn S~
kakofi-HUOYNe HHTepBan, conepsatmit r. Ilycth [, —cerment mno-
wectsa L, comepxammit x. BrifepeM pocratouno 6onbsmice 11, Taxoe,
yto I, S. TlycTh %, —TOT KOHew cerMeHTa [,, AJA KOTOporo
Xn= X,

Hs noctpoenus MHOXecTBa P caegyer, 470 X, €P. 3naumr, x
eCTh ApefeNbHasd TOYKa MHOMCCTEA P, W MHOXKeCTEO P copepliesHo.

OnHo H3 caMBIX MHTCPCCHHWIX CBOHCTB MMOXecTBa Kauropa
COCTOMT B TOM, HTO OHO JOCTABARET HAM NpUMEp HECYETHOro MHO-
MEeCTBA Mepbl HyAb (NonsTHe Meph 6ymeT ofcyxaathes B . 10).

Csaatinie MHOMECTBA

2.45. Onpeneternuc. MHokecTBo E B MeTPHUECKOM MPOCTPay-
ctee X HasSHBAeTCA CEAIHLLM, €CTH HE CYHIeCTBYeT ABYX OTKPBITHIX
mHOkecTB A u B mpoctpanctBa X, TakuX, uTO nepeceuenne A B
nycyo, nepecevenus A(YE u B1E we nycrt 1 Ec AYB.

D10 onpepeNcHHE MOXOXE Ha ONpelesedHe  KOMNAKTHOCTH,
NOCKOALKY Ha caMoM Jie/ie OHO HE 33BHCHT OT OOBEMIIONIETo HPOCTPaH-
CTBa X, T. €. IpH 3aMene CjioBa «CBA3HOE» CHAOBAMH <¢CBA3IHOE OTHO-
cuTeibHO X» B IPeABbAYHIEM a0331e BLMOTHACTCH CACAYIOIIEe YTREPXK-
neune: E ceranp omuocumessno X 8 MOM U MOI6KO 8 moM CAydaE,
xo2da E ceasno omuocumenvno E.

Taxum o06pasoM, HMEeT CMLICJA TOBOPHTh O CBS3HHIX NPOCTpaH-
cTBax {Cp. C 3aMeYaHHSMH, CACIAyouUMH 33 dopMyanposKeii Teo-
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pemet 2.33): NpPOCTPAHCTBO CBSI3HO, eCAH OHO He SIBAsETC O0BHeAH-
HEeHHEM JABYX HEMYCTHIX HeMepeceKalouuXcs OTKPHITHX MHOXKECTB.

INeppas wacTh yTBepmenus, HaGpanHOro BbiUe KYPCHBOM, MOYTH
TPHBHA/bHA: ecan E He fBafeTcAd CBASHHM OTHOCHTeNbHO X, TO
CYLIECTBYIOT MHOXecTBa A W B, ofmajawinue CBOBCTBAMH, YKasa-
HHIMH B OfpeneNieHHM, M ‘paccmorperHe muoxects ANE uw BN E
nokassieaeT, yT0 E He CBA3HO OTHOCHTEABHO E (cp. ¢ Teopemoit 2,30).
O6paTHoe BhITEKaeT W3 CAELYIOIIEIO Pe3yabTaTa.

2.46. Teopema. Mycms X — mempuuecxoe npocmparcmeo, E « X
u E=G\)H, 20e G u H— nenepecexaioujuecs nenycmpie Muoxcecmsa,
omxpoimete omuocumessno E. Toeda cywecmeyiom nenepecexaoliytiecs
ompoimote mroxcecmea A u B e X, maxue, umo G=ANE, H=B(NE.

Hoxasatenncrro. Kamjiolt Touke p€ G COOTBETCTBYeT YHCAO
8,0, Taxoe, uro m3 cootHowenudt g€ E, d(p, q)<<8, creayer
BKMmoyenHe ¢ €@, TaK KaK MHOXECTBO G OTKpPHITO OTHOCHTeNbHO E,
AHanOTHYHEIM OGpasoM, KakAoR Touke §CH COOTBETCTRYeT SHCAO
8,>>0, Taroe, uro M3 cobtHOwenudt pCE, d(p, g)<<8, cremyer
BKJoueHRe p e H. 3vawmtr, e pEG, gcH, To oba 9TH HepaBeH-
CTBa He BHINOAHAIOTCA, TaK YTO

(25) d(p, 9)> % (85-+ Bq).

INpu peG, g€H mnycre V, ofoznadaeT MHOXeCTBO BCeX xEX,
Takux, 910 2d(p, x) <6y, B nyctb W, —Mnomecrso Bcex x€X,
Takux, 410 2d(g, x)<< 8, Ecaun nexoropoe muoMecTso V, Mmeer
obImyio TOYKY x ¢ HekotopuM W, TO

d(p, <d(p, 1) +d(g, x) < (8-,

YTO MPOTHSOPERHT HepaBeHCTRY (25).
Takum ofpasoM, xaxkiaoe V, He nepecekaercs uu ¢ opsuM W,
H eChH MH TIOJOMHM

A= U Vp' B= U Wq,
PEG geH
TO MBI IGNYYUM MHOXECTBA C TpeOyeMbMH CBOHCTBAMH.

2,47, Teopema. [Hodmnowecmso E eewgecmeennoll npamod R
C6A3RO moeda u moasko mozda, xoeda E obsadaem caedyougum ceotl-
cmeom: ecat x€E, yeE u x<<z<Zy, mo u zcE.

Hokasatenpctro. llonyctuM, YTO 9TC YCNOBHE He BHIIOJ-
HACYCA I/ HEKOTOPHIX MHCEeNd X, , 2, T. €. xCE, yeE, x <2<y,
Ho z¢E. Ecim A ecTb MHONKECTBO BCEX @< 2, 4 B— MHOXKeCTBO
Bcex B>z, To ompepenesne 2.45 nokasmpaer, uro E He CBSA3HO.
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Urotu aoxasaTh ofpaTHoe, momycTuM, wro E we ceazao. Toraa
CYMECTBYIOT TOUKH ¥€E, yCE, x<{y, H OTKPHTLIE Henepecekalo-
necst Muoxectsa A u B B RY, Takue, uto x€A, yeBu Ec AYB.
Iyers

S=ANlx, yl
it 2==supS.

Beuay Toro uto y€B n B oTRpHTO, HMeeM Z<Zy. TakaM oGpa-
oM, eciM z€A, T0 H3 TOro, wro A OTKPHTO, CefyeT, 4TO 2
He ABAAETCA BepXHed rpauuiedl muoxecta S. 3naunt, 24 A

Bauay toro uto x¢€ A n A OTKpHTO, uMeeM x <z, Taxum oGpa-
30M, ecnd z€B, 7o Ha Tore, uto B O1KpHTO, CAEAyeT, ¥TO 2
HEe sIBJSETCH BepXHedl rpaubio MHOKecTBa S. 3Haunt, 24 B.

Ho rak kak Ec AYB, 10 z¢ E, 8 AOKasaTeAbCTEO 3aKOHYERO.

Cnencrsue. Muowxecmso E & R csnso moeda u moavko
mozda, xozda E —odno us csedyroumux mroxcecms (20e a u b—-eeuje-
crigennbie wucaa, a<< b):

(""‘m! b)& (-ml bl, (a! CO), [ﬂ, m}y (-"w’ CD), (a’ b)! {a. b}’ (a! bl: [a9 b]*

K KaKOMY H3 STHX THAOB NPHHANJACHHT MHOKeCTBO E, 3aBHCHT

OT TOT'0, KOHCUHH HA¥ Her inf £ # supE u npreaanckat au oHH
MHOXeCTBY E.

Crosb e mpocTol XapaKTepHCTHKY CBASHBIX MROXECTB Ha IJOC-
KOCTH, Hanpumep, He CyilecTBYeT.

YopaxHenns

1. TlocTpouTh OrpaHHMeHHOe MHOMXECTBO BEUIECTBEHHBIX uHCRJ,
HMeolllee POBHO TPH npefeAbHHE TOYKH.

2. TlocTpoHT: KOMIAKTHOE MHOXKECTBO BEIIECTBERHHX UHCeN,
MHOXECTBO NpefieIbHEX TOMEK XOTOPOro CUETHO.

3. Ylyete E'—MHOMKECTBO BCEX NpeRefbHHX TOYEK REKOTOPOTo
muaomecrsa E. JlokasaTs, uto E’ saMKHyTO.

4. Ilyers E=EYE’, rae E' onpegeneno suitue. UtoSH moxy-
anrh E, Mbl fo6aBaseM K E Bce npepenvubie ToukH E; E nastl-
Baercs aaMukanues MHoxecrBa E. lokasats, uto E Beerfa 3aMKHyTO

#u uro EcF, ecnu ECF n F samknyTo.
5. Kopur noGoro ypaBHeHMs

ax"+ax" 4.t an g x+a,=0,

TAe 9g, ..., Gp—lENHEe YHCAA, HA3HIBAOTCA aare6panvuecKuMH “uc-
Aamg, Jlokaszarthb, HTO MHOMKECTBO BCeX ajareOpamueckBx 9Yncen
CUBTHO.
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¥kazanue, TIpH KamAoM TOJOKHTENILHOM weaoM N cyuiecTsyer
TOJLKO KOHEYHOe 4HCAO TAKHX YpPaBHeHHfl, uTo

At|a|+al+. ..+l |=N

6. Jlath mpuMep OTKPRITOrO NOKPHTHA HHTepBaja (0, l) KOTO-
poe He CONEepIKHT KOHEUHOro NMOANOKPHITHSR.

7. Tlokasartp, uto Teopema 2.36 W ee chaejcrpHe CTAHOBATCS
HepepHEIMH {B R!, HanpuMmep), eCAM CJOBO «KOMNAKTHOE» 3aMEHHTH
CJIOBOM «3aMKHYTOe» HJIH «OFPAHHUCHHOEY.

8. DuiBaioT s feckoHeunnie MeTpHYecKlie NpOCTPaHCTBa, He
uMelotiHe GecKOEEYARIX KOMTAKTHLIX DOIMHOMNECTB?

9. Tlycte X —mpocTpancTBo BeeX pauMCOHANbHBIX yucesd, d(p, g) =
=/p—q| ¥ E-—MHUXeCTBO BCeX pAUHOHAJBHEIX P, TaKHX, ITO
2 < p* <2 3. Torasath, 410 E 3aMKHYTO M OrPaHHYCHO, HO HE KOM-
[AKTHO.

10. Merpauyeckoe NPOCTPAHCTEO HASHIBAETCH cenapalesvnvim, eCau
OHO COIEPHNHT CHETHOE BCIOAY TUIOTHOE MOAMHOMKECTBO. IloxasaTs,
uro R* cenapaGenbko.

Yxaszanue. PaccMOTpeTh MHOXECTBO TOWEK, Bce KOOPHHHATH
KOTOPHIX PalHOHAJNLHH.

11. Cemeficto {V,} OTKPHITEIX TOAMHOMKECTB TNpocTPaHCTBA X
HaselBaeTcs Gadod MpOCTpaHCcTBA X, ec/M BeDHO CJeAyomtee: AJs
Kaxnoro x€X ¥ KaXKAOro OTKPHTOTO MHOMXKecTBa (5, TaKoro, urto
x €@, umeem x€V, c G npu HekovopoM a. H{HLIMH c/0BaMH, Kaxaoe
OTKpHITOe MHOKecTBO B X ecTb 06nefiHHeHHE HEKOTopOoro mnojace-
meficta cemefictBa {V,}).

Jokasath, 4T0 Kaxaoe cenapafeJbHOS METPHUECKO® IPOCTPAHCTBO
HMeeT cdemnyo Gasy.

Vxasanue. BosbMuTe BCE OKPECTHOCTH C PALHMOHAJbHEIM PaAUYCOM
H C [leHTPAMM B HEKOTOPOM CYETHOM BCIOAY IVIOTHOM MOAMHOXKECTBE
npoctpaHcTBa X.

12. flyere X-—-Merpudeckoe nNpocTpancTsc, B KOTOPOM Kaxjaoe
GeckoHeuHOEe TONMHONKECTBO HMeeT npefeabHyl0 Touky. Jlokasate,
gro X cenapaGesLHO.

Yrazanue. 3apurcupyiite §>0 u pubGepure x,€X. Brbpan
Xy, ..o, X3€X, HalOUTE, €CHH 5TO BOIMONRO, X;,4¢X, Takoe, 4YT0
d{x;, x;.4)>6 ang i==1, ..., j. Tlogaxure, wro sTOT nNpouUECL
AOJKCH 3aKOHUHTHCS NOC/Ae KOHEYHOrO YACJA IIaroB K 9To moaroMy X
MOKHO TOKPHTb KOHEUHHIM UHMCJOM OKpecTHocTefi paguyca O.
Bospmare d=1/n (n=1,2,3, ...) H pacCMOTPHTe NEHTPH COOT-
8eTCTBYIOUIHX oxpecmocreﬁ. ,

13. fiycrs X —Merpudeckoe npoCTPAHCTBO, B KOTOPOM KaxJjoe
GecKOHeuHO® NMOAMHOKECTBO HMEeT NpeflenbHyc Touky. Jokasats,
4T0 X KOMHAKTHO.
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Ykasanue. Cornacao ynpaxuenuam 11 n 12, X umeer cdernyio
Gasy. Cnenopate/bHO, KalKAoe OTKPEITOE NMOKPHITHE NPOCTPAHCTBA X
COREPKHT cwemwoe noanokpuite {G.}, n-=1, 2, 3, .... Ecan
HUEKAKOE KOHedHOe MOAceMedcTBO cemeiictsa {G,} He nokpuBaer X,
TO Aouohnesne Fn, maoxecrsa Gyl) ... U, HenycTo NpH KaXaoM n,
Ho nepeceyenre [\ F,—nycro. [iyete E—MuOMXecTBO, comepxallee
MO TOYKE H3 KAXAOro F,. PaccMoTpHTe npefiesbHYI0 TOUKY MHO-
xkecrpa £ ¥ nosyunre npoTuBopeuse.

14. JlokasaTb, 4TO KaXAOe 3aMKHYTOS MHONECTBO B cemapa-
OeJLHOM METPHUeCKOM NPOCTPAHCTBE €CTh OGBEIHHEEHE COBEPLIEHHOTO
MHOXeCTBa (MOXeT OnTb, NYCTOrO) M HEKOTOpOro He Goace ueM
CUeTHOrO MHOXKecTBA. (Caedcmeue: Kaupoe CYETHOE 3aMKHYTOE MHO-
KecTBO B R* uMeeT H30MHPOBARHBEE TOUKH.)

15. JlokasaTs, YTO KaXKAOE OTKPHTOE MHOXKeCTBO B R! ecTb
ofbefnenne He Soiee ueM CHETHOTO CeMeRCTBA MONAPHO Hemepece-
KAIOMHXCA KHTEPBaoB.

¥rasanue. Boenoabayiitech ynpaxknendem 10,

16. Cnenya AokasateabcTBY TeopeMmbl 2.43, noayuuTs Takof
peayJprat:

" :
Ecan RF = li] Fy, rie waxpoe F,—3aMKHyTOE IOIMHBOKECTEO

npoctpancTsa R®, T0 X0TA 6n OAHO F, MMEET HEmycTy®o BHYT-
PeHHOCTE.
3reusarenmuce ymeepwdenue. Ecmu G,—II0THOE OTKPHTOS

o
NOAMHOXKECTBO npocTpahcrea R* mpu n=1, 2, 3, ..., 10 N} G,
i

HEMycTo (Ha CaMOM Jefie OHO BCiOAYy BAOTHO B R™). (310 qag'?uuﬁ
cayuail TeopeMbt D3pa; cm. obwkit cayvall 8 ynpaxueuru 17, ni1. 3.)
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YUCJI0BBIE
NOCAEAOBATENBHOCTH H PAAb

Kak yKkasuiBaeT na3ssande, B 3ToH r/age Mbl OyjZeM HMeTh Jed0
rJaBHBM 06[)&301\1 C NOCICACBATENRLHOCTAMHE H pAJAMH KOMIICKCHEIX
yuced. OnHako ocHoBHbe (aKTH, CBSI3AHHBEIE €O CXORAMOCTHIO,
CTOAL Ke Jerko ofbsacuuTb U B Oojee ofme# curyaimu. I[lepebie
Tpu pasjgena OyayT HOSTOMY UOCBARICHB [OCAEACBATENLHOCTAM
B eBKAHAOBLIX HNpPOCTPaHCTBAX WAH JaXe B METPHUCCKHX NpOCT-
paHCTBax.

Cxofxsupecs DOCALROBATEABHOCTH

3.1. Oupepneaenne [locaerosaTeabHoCTb {0} B METPHYECKOM
npocTpacTse X HasHBaercs cxodsuwedcs, ecNH CymecTByeT TOYKa
pEX, obnagawcuwan CAEZYIOWHUM CBORCTBOM: JJf Kaxaoro &0
cylecTsyeT veaoe uncso N, Takoe, uto npy 13> N umeeM d (p,, p) <<e
(3mecn d oGosmauaer paccrosnge B X).

B atoMm cayuae Mul OyjeM rOBOPHTbL TaKXKe, 4TO NOCAEAOBATENDL-
HOCTb {pPp} CXOAMTCR K P WA UTO p—Npefe] IOCAeAOBATENbHOCTH
{pn} [cM. Teopemy 3.2 (b)], n Gymem mucaTb p,— p HM

lim py=p.
T=r 0
Ecax niocienopaTeNbHOCTE {p,} HE CXOAUTCA, TO TOBOPAT, HTO

OHa pacxodumcsa.

TlonesHo oTMeTHTL, YTO HAllle OnpeleeHHe <«CcXoAailefica mocse-
JLOBATeABHOCTH® 3aBHCIT HE TOMLKO OT {p,), no W o7 X; Hanpumep,
nocaefopartensaocts {1/n} cxoaurea B R*(x 0), Wo He cxomurea
B MHOXKeCTBe BCeX HOJOKHTENbpHHX BelICCTHeHHEIX uncea [(korga
d(x, y)=|x—y]l. B Tex cayyasax, KoTAa BO3MOXKHA NYTaHHUA, MH
Oyaem Sonee TOYHEMH H GyJeM NOBOPHTH OTUETIHBO «CXOAHTCH B X»
BMECTO «CXOMUTCHY.

HanomuuM, 9T0 MHOXKECTBO BCeX TOUeK p, (r=1,2,3, ...) ecTs
MHONCECIMEO SHAYEHUIT TIOCTEROBATENLHOCTH {pn.). MHOXecTRO 3Have-
HHH TMOCAEROBATENbHOCTH MOXeT OHTh KOHSYHEM WM GeCKOHeUHBLIM.
[TocnenoBatenbHOCTh HA3LIBAETCS  O2PAMUMEHHON, €CNH MHOMECTBO
€¢ SHaYeHHH OrpaHHUeHO.



58 Fa. 3. YQucacavie nocaedosamessrocmu u PRI

Hnas  npumepa paccMOTpHM  chelyioliye MQCJAeLOBATeNLHOCTH
KOMII/IERCHBIX ducelt {opk sToM X == R%).

(a) Ecm s,=1/n, o lim s, =:0: MHOXecTBO 3Hadenwd Oecko-

kgt

HeYHO, M MOCAENOBATENHHOCTh OTPaHHuena.

(b} Ecam s,=n?, 10 nocnemopaTesbHOCTL {S,} He OrpaHHucHa,
PACXOAHTCH, a MHOXECTBO €€ sHaueHHd GecKOHewHo, '

(¢) Ecmt s, =1--1(—1)"/n), To nocreposarednHOCThL {S;} cxo-
aarcs K I, orpanHueHa, a MHOXKECTBO ee 3HaueHHHl GecKOHEURO.

(d) Ecnu §,=i" To mnocrefosaTenbHOCT: {S,} pacxomires,
OFpaHHUEHA, 4 MHOXeCTBC €¢ 3HAYSHMil KOHEYHO.

(e} Ecoy sp=1t (n=1,2,3,...), 10 {s,} cxoaurcsn X i, orpa-
HHYeHA, & MHOKECTBO e¢ JHauUeHMl KOHeuHO.

CiopMysHpyeM Terieph HEKOTOpHE BamKHEe CBOHCTBA CXOASUIHXCA
NIOCNEOBATEALHOCTE] B METPHUECKHX MPOCTPAHCTBAX.

3.2, Teopema. Hycms {p,}— nocaedosameasrocms ¢ mempu-
$ecKOM npocmparicmee X,

(8) {pn} cxodumen x peX moeda v moavko moeda, xozda raxdan
OKPECMANOCING MOUKY. P COOBPICUM  6C2 HACHBL NOCALGOBAMEABNOCTIU
{Dn), B2 UCKAIOMEHUEM KOHEHHOZ0 UX QUCAQ.

(b) Ecau peX, p€X u {p,} ¢xo0umca x pux p', mo p=p’.

(¢) Ecau {pa} exodumen, mo {p,} vepanuvena.

{d) Ecau Ec X u ecau p—npedesbnas mouka muowecmsa E,
mo cywecmeyem nocaedosamevrocms {p,) 3sementnoe Mucocecmea E,
makas, ¥mo p= 1im p,.

Rz

HokasareascTo. (a) HonycTuM, 4TO p,—>p, H UYCTh
V-—okpecrrocTe ToukH p. Hna Hexoroporo £>>0 ma yciaosui
d{p, g)<<e, g€ X, crexyer, 4ro g€V. SroMy & cooTBeTcTBYeT N,
TAKOe, UTO H3 HepaBeHcTBa n > N cnenyer, uto 4 (pq, p) <<e. Takum
o0pa3oM, HepaseHCTBO n»N BJiedeT 3a Co00A BKJOueHHe p,€V.

OGpatHo, RONMycTHM, 4TO KaX[as OKPECTHOCTb TOUKH p COAEPIKHT
BCe TOYKH [,, KPOMe KOHEUHOr0 HX uHcJa., Judukcupyem e>>0,
¥ mycts V-—MHOKectBO BCex geX, Takux, ur0o d(p, g)<e.
Ilo mpeanmonoxkennio, cymectyeT N (COOTBETCTBYIOMIEE 3TOH OKpecT-
HocTh V), T2Koe, uT0 p,€V, ecnm n>N. Tagum ofpazom,
d{ps, p) <&, ecnu n> N; spauur, p,— p.

(b) Fyctb sagano umcac e >> 0. Cymectsytor nense gucia N, N,
‘Takne, U4TO

"n>» N Baeder 3a cobolt d(p,, p)<-%.

n> N’ Bnever 3a coboft d(p,, p‘)<%.
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3nagnr, ecad n>max (N, hN’), TO

d(p, p')<d(p, pn) +d(pn, p)<<e.
ITockonpky uMcO & GII0 MPOMSBONBHBIM, ME 3aKJKUAeM OTCIOAR,
uro d(p, p')==0.
(¢) Ionycrum, wto p, — p. Torza cymecTsyer mesce N, Takoe,
9TO NpH 72> N HmeeM d (p,, p)<<1. [onoxnm

r=max{l, d(pit p)’ “'ad(le P)}‘

Torna d(p,, p)<r npu n==1, 2, 3,....

(d) Jina Xammoro nOAOKHTEILEOTO HeNCTe # CYIeCTBYET TOUYKA
pr € E, Takas, uto d(p,, p)<<1/n. Haa pasunoro e>0 BuGepem N
TaK, uro Ne>>1. Ecam a> N, to d(pn, p)<Ce. 3uauur, p,— p.

JoKa3aTenLCTBO 32KOHAEHO.

Hna necaeposatenbHocTell B R* MH MOXKeM H3yuaTh COOTHOLIe-
HHA MEXJY CXONMMOCTbIO, ¢ OLHOH CTOPOHM, H anareGpandecKHMH
onepauuamy, ¢ apyreofl. CHayaJa MBI pacCMOTPHM NOCAEAOBATERLHOCTH
KOMIVIEKCHHIX UHCE,

3.3. Teopema. Honyemum, umo {s,}, {{,} — komnaekcrnoe nocae-
Josamessriocmyu ¢ lim s,=s, lim ¢, =7. Toada

nsoo N0
(@} lim (sp-tp)=s--1;

{b) nl-l.r;: CSp==¢8, [im(c--Sp}=c+s daa moboeo aucra c;

(© Esntn sty

(d) lﬂ%ﬂ =% s ECAL MOALKO S, 5% 0 (n=1, 2, 3,...) us=0.

Haogaszateasctno. (@) Aas aansoro & >> 0 cymecTByloT Leibe
Ny, N,, rague, uto

npy 23> N; HMeem |s,.-——s|<%,
upn 1> N, nMeem |tn—t|<%.

Ecru N =max (N,, N,), 10 npn n> N noayunm
(S +tn)— (8 O) < sn—s|+{tn—t]<e.

Tem cambpM {a) pmoxasaHo. [loxasatenbcTBO yTBepxaeHus (b) Tpu-
BHAJILHO,
{c) BocnosnsyeMcst TOKAECTBOM

(1) Spln—St=(sp—8) (I —18) + 5 (ta—1) + ¢ (Sp—5).
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,I],.nﬁ AanHore & >0 cywecrByloT nenasle Ny, N,, Takue, uto
npE n> N, uMeeM {s,—sj<< Ve,
npu 13> N» uMeen [f,—t] <V e .
Ecan wbl Bosbumem N =max (N, N,), 10 npr n> N noaydnm
[(Sa—5) (a—1)| <&,
OTKYHa
lim (s,—s8) ({p—1)=0.

Ti—r0

Ilpuvenus Temepw (@)} u (b) k Toxzpectay (1), MH 3aKmouacMm, 4TO
]iITl (Sntn_st) = 0.

A= 3
(d) BuiGpas m Tak, 410 |$,—5]| <%is| npH n»m, ME BHAAM,
4TO
a8l (n3em).

Ana panvoro &.=0- cymecreyer uenoe N >>m, Takoe, 4TO RpH
n>N nveem

's,.—-sl<%[s]’e.

Orciofa npu n}N no.nyqaw

.—sl

s l<: ISP |8p—35|<C &,

I3n _J Sn
3.4. Teopewma. (a) Hdonycmum, umo X, €R* (n=1, 2,3,...)u

xn:(ul,m .vey ak n)

Hocaedosamesvriocms {X,} cxodumea ®& X=(ay, ...,@y) moeda
U mpabko mozdq, Kosda
@) lima;n=0; (1<j<A)
Tl

(b) Honycmum, wmo {X,}, {yn)— nocsedosameassnocmu ¢ R",
{Bn} — noCAE00EQAMEALHOCTID BEUECMBEHHVIX HUCER U Xp—> X, Yn—>Y,
Pn—B. Toz0a

lim{x,+¥y)=%x4y, limx, yp=x-y, lim§,x,=7px.
Te=r > Ti=p O e Lik
Hoxasateabctso. Ecay x,—> X, TO paBencTBO (2} BLlnOnHS-
eTcd B CHJ’IY HepaBeHC‘l‘B
| &5, n—as| < | Xn— X4,
BBITEKALIHX HeNOCPeACTBEHHO H3 ONPEACJICHHA HOPMHL B RE.
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Ofpato, eciu (2) BHIIONHEHO, TO KAkAOMY &>>0 COOTBETCTBYET
ueqoe N, Taxoe, 4To npH n> N umeeMm

losa—ayl<zie  (1<i<h).

34auynT, npH n > N nmonysaem
L 1/
]'Xn'—XI‘—‘ {.21 Iaj'n“""ajlsl <B'
’:

OTKYJAa X,— X. Tem caMuM {(g) HoKasaHo.
Y1eepxaenne (b) caepyer H3 (@) B Teopemul 3.3.

TonnocacaoBaTERLHOCTH

3.5. Onpenenenue. Ilycts sagaHa HOCAGNOBATENBHOCTE {p,}.
PacemoTpuM nocieoRaTeNbHOCTD {fx} NONOMHTEALHHX NeNHX 9HCEN,
TAKYI0, UYTO #y<Mp<n3<{.... TOrA3 nOCTENOBATENBHOCTD {pn}
Ha3bIBaeTCsl  rodnocAc0oeametbHOCme  NMOCeA0BaTeAbHOCTH  {p,).
Ec/m mocAiefloBaTebHOCTS {pyn,} CXOAHTCA, TO ee MpejieNl HA3HBaETCA
{QCMULHBIM NPedesos TIOCIeAOBATABHOCTH {ps).

$lcno, YTO NOCAEROBATENBHOCTL {pPn} CXORHTCA K p TOTAA H TONBKO
TOT/la, KOFJa BCAKas ee TOANOCAENOBAaTENbHOCTE CXOAHTCA K p. M
APeACCTaRASAeM YHTATENIO NMPOBECTH AeTaJbHOE JIOKa3aTelbCTBO.

3.6. Teopema. Beskas ozpanuvennas nocaedosameabnocme ¢ R*
coGepacum cxo0auyocs nodnocaedoeanme AbHOCMb.

HNoxasarenscrtpo. Ilycth E—MHOXKECTBO 3Hadenmit Orpanu-
YeHHON NOC/IeNOBATEALHOCTH {X,} B R*. Ecmu E KoHeuno, TO Cyie-
CTBYIOT N0 KpailAeldi Mepe oflHa TOYKa X MHOXKecrBa E 4 nociaego-
BATEABLHOCTL {f;} (1< fip<ny< ...}, TaKue, 4TO

Koy = Xpp = o0\ =X,

Toaydennas TakuM o6Pa3OM NOANOCACIOBATENBPHOCTb, OYEBHAHO, CXO-
ABTCA.

Ecmn uuomectBo E  GeCKOHeuHO, TO OHG MMeeT MNpeAeSbHYIC
TouKy X € R* (Teopema 2.42). Bruifepem n, Tak, 4TO |Xa, —X|<ZI.
Bubpas #n,, ..., 7., MH NOTy4HM, N0 TeopeMe 2,22, 4TO CYINECTBYET
Henoe n; >Ny, TaKoe, UTO [X. —x|<1/i. [locTpoenHas Takum
ofipasoM MOANOCAEA0BATENbHOCTh CXOBHTCA K X.

3.7. Teopema. Yacmuunsie npedesst nocaedosamesvriocmit {p,}

8 Mempuueckom npocmpancmee X 06pasyiom  3aMKHYMOe  MHONCE-
cmao ¢ X. .
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Hoxazateapcrpo, [lyete E-—mMiuoxXecTso snavennit nocie1o-
BATEILHOCTH {p,}, & E*— MHOXKECTBO BCeX WACTHYHLIX NPeAeios 9TOH
nocAefoBaTeNLHOCTH. JIONyCeTHM, UYTO ¢—TIpefiedbhaf TOYKA MHO-
skectBa E*. Uro6el mnokasatb, uro g&E*, pocrarouno, mo Teo-
peme 3.2 (d), oKazaTh, UTO ¢ —NpefenbHas TOYKa MHOMecTBa L,

ITycte 3amano uuchao &>>0. [HoCKOABKY §—npefencHas TouKa
muoxectsa E*, umeercsas Touka p € E*, takas, uto

O<dip, <5 -
Tak Kak p € E*, 10 NpH HEKOTOPOM p, HMeeM

d{p, pu)<<d(p. 9.
3uauur, pr=q U

0<d(p, Q)<d{pn p)+d(p, 9)<<s.

[ockonbky p, £ E, OTCI0R2 CACHAYET, UTO §— OPEleAbHAA TOUKE MHO-~
wectBa E, H R0Ka3aTelbCTBO 3aKOHYEHO.

NMocnegorareanHocTn Komim

3.8. Onpegencune. llocrenopatennuocts {p;} B METPUNECKON
npocTpancTse X wasnpaeTcs nocsedosamencrocmbre Koww (dynoa-
MEHMAALHOL  NOCACO0BAMEABHOCIIBIO, ROCALODBAMEALHOCIILIC, ~ CX00R-
weden ¢ cebe), ecan ans juoboro e>>0 cymecrpyer uenoe N, taxoe,
910 d (Pn, pm)<<e npu n >N u m> N.

Tlpn paccMotpenuu nocnefoBaTenpHocTed Kowm, a Takke B Apy-
FHX CHTYAUHAX, KOTOPbie BO3HHKHYT MO3LHee, OKAMKETCH NOMEIHBLIM
Imelyionlee FeOMETPHUSCKOe MOHATHE.

3.9. Onperenenne, Ilycth E—NOAMHONKECTBO METPAYECKOTO
npoctpancTea X, H OYCTh S—MHOXECTBO BCeX BCHIECTBEHHLIX YHCES!
suna d{p, ¢), rhe pEE u g€E. Juamempon muoxectsa E Hash-
BAETCH YHCHO Sup S. Iro uucao obosnadaerca diam E.

Ecnu {p,}—mnocnepobatenniocTs B X, a Ex COCTORT B3 TOYEK
Py Prts Prgss « .5 TO B3 JBYX TOCHEJHHX ONpelenewifil sicHO, 9TO
{£n}—-nocaedosamessnocme Kouww mozda u moasko mozda, xoveda

lim diam Ex =0.
N

3.10. Teopema. (a) Ecau E ecmv sameicanue mnowecmea E
6 mempuweckom npocmparcmse X, me

diam E =diam E.
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(0) Ecau {K,)—nocaedosamesbHocms KOMNAKMNBIX  MNONCECE
8 X, maxast, wmo Ko D Kp,y (=1, 2, 3,...), u ecau

lil‘l‘l diam Kn = 0,

=D

o
mo | K, cocmoum posto u3 000l modku.
t

HNoxazatenbcTBo. (a) fcro, uto

diam £ < diam E,
taxk xax E < E.

3adukcupyem wncio e>>0 1 BLGepeM pcE, gcE. Tlo onpefe-
Jenuio MmuoxecTRa E, B E coaepxarca Toukd p’, ¢', Takwe, uTO
d{p, p')<<e, d(g, ¢')<<e. 3mnaunt,

dip, 9<d(p, p)Y+dp’, ¢)+dq, )<<
<2e4+d{p’, )< 284 diam E.

CregoBaTeALHO,
diam £ < 2¢ }diam E,
H TaK Kax & MPOUSBO/ALHO, yTBepxJAcHBe (a) NOKA34HO.
{6) ITonoxum K.-—“i K,. Ilo Teopeme 2.36, K uenycro. Ecau K

comepuT Gonee ojnolt Touku, To diam K >0. Ho mpm xaxpom n
ubl uveem K, > K, Ttax uro diam K, > diam K. 3to npoTrBOpeunt
npeanosoxkenno, yre diam K, — 0.

3.11. Teopewma. {(a) Bcakan cxodauanca nocredosamesrocin
8 Mmempuueciom npocmparcmee X ABAIEMCA  NOCACA0GAMEAGROCHIGO
Ko,

(b) Bcsxas nocaedosamesorocms Kowu e R* cxodumcea.

3ameuwarne, Pasnuna Mexay onpeiesieHHEM cxofsmeficd nocae-
ZOBaTeIbHOCTH K ONpefeseHHeM TMocaeaoBaTeAbHocTH Koum cocTonT
B TOM, YTO B MNepBoe oONpeieNeHHe B ABHOM BHIE BXOAWT npegel,
B TO BpeMst KK BO BTOpOe onpeflefieHde OH He BXOZHMT. TakuM oGpa-
30, Teopema 3.11 (b) nosponsieT HaM PeIMTH, CXOAHTCA HAH HET
JMaHBas NOCACAOBATEABHOCTb, JamKe ecJH Mh He 3HaeM Mpeaeda,
K KOTOPOMY OH3 MOMET CXOAKTHCA.

To (conepxameecs B TeopeMe 3.11) yTmepxaenue, 4T0 NOCACRO-
BATEABHOCT: B R" CXOOHTCA TOrJa M TOVIBKO TOTAQ, KOKMA OHA RBJAS-
eTcd nochefoBaTeNbHOCTEIO Koum, OOLMHO HasHBAOT Kpumepues
cxodusocmu Kowu,
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JdoxasaTteabvctTBo. (@) Ecau limpo=p u £>0, 10 cymecr~
N=00

ByeT nenoe N, T1akoe, uto d(p., p)<<e/2 npu n > N. 3nauuT, ecaH
n>NumpN, TO

d (pm pm) "gd (pm p) "I"d (P, Pm) < 2,

rak uto {p,}—nocaeposarennHocTh Koumm.
() DouvcreM, uro {X,}-—nocaezoBareabtocts Kouw 8 R®. Tlycrb
E »— MHOMECTBO, COCTOfHICE M3 TOMEK Xy, Xw,, Xnwug ..., H NYCTE

E - sampmanne muoxecrsa Ex. [To onpepenenmo 3.9 m no reopeme
3.10 (a) M BMeeM

{3} lim diam Ey == 0.

N—voo

B uyacTHOCTH, MuoxecTsa Ey orpanudensl, Kpome Toro, ons samydy-
T, (D10 crepyer U3 ynupaxuenns 4, . 2. BoT KOpOTKOe XOKasa-
TeaLeTBo: ec X4 En, 70 X¢ Exn, U X He #ABAseTcA TpefedsHoft
TOYKONR MuOMecTBa Ey; NOSTOMY HEKOTOpas OKPeCTHOCTh V' TOukM X
ne mepecekaercAa ¢ Ey. Hurakas touxa orpecTHocTH V' He npuuaj-
nexur Ey, TaK KaK MHOMeECTBO V' OTKPHTO; CleoBatessio, AONMI-
neRHe MHOXKecTBa Ey OTKPHTO.) 3HAUHT, XaXI0e MHOMECTBO Eyx
KoMmakTHO (Teopema 2.41). Kpome 7Toro, Ex> Ly, Tak uto
Ey > En, Tlo Teopeme 3.10 (b) cyimecTByeT eauscTReHHas TO9Ka
x € R®, TpHHajJeXaman XamuoMy MEOXecTsy Ey.

Tlyers 3a3ano uneno e>>0. B cuay (3) umeerca nenoe Ny, Takoe,
y10 diam Ex-<<e, ecm N > Ng. TlockoasKy X € Ey, 970 3HayuT, uTO

iy—X|<<e npu BceX ¥ € Ey, a nostomy u npu seex y € Ex. Mnnimu
CJI0BAMH, ecliH 13> Ny, TO | X,~-X|<Ze. Ho 370 o3nayaer B TOUHOCTH,
3T0 X, —> X, B JOKA3aTENbCTBO 3aKOHUEHO.

3.12. Onpegencuue. Merpuueckoe npoctpaucteo X, B KOTO-
POM Kamkaas MOCNefoBATCABHOCTE Koy CXOAUTCHA, HA3LBAGTCH 7104~
noim. Tlosromy Teopemy 3.11 (b) momuo cdopmyakposate Tak: R*-—
noanoe Mempuieckoe npocmpancmso, TIpEMepoM HENOAHOTO MeTph-
YeCKOTO TMPOCTPANCTBA CAYXKHT NDOCTPAHCTBO BCEX PpalMOHANbHRIX
qrcen ¢ pacerosuheM d(x, y) =lx—yl

Teopema 3.2 (¢) u npumep (d) w2 m. 3.1 nNOKasesaioT, 9r0 CXO-
AsHKecs NOCAeAOBATENEHOCTH OrPAHHYEHE], HO OTPaHHYeHHEe [locie-
AoBaTeqbHOCTH B R® He o6asatenbro cxoasrcs. OnHako HMeercs
OflMH BaXHKH cayuad, KOrAa CXOAHMOCTH DABHOCHAbHA OTPaHHuEH-
joctH. Tax oOBCTOMT Hedad ¢ MOHOTOHHHIMI MOCAeCBATE/NLHOCTAMH

B RL
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3.13. Onpenenenne. flocnenoparesnHoCTh {S,) BelecTBEHHBIX
uKces HasuBaercs

(a) monomonno eospacmanwyed, ectu S, s,y (=1, 2, 3,...)

(b) mornomonro ybOvisarouted, eCIn 85> Spyy (=1, 2, 3, ...).

Kaacc MOHOTOHHBIX MOCAeNOBATENHHOCTEH COCTOHT H3 BO3PAcTaio-
IMEX H YORBAMHMX NOCAeROBaTEARHOCTEDR,

3.14. Teopema. Moromonnas nocaedosamesviiocms {s.} cxo-
dumca 8 mom u mMoALKO 8 MOM Cayuae, K020Q OHG O2PANUYENI,

Hokaszarenncrso. JonyctaM, 9T0o S, <8pyy (B APYroM cay-
uae MOKa3aTeJAbCTBO aHadorauyno). Ilycths E—MHONReCTBO 3Bauenni
NOCTeORATeNLHOCTH {S,}. Ecau nocnesonatelbHOCTh {S,} orpaunuena,
TO OYCTh S—BepxHuas rpaHs Muoxecrsa E. Toraa

Hhas (n=1,2, 3,...)

HIna moboro e>0 cymecreyer uence N, Taxoe, 4TO s—g <7
<< 8§y« 5, Tak Kak uuade s—e Obno OW Bepxue#t rpaHuuelt Muo-
KecrBa E. JlocKOALKY nOCNeROBaTeqabHOCTh {S,} BOSpacTaeT, TO NPH
n> N HMeeM :

S8 S &8y
OTKyZa caepyet, wTo {s,} cxoparcs (K s).
OGpatroe crefiyeT M3 Teopemu 3.2 (o).

Bepxunil ¥ HAXHH{ nperean

3.15. Onpegenenne. Ilycrs {sz}—nociefopaTesLHOCTD Belle-
CTBEHHHIX uHCes, ofiajaomas crefyOmHM CBOfCTBOM; AJdA moboro
BelecTBeHHOro M cymecrayet neace N, Takoe, 410 mpH n> N Mu
uMeeM S, > M. Torza M mumem

Sp—> 4 02,

AnajorkgHeM 06pasoM, ecir Aas MoGOTO BeMieCTBEHHOro 4ucias M
cymecTByeT uenoe N, Taxoe, 4To npd n> N Mu HMeeM s, <M, 10
MH IOHLIEM

Sp = 0O,

CrenyeT OTMETHTh, 4TO MHBl TeNe)> HCNOML3yeM CHMBOA— (Bie-
XeHHod B onpeledenuH 3.1) AN HEKOTOPWX THAOB PACXOAAMMXCA
MoceAVBATeALHOCTEN, TAK Ke KaK H AJMA CXOAAIGMXCH M0Cael)Ba-
TeabHOCTell, HO WYTO OnpeAeneHHs CX)AHMOCTH H fipeaena, A3R#xe
B 0. 3.1, pEROHM 06pa3OM He MEHAITCH.

3.16. Onpepnenenne. Ilycts {s,}—nocnenoBaTenpHOCTE Bemme-
cTBennux unceld. Ilycts E—mMHOMecTs0 uMces X (B pacHiHpeni0d
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CHCTeME BelUECTBEHHHX UHCEN), TaKMX, UTO S, —>X A HEKOTOPOH
IOANOCASAOBATEABHOCTH {snk}. I10 MmHOXecTBo E cofepxar Bee
qacTHUHHe ipefenb!, onpeieleHikle B 0. 3.5, U, BOSMONHO, YHCAA
+ oo, —oo,
BenomuuM Tenepr onpenencEns 1.34 H 1.40 u nonoxem

s*=sup E,

s,=inf E.
Uncna s* s, Ha3HBAWTCA GEpXHUM B HUNCKUM TIpeleflaMi rocileno-
BaTeJbHOCTH {S,}; MHl MCHOAb3yeM 0GO3HaueHHs

1im s,=5*  lims,=s,.
1w R+

3.17. Teopema, [Tycme {sp}—nocaedosamessHocms Geuecnsen -
Hox wucea. llyems E u s* umetom mom owe cmbica, 4mo u 8 onpe-
derenau 3.15(.5. Toeda s* obaadaem caedyoujumy ceolicmaamnu:

(a) s*€E;

(b) ecau x>>s* mo cywecmeyem yeaoe N, maxoe, 4mo npuniz N
umeem s,<<x. Dosee mozo, s*—eQuncmeennoe wuucao, obraduouiee
ceosicmeanu {a) u (b).

Koreuro, aHaNorHYHALIHl pesysbTat BepeR NJA S,.

HdoxkasatenbcrBo. Ecm s*= + oo, To MHOXecTBO E He orpa-
. HHYEHO CBepXy; 3HauuT, NOCJAefOBAaTEABLHOCTH {S,} He OrpaHHueHa
CBEPXY H CYyUlECTBYeT HOANOCACNOBATENLHOCTL {Sp,}, TaKas, 4TO
s,.k—)»-{-co.

Ecau s*—pemiecTBeHHO® WHCHO, TO MHO¥ecTBO £ OrpaHivyeHo
CBEPXY M CyllecTByeT MO KpafiHeil Mepe OfHH YacTH4HLIA npegesn,
nostomy (a) cienyer H3 Teopem 3.7 u 2.28.

Ecau s*= —co, 70 £ COAEPKAT TOABLKC OAHE HJACMEHT, 4 HMEHHO
— 00, H He CyImecTByeT HE CRHOrM0 YACTHYHOrG npejena. 3HauuT,
Ans awboro BemecTBeHHOro M HepaseHCTBO §, > M MOXeT BHINIOA-
HATbCA JMIOL AAS KOHEUHOTO MHOXECTBA 2HAUeHHA 7, Tak YTO
Sy —>— 0.

TeMm caMbM (@) YCTaHOBAEHO BO BCeX CAYYAsX.

Yrofn Aoxkasatek (b), AOMYCTHM, YTO CYWIECTBYET YHCHAO X > s*,
TaKoe, YTO S, > X A9 GeCKOHeYHOro MHOXecTBa 3HayeHnlk 1. B atom
cAydae CYMECTBYET wHcao y € E, Takoe, 910 y> x> s*, & 3T0 npo-
TRBOPEUMT ONpefie/ieHHI0 §*,

TaxuMm obpazoM, s* yAoBneTBOpseT ycaousM (a) H {b).

Hng nokasaTenpcTBa €IHHCTBEHHOCTH JCMYCTHM, UTO CYHIECTBYIOT
JABa Wucaa p U ¢, YAOBAeTBopaomue ycaoBusMm (a) H (b), H jomy-
CTHM, 4TO p<<¢. Bubepem x TakuM, 410 p<x<Zq. llpn >N
AMeeM S, <X, TaK KaK p ylopieTBopser yecaoBrio (6). Ho Torpa ¢4
He MOMeT YAOBASTBOPATH YCJOBHIO (a).



Hexomopue cneyjuasprse nocaedosameasnocmy 67

3.18. [Tpumepn. (a) [lycrs {s,}—nNoche10BaTENBROCTh, COAEP-
Mamlag BCe palHOHAaAbHHE UYHCJHA. Torda Kaxioe BellecTBeHHOe
YHCAO ABAASTCH HACTHYHBIM APEResoM M

limsp= + o0, lim s3= ~co.
O N=ri0

(8) ITyere sp=(—1)"{1 4+ (1/n)j. Torza
Tfas;‘*—_l, lj.HIESnz_I-

n=+0 n—+n
(¢) Jdna nocaegxoBaTeALHOCTH {S,) BelleCTBeHHHX uHCeX lim s, =s$
TOFda ¥ TOJAbKO TOr'ia, KOrja i
lim s, = lim s, =

N+0D #—+0o

Mol 3aKOHWHM STOT pasjen ORHOH noje3Hofi Teopevoi, AOKaza-
TeJLCTEO KOTODOH COBCEM TPHBHAABHO.

3.19. Teopema. Eeau s,<ty npu nxN, 20e N uscupo-
8GN0, MD

lim s, < lim 65,

ﬂ—h‘.ﬂ n—sm
Tim s, < lim ¢,
R—¥CY A=

HCKOTOPHC CHCUHANLHAE NOCAENOBATENBHOLTH

Tenepk MBI BLIYHCAMM NPeAeNB HEKOTOPBHIX YaCTO BCTPEUAWIHUXCA
nochienopatenabHocTeli. Bee pokasatenwcTBa OYIYT OCHOBAHE Ha che-
AyomeM saMesanuu: echin 0 x, <5, npu n > N, rie N —HekoTopoe
QHKCHPOBAHHOR YHCAO, H ecliH S, — 0, TO x5 ~>0.

3.20. Teopewma. (@) Ecau p=>0, mo ’l‘i_.n;;l;=01).
() Ecau p>0, mo 1‘Ilim Ve =t.
(¢) tim ¥ =1. )
{d) ﬂg‘?m p>0u a—-eetqecmsennoe YUCAO, MmO
lim e = 0.

_m(l+p)“
(e) Ecau jx|<<1, mo limx"=0.
=D

1} Cunica cumsosa nP He GHA X0 CHAX NOpD OnpefedeH, 10 %e¢ OTHOCHTCA

A & n® s nyskre (d); yRasanus Ha chocol OnNpefieleHHA cTEneHu ¢ MOGHM Beme-
CTReHHLIM NOKasaTeeM colepikarca b ynpaxmeinn 7 v ra. 1. —ITpus. nepes.
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Hokasateawcrso. {(a) Bossmem n> (1/8)\/p,

(6) Ecnn p>> 1, TO ROJOXKHM x,,=W—-—-I. Torpa x,>>0 u, co-
racHo TeopeMe o GHHOME,

L+t < (14 5)" =,
TaK 4TO

it — p

3HaunT, x,,—>0 Ecmn p=1, 10 (b) TPHBHANBbHO; ecad 0 < p <1,
TO PE3YNbTAT NOVIYIAETCH NEPEXOfioM K OOPATHEIM UMCAAM.

(¢) Tlorowuam x, = ;f n —1I. Toraa x>0 u, corsacko Teopeme
0 OHHOME,

n=( 45> 2000,
3nHayur,
d<n<y 21 (n>2).
(d) MycTs %2 —TaKoe neaoe 4Hcao, uto k>a, £ >>0. Jas n>> 2k

HMeeM
5 —1)...(n—k41 kpk
o> () =ttty > 7
3uauur,

0 M 2R ek (1 28)
{T+p7 = p )

Mockoarky a—k << 0, umeem n%=*—0 B cuay (a).
(e) Bosbmem ¢=0 8 (d).

Panm

B ocranenofi gacTu 3TO# INaBe! BCe paccMaTpPHBaeME€ NOCASHO-
BaTeJIbHOCTH M PSAH GYAYT KOMIJIEKCHOSHAYHLIMH, €CJH IBHO He Oro-
BOpeHO npoTuBHOe. B ympaxuenna 15 npepsaraercs PacipoCTpaHiTh
HEKOTOPHIE M3 CNefYIOLHX HHIKe TeopeM Ha PAAH ¢ 4leHaMH u3 R*.

3.21. Onpexenenue. Ilycry 3anana nmocenoBateNbHOCTE {4, ).
Mu Gynem o603RauaTe CYMMY dp-tdp,+ ...+ a8; (p<q) uepes

i @y TlocnenoBatensHOCTH {#,} MBI CONOCTABHM NOC/eR0OBATENb-

Az

ROCTL {Sp}, A€
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CrMBON

Gta+ast....
HAH, KOpove,

* - Sa

Ml OyAeM HasHBATL OeCcKOnedHbiM PAJOM HIH TPOCTO PpAOOM. Uucaa s,
HA3HIBAIOTCA HacmubisMue cyMmamu STOTo paja. Ecanm nocnejosartens-
HOCTDb {S,} CXOMHTCH K S, TO Mb GyAeM TOBODUTB, UTO PAA CXo0umCR,
# GyaeM nacath

2 tn=s.
nwl

Yucno s masnisaeTcd CyMMOHA TOTO Pafia, HO HEOGXOAHMO SICHO MOHU-
MaTh, UTO S ABAAECTCH ApedesoM NOCALJ0BAMEAROCMU CyMM, A Be
NOJAYYaeTcs NPOCTHIM CJIOKeHHEM,
Ecma nocaenobatenbRocTs {5,} pacxoauTcs, TO FOBOPAT, UTO PAA
pacxomuTCs. .
Hioraa ans yaoberpa ofosmauenuii Mb 6yfieM paccMATPRBATH
paps BHAA '

) | 3 o

Uacro MH GyneM BmecTo (4) mim (5) mHCATbL NPOCTO D) Gn.

flcHO, YTO KaXAYI0 TeOpeMy O NOCAEAOBATENbHOCTAX MOXKHO Cop-
MyJHPOBATL Ha ASpIKe PAAOB {NoJarafd @ =35 H O =S,—Sp_g OPR
n>>1), B o6patho. Ho TeM He MeHee nNONE3HO pasiHYaTb STH N0~
HATHA.

Kputepuit Koum (reopemy 3.11) MoxkHo copMmysimpoBaTh B che-
AYIOLleM BHAE.

3.22, Teopema. Pad ) a, cxodumcs mozda u moAsko moada,
xozda dan moboeo e>0 cywecmeyem yeaoe N, maxoe, umo

e,

(6) l D an
k=n

ecay mzn>N.
B ugacTHoCcTH, NPH m =1 HepapeHcTBO (6) npeppamaetca B Hepa-
BEHCTBO ,

lapl<e (> N).

WHeMA cioBaM#, cnpaBenanBa clefyiomlas TeopeMa.
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3.23. Teopema. Eca pad D a, cxodumes, mo lim a,=0.

-ro0

Onuako ycaosue a,—> 0 He JOCTATOMHO AAS TOTO, 4TOGH ofec-
NewUTL CXOAMMOCTh Psild Q) d,. Hampamep, pax
(4=
o1
n
=i

PACXOAMTCS; 33 AOKA3aTENbCTBOM MH OTCHJaeM K Teopeme 3.28.

Teopema 3.14 0 MOHOTOHHHX NOCACKOBATENLHOCTAX TAKKE MMEET
OueBHHHA anaJor Js pARoB.

3.24. Teopema. Pad Heompuyamersutixl) uaenoe cxodumcs
mozda u moavko moeda, xoeda ezo wacmuvie cymme obpasyiom ozpa-
HUNCHRYIO NOCA008AMENbHOCTE,

Tenepsr MH oOpaTHMCH K NPpH3HAKY CXOAHMOCTH Apyroft mpupo-
Abl—K TaK Ha3HBAEMOMY <DIPH3HAKY CPaBHEHHS»,

3.25. TeopeMa. (a) Ecau |an|<cn npu n'> Ny, 20 No— nexo-
mopoe uKcuposannoe yeoe, u ecau pad D) c, cxodumca, mo u pad
a, cxodumea.

() Ecau ap>dn»0 npu n>No 4 ecau pad D) d, pacxodumea,
mo u pad X a, pacxodumcs.

3aMeTnM, 4TO upu3Hak {(b) NpEMEHMM TO/ILKO K pAJAAM ¢ HEOTpH-
LATeAbHbIME YJICHAMHA a,.

HokasarteabctBo. CornacHo xputepuio Kown, asifi BaHuoro
e >0 cymectsyeT N 3> Ny, Takoe, 4T0 npH m>n> N umeeM

mn

m

2, Oy B
h=n

3naunrt,
m ﬂ'_l‘ m
| D) an|< D law|< 2 e
=1 h=n Raan
4 (@) hoxasaHo.

Hance, (b) caemyer m3 (@), TaK KaK €CAH PAA ) dn CXORMTCH,
10 H pAA ) d, IOMKEH CXOAHTBCA {3aMeTHM, uTo (b) ChefyeT TaKke
u3 TeopeMu 3.24).

ST0T NPU3HAK CpaBHEHMSt OYeHb noJe3en; 4TO0bH YCHEWHO NpH-
MeHsiTL ero, MH AOMXHE! OCBOHTBCH ¢ HEKOTOPHM HalOpoOM DANOB

¢ HeOTPHUATENABHLIMH YJiEHAMH, 3aBEAOMO CXOAAIWMXCA HAH pacxo-
AAIMHXCH.

1) Bupaxeune <HEOTPUUATENLHHIAD BCErRAa OTHOCHTCA K SHIECMBERALIA
wHCAAM,



Prow ¢ Reompuyamebupmy H3eRame i

Papm ¢ HEOTPHUATEABHHIMH YACHAMH

l'lpoc*reﬁmnu H3 BCeX TaKHX pAZOB, MO-BHAHMOMY, fABJACTCA Teo-
MeTpHYCCKAA OpOorpecCHA.

3.26. Teopema. Ecae 0Cx <1, mo

o

1
Zx“:-i—__'—;.

=0
Ecae x> 1, mo smom pad pacxodumes.
llokazatennerso. Ecim x=%1, 10

8y = Z k= l-—-x

Ycrpemaas n K <o, MH ROy SHM TpeGyeMuil peayabTar, l'lpn
x==1 pnoayqaerca paa

14+141+4...,
KOTODLIH, OUEBHAHO, PACXORHTCH.

Bo MuorHX cnydasix, BCTpevalOUKXCA B NPRAOKEHRAX, YICHL PAaa
MoHOTOHHO yOupalor. IlostoMy caenyiomas teopema Kowm npea-
cTasjifier ocobuft uHTepec. [lopasurenpBas 0COGEHHOCTD yTBEpIKAL-
HHfl TeOpeMHl COCTOMT B TOM, 4YTO AOBOJILHO <pefKass NOANOCHEN0-
BaTe;IbHOCTh TOCNEACRATENbHOCTH {a,) OmpefieNisieT CXOXHMOCTL WK
PacXOAMMOCTE PAfia D) dy.

3.27. TeopeMa. [Honycmum, umo e, > a;»a;» ... » 0. Tozda

pad D) an CXO0UMCR 6 MOM U MOALKO 8 MmOM cayvae, Kozda cxo-

f=x]
dumcn psd

(7 202“a2a=ai+2a2+4a‘+ 8agt-... .
Hoxasateascrno. Tlo reopeme 3.24 FocTaTOYHO YCTAHOBUTL
OrPaHHYEHHOCTb YaCTHHIX CyMM. [lycTsb
Sp=at-t+ay-t ... +an,
th=ay+2a+ ... +2Pa,n,
ITpr n << 2% umeem
sn<yd{@ta)t... H@p+... +apn_ )<
Lay+2a,4- ..+ 2Pagn =1,
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TAK YTO
8 Sa <l
C Aapyroft cTopoHH, npH 1> 2*

s> tat(as-ta)t .. gyt Hap)>

>%aa+az+2a‘+.-. +2"“1a2u=%ta,
TaKk uTo
(9) 2sn>t§.

B cuny (8) u (9), nocaefosaTebHOCTH {5} K {f2} mau obe orpa-
HHYeHb, naAH o0e He orpduiueHbl. JloKasarTeAbc1BO 3aKOHUEHO.

3.28. Teopema. Pad Z% cxodumes, ecan p>1, u pacxo-
dumcn, ecau p< 1.

JokazaTeasctTBo. Ecmn p<0, TO pacXopuMocTh ClefyeT
us TteopeMn 3.23. Ecam p>>0, 7o npuMenuma teopema 3.27, B MH
MPAXONMM K DALY

L= ] l a0

R R{l~P)
Z 2 okp 2 2 ’
ki) k=0

Ho 29-P <21 foraa ® TONbKO Torpa, KorAa 1—p <0, u TeopeMa
BHTEKAeT H3 CONMOCTABJCHHSA C reoMeTpHuecKofi mporpeccuedt {ciaeayer
NOJOKHTL ¥=2V" B Teopeme 3.26).

B kauecTse eule oaHOro nprAOKeHHd TeopeMun 3.27 GyAer AoKa-
3a2Ha CJefyloniaa TeopeMa.

3.29., Teopema. Ecau p>>1, mo psd

~ 1
(10) 22 n (log n)?

cxodumen; ecaun p<< 1, mo smom pad pacxodumcs.

3ameuanue. Cumpon logn ofG0osHavaer norapudM gucna n
N0 OCHOBAHMIO e {Cp. ynpawxuenme 9, ra. 1); uncno e Gyaer Bckope
oupeseteno (cM. onpefenende 3.30). Mu maunsaeM paj ¢ n=2,
TaKk Kax log 1=0.

HdoxasartennpcrBo. W3 MOHOTORHOCTH  JOraphr(MHYECKOH
dyukuuu (kotopas Sosee noxpobHo GydeT paccMaTpHBaThCs B Ii. 8)
caeayet, 4ro {log n} — BospacTaomas NOCAEAOBATEIBHOCT, 3HAUNT,

I0CALJ0BATENLHOC T {Wgn} YﬁbIBaET, H MBI MO¥KEeM IIDHMEHHTH
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teopemy 3.27 x pagy (10); sto nimno,um K psay

1 PO N G R 35 B
(11} "2“1 ok (log 2%)? Ei {k log 27 (log 2)? E; 5]

W Teopema 3.29 caenyeT H3 TeopeMu 3.28.
STy nponefypy. OUEBHAHO, MOXKHO NMpOfOKHTH. Hanpumep, pag,

-]

1
(12) 2 Fignieglogn
fam ¥

pacXomuTCH, TOTAa Kak paj
o

_ l

(13) 2’3 n log n {log log n)2
New

CXOAHTCA.

MoxHo 3aMeTHTh, 4TO uJeHn paaa (12) oueHk Majio OTAHYAIOTCH
or wieHoB paaa (13). Oauako oaud psay CXOAUTCHA, a APYroi pac-
xogutca. Ilpojonas npouecc, XKOTOPHE MpHBEN HAC OT Teopembt 3.28
K Teopeme 3.29, a sateMm K (12) u (13), MM nOAYYMM NapH CXOAA-
WHXCS H pPacXoJfAWMXCA PAACB, YJeHHN KOTOPHIX OTAHUAIOTCH RamKe
MeHpie, yeM uneHn pagos (12) B (13). Moxkno Guno Gm nmpeno-
JOXKATD, UTO HMEeTCs HeKoe MpefesbHoe MONOMEHHe, «rpaHullas, HO
ONHY CTOPOHY KOTOpOfl JiexKaT BCe CXOASIHEcH, a N0 APYTyi0—Bee
pacxogsmuecst PAAH, MO KpaiiHell Mepe noka pedb HAET © pARax
¢ MOHOTOHHO YOHBalomumu ynenami. Koneuno, 310 noHATHE «rpaHHLbD
copceM HesicHoe. OfHAKO MBI XOTHM OTMETHTH clelywomee: Kak Ol
MH HH YTOMHHAH 370 NOHATHE, TaKoe MPEANOJOKEeHHE OKaXKeTcsd
HeBepHEIM., YmpaxHeHusa 11 (b)) m 12 (b)) wmoryr CAyRATh HAMO-
CTpaLHAMH.

Mu He XOTHM BIaRaThCsl JyGXe B NOROOHHE BOIPOCK TEOPHH
CXOAUMOCTH H OTCHilaeM untateds K raaee IX, B ocobennoctn § 41,
kuury Keomma!) (cM. JHTepatypy).

YUnucao ¢

3.80. Onpenenenne. e= > —-r}i-

={
3nece #1=1.2.3... 1, ecms ?z}l, HOol=1.

1 Cu. takke I'. M. daxrenroasu, Kypc a PEHIHAJBHONO B HMETE-
rpaabhoro Heumcaenns, T. 11, M.—J1., 1948, n. 366. —fTpuxn. nepee.
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3TCT pAA CXORMTCHA, TaK KaK
i 1 1
3“=IJ“1+T‘§+W§+"‘+T2__<

<1414 +2,+ <3,

2“‘
NOSTOMY ONpefielienve MMeeT chuici. Ha caMoM jene ykasaHmui psa

CXOIHTCA OdeHk GHICTPO, M 3TO NU3BOJSET HAM BHUMCIHMTH ¢ ¢ 6oab-
mofl TOMHQCTHIO.

HHTEPQCHO OTMETHTD, YTO ¢ MOKHO ONPEACNHTE TAKHKE TIPH NOMOIIK

ApYroro MpeNe/bHOTO NEPexOka; JOKa3aTedbCTBO CAYKHT Xopouled
ualoCTpaniell TOro, Kak clefyeT ONepHpoBaTh ¢ MpeesaMH.

3.31. Teopema. lim l+%>“=e.
Tp G
Hokasateabcrpo. llycts
"
Snzz kL!‘ tn=<1+]?>n-
hul)
Ilo teopeMe © 6HHOME

wmtited (=D (150D
00D (o)

3nauHT, < S, TEK UTO
{14) lim t,<e

Ry
no teopeme 3.19. llanee, ecms n>m, 10
tn> 1145 (1—3
YeTpeMEM n K oo, OcTaBiAs m QHKCHpoBAHHHLM. [loayunm

lim > 114t oo o

m?
A—00

m-—1

TaK 4TO
Sm<< lim £
fi— 0
yCTpeMﬁﬂﬂ m K oo, MR OKOQHHATENLHO HOJAYHALM
(15 e< lim ty.

-0
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Cropocts, ¢ KOTOPOl CXORMTCH paf ) 7+ MOXHO ONEHHTH TaK:

ecal §, ofo3HayaeT TO XKe, UTO H BHLIE, TO

e

1 1 1
ST GEN T erm Tar T <
1 1 1 1
<GFI {1 +a3T + (n+1)=+"'}= nin

TaK 4710

1
(16) 0{9"‘“3”{ e

TakuM ofpazoM, cyMMa s§;p NpHOMHKAET YHCAO e ¢ OWEGKOM,
Menblwefi 1077, Hepapencrso (16) mpefcraBnser u  TeopeTHYecKuii
HHTepeC, TaK KaK OHO MO3BOJIAET O4YeHb JerKo ACKa3aTh HPPanHo-
HATbHOCTD YHCTA e,

3.32, Teopema. Yucso e uppayuonaseno.
Hoxasareascrao. J[onycteM, uto ¢ pauMoHansHo. Toraa
e=plq, rae p, §—NOICKHETENbHEE leible yucna. B cuay (16),
a7 0<g! (e—s,)<lq .

Coraacho npeanonokenno, ¢!e—unenoe umcio, Yucio glle—sg)
TAKKe Uesoe, NOCKOILKY '

q:s,=q:(1+ 1+7_,‘T+...+‘:—1).

Tak kak g3>» 1, 3 (17} caepyer cyurecTBOBaHHE UEJOTO YHCJA,
sagmouentore Mexay O u 1. Takum ofpasom, Mu momaucs npo-
THBOPEYH.

Jpyrue npH3HAKE CXORHMOCTH

3.33. Teopema (npmsrak Kowm). Hycmo saden psad Dran.
Hosoacum a=Tim  Ta,|. Tozda

n=+oo
(@) ecau a<< 1, mo psd Dlan cxodumes;
(b) ecau a>>1, mo pad 2 a, pacxodumcs;
(¢) cyyecmayiom Kax cxodawuecs, mak o pacxodmuyuecs padu,
dan xkomopix a = 1.
Hokasarenwncrso. Ecam a<<1, 70 MOXHO BuGpaTh f Tak,

410 a<B<<1, a uemoe wHeao N—taK, uto | [an|<<P npu s> N
[no Teopeme 3.17 (b)]. VUnaue roeops, npu n> N umeeM

|an | <<B™
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Pag X p” cxomares, Tak Kak O<CP<C1. Cxomumocts paja Dy,
CenyeT TeNleph M3 NPU3HAKA CPABHEHHA.

Ecom o> 1, 1O, cHOBAa mO TeopeMme 3.17, CyImMeCTBYyeT NOCHAERO-
BaTeJbHOCTb {Mm}, Takas, 4TO :

n
Vlaﬂk['_)a°

3uaunT, |an|>>1 ANA GeckoHeuHOrO MHOKECTBA 3HAYeHWH A, TaK

4TO yC/AOBHE {1, —> (), HEOGXONHMOE Al CXONMMOCTH PAAA ) @p, HE
BHINOJHEHO (TeopeMa 3.23).
Urobar Ackas3ath (C), pacCMOTPHM PALM

1 |
| 25 2w
Jlas Kaxnoro H3 STHX psaoB &—1 {no Teopeme 3.20 (c)], HO neperR
pacxoputcs, a Bropofi ¢xoauTcs.

3.34, Teopema (nupusuak ManamGepa). Psd Dl an
(@) exodumca, ecaw 1im lgz-:—‘|<l;

N0
a
(6) pacxodumcs, ecau |f‘?"‘
PuKcuposannoe Yucao;

(c) cyyecmeyrom KaK cxO0AUECR, MAK U PACXOPRU4UECS PAOH,
028 Komopuix

21 npu n>ny, 20e ny— Hexomopoe

lim

On4 T | B4
-al <l<lll‘l‘l[—— .
an o Hn-ma Gn |

Hoxkasartenbcreo, Ecng ycnorde (@) BHNOIHEHO, TO MOXKHO
nafit p<<1 m weitoe uncno N, TaKHe, uTC

Cn4q
| <8

nps n3>N. B wacthoch,

fanl<<Plax]
lanee | <PB|anwu|<<P%|awl,

|awep | <P lanl.
3TO 3HAYHT, 4TC .
lan ] <<|ay{p~"-p"
npa n> N; takum ofpasoMm (@) creyer H3 NpusHaka CPaBHEHHA, TaK
Kax psag > p" CXOHHTCSH.



Lpyzue npuswaxy cxodusocntiy 7

Ecan |aps |3 lan] Tpu n>>ne, 1O NETKO BHAETH, UTO YCIOBHE
&4, —> () He BRINONHeHO, OTKYJa H ciaepnyer (b).
Yro6m A0Ka3aTh (C), MW CHOB2Z PacCMOTPHM PALH

1 1
D5 D
Ilaa KAXKEOro H3 HEX Mh! HMeeM
n4y

lim == =1
n-sco On !

HO NEpBLI PacXOAWTCH, a BTOPOH CXOIMTCH.
3.35. lipumepr. (a) Pacemorpum psg
1 3 1 1 { 1 ] 1
tztetmtetatateut .
ANSL KOTOPOTO

lim 224  tim (3" =0,
e '

nr— T 1
Iim y a =lim]/—=—-~:,
m'/n o V3% 3
o 11
fim Vo= lim ) ===
n-+oo Pra; n=s00 2 V2

T %24t tim ()= + oo,

R0 In =0

Tipusnak Kowm ykaswBaer Ha CXOAMMOCTL; npmsHak lanamGepa
He NO3BONIAET CHSNATH HHKAKHMX 3aK/MOYeHHH.
(b) To xe camoe BepHO B OTHOIIEHHH PAAa

I P13 1,1 ! i
?“*'1'*'?""4“"'“‘*‘?6“"?““'““"‘ e
rae

lim “n+t _
g n

=y

Tnyy =9
an 1

1
""a"sr

E

HO .
tim ﬂV a,;-—-—;— .
=00

3.36. 3ameuanua. lpusnak Hdanambepa, Kak npasuno, nerde
NPUMEHATb, YeM npesHak KouiH, Tak Kak o6HYHO Jerue BHIYHC/SATH
qacTHHE, yeM KOPHR n-fi cremend. Opgnako npusnax Ko crianHee
B CAeAyioineM CMHCAe: Korja nprsuak JlanamGepa ykaswpaer ua ¢xo-
AHMOCTE, TO H npHu3dak KowH Toxe yKasHBaeT Ha CXOAHMOCTD;
ecaH e npuaHak KoM He nossoAser clenaTh WHKAKHX SaKJiode-
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HEfl, To U npHsHaxk [lanambepa Toxe He MO3BOJSET CREAAThH HHKAKMX
sarJiovernii, 1o cienyer ua reopeMmu 3.37 u mamMoOCTpHpyeTcA NphH-
BeJlEeHHLIMH BhIIE NPKMepaMH.

YH ofiEH M3 3THX ABYX NPH3HAKOB He ABAARTCH OCOOEHHO TOHKUM
B OTHOWEHHH pPACXCAHMOCTH, B o000HX pacXofUMOCT> BHIBOAHTCA
H3 TOTO, 4TO dp HEe CTPEMHTCA K HYJIO fIpH n— co.

3.37. Teopema. Hzs moboid nocaedosamenvrocmu {C,} noroxcu-
MEALHUX Hlicen tUMeeM

ﬂ-M:D

Tim Vcp < Tim Sn2L

L T ﬂ—vco 173

dokgasarenscTeo. Mu jJ0KakeM BTOpOE HEpaBeHCTBO; NOKa-
3aTeALCTBO [IEPBOFO COBEPIIEHHO aHAMOrHyHO. [lonoxKaMm

.
@ == lim =Bt

o tn

Ecni ¢ = 4 o0, TO AOKa3biBaTh Hedero. LEcaH ¢ KOHeYHO, TO Bhife-
peM B> a. CymectByer uenoe N, Takoe, uTO

&
g

npu n> N. B uwactHocTH, Aas awboro p >0
xS hon (R=0,1, ..., p—D.

nepeMHO}Kaﬂ 3TH HEPaBCHCTBA, MBI NOAYYaeM

Cnap < PPey,
500
e B (1 2N).
3uagur,
Vas< Ifﬂ exp™ B,
TaK 4YTO

(18) Tim Ve <p

no teopeme 3.20 (b). Ilockonoky HepasenctBo (18) Bepno npH Jobom

f>>a, Meem
Tim Vo<

s e s
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Crencunnie pans

3.38. Onpenenenne. [lycTs 33Zana MoC/elOBATELHOCTD KOM-
nnexcHuX ukcea {c,}. Paa

(19) 20 e

HasHBaerca cmengHiviM padom. Uucna ¢, HaswBaloTCA Koapguytien-
maMu 9TOr0 pAja; 3ZeCh Z— KOMNJIEKCHOEe HHCJO.

Boo6me rosopsi, 3TOT psAA CXOAWTCH HJM PacXOBHTCH B 3aBHCH-
MOCTH OT Bhifopa wHcaz 2. Tounee, ¢ KakKAWM CTEIEHHEIM PAZOM
CBA3aH KPyr, TAK HASKBAEMHIA KPYr CXORHMOCTH, Takof, uTe paa
(19) cxopaTcs, ecsu z JEXHT BHYTPH ITONG Kpyra, H PacXORHTCH,
€CJ/iH 2 HAXOOHUTCH BHE Kpyra (Y1ofn OXBATHTB BCE CJYUaH, MH AOAKHE
paceMaTpUBaTh NJIOCKOCTh KAK BHYTPEHHOCTh OKPYXKHOCTH GeckoHedy-
HOTO pajiHiyca, a4 TOUKY —KaK OKPYXHOCTh HYJEBOTO pagHyca).
Topenensie psAga Ha OKPYKHOCTH KPyra CXOAHMOCTH MOXer OHTBH
ropasio Gonee PpasHOOGPAsHHIM, H ero HeNb3d TaK NPOCTC ONHCATh.

3.39. Teopema. Hycmo 3adan cmenennod pad D, caz". Hosoncum
a=Tim ¥[ea|, Rle‘-
=00

(ecaw =0, mo R= -} co; ecaut a= 4+, mo R=0). Tozda psd
D caz™ cxodumes, ecas |z|<< R, u pacxodumcs, ecau |z} > R.

Joxaszatensctso. [loNokuM g, —=c,2" H NPHMEHHM IPH3IHAK
- Koun, Vimeem

Tim ¥/ Ta,[=|z]-Tim P Teal=1El .
0D Ty OO

3ameyanue, Yucno R HasHBaercd PajHycoM CXONHMOCTH pPiia
PR

3.40. TIpumepn. {a) Oaa paga > n®2" umeem R=0,

(6) Mast prna D) % HMeeM R= 4-co (B 5TOM ciygae mpoie
npHMeHETh TpH3HAK IanamGepa, ueM npusHak Koumm).

(¢) Nas psma ) 2" uMeem R=1. Ecau {z|=1, to pan pacxo-
AMTCS, TAX KaK 2" He CTPeMHTCS K 0 npu n— oo,

(d) Ona pana Z - HMeeM R=1. 3101 pAA CXOAUTCHA BO BCex

TOYKaX OKPYKHOCTH KDYra CXOAUMOCTH, KpoMe 2=1. 3710 Oygmer
AOKa3aHO B TeopeMe 3.44.
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T
(e) Last paga 3, 2 wmeem R=1. Bror pax cxomurcs 80 Beex
TOMKAX OKPYXHOCTH KPyra CXOAMMOCTH COMVIACHO NpHSHAKY cpABHe-
HHS, TAaK Kak I%Iﬁﬁ’ eciu [z|=1.

CyMMupoBanHe MO YACTAM

3.41. Teapema. Hyems danw dse nocaedosamesvrocmu {an},
{bs}. fTosoncum

An=h§'a}, npu n»0; A =0,

Toz2da, ecau 0 p<<q, mo

—1 ’
(20) ﬁ anby = Zp Ap (by— bas) + Agbg— Ap-sb)p.

n=p

JokKasareibcrso, HMeen

g q q gt
2 anby = 2 (An— An-y) by = Z Anbn— 2 Anbass
n=p =D i

/=pn Nx=P—

H NOCNefHee BHDAXKEHHe CMpaBa, OYEBHAHO, PABHO MpPaBOR YacTH
pasesctsa (20).
@DopMysna (20), TaKk HasbiBaemas ¢opMyaa CYMMHDPOBAHHSA

110 4aCTAM, MOJNESHZ TPH HCCAENOBARHH PHACE BHREA Q) Gnbn, B OCO-
GeHHOCTH, eciiM mnociepoBaTefibHocTe {b,} MoHoTOKHA, Cefiyac Mm
JajHM €€ BPHJOXEHHS,

3.42, Teopema, Jonycmus, 4mo

(@) wacmnoie cymmor A, psda D a, 0o6pA3YIOM 0LPARUNERKYIO
nociedosamenvrocms; _

0 by by zby2 .. .5
() lim by =0. -
Tozda pad 2 anb, cxodumes.

HokazartenbctTBo. BuGepem M rtak, aro |A;|<M mpu
Bcex n. Ina pansoro e >0 cyulecTByeT nenoce wuciao N, Takoe, 410
be<(e/2M). Tlpn N < p < ¢ uMeeM

g—1
| 3 tabul =13 Au (bu—buss) 4 Aghg— Apusbp| <
Nap nNmp

-1
<M|:§,, (bn—bnss) + b+ b,y | = 2Mb, < 2Mby < &.
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CxozuMoCTs cieayer Tenepb u3 Kputepus Kowm, 3aMetnw, uro mep-
BOE HEPaBEHCTBO B HANMHCAHHONA BIIE LEHOYKe OCHOBAHO, KOHEMHO,
Ha TOM, YTO bp—bpyy » 0.

3.43. Teopema. Honycmum, wmo
@ la|z|alz]al>..
(6) com-3 20, cam 0 (m=1,2,3...);
(¢} limec,=0,
Toz20a psd ) cn CXORMTCA.
Pag, pas Koroporo BHIOAHEHO ycnosHe (b), HasbiBaeTcH «3HAKO-

NePEeMEHHEIM DPATOM?; COHOPMYAHPOBAHHAA TeopeMa 6LIa H3BECTHA
Jlefibnuny.

HoxasateascTBo. [Ipumenam Teopemy 3.42, nonoxas
an = ("'- l)nlﬂ" bn= i Cn I-
3.44. Teopema. [Honycmum, umo paduye cxodumocmu pada
Deaz™ pasen 1 4 cg=>¢,>0,>> ..., limc,=0. To2da pad D) ¢z
i

(=]
cxo0umca e Kaxdod mouxe oxpywrocmu |z|=1, 3a uckmosenuem,
BOBMONCHO, McUKy 2=1.

JoxrasatenseTBd. TONGKEM oy, == 2", b, =c¢,. Torfa Bunoa-
HeHH YCJIOBHA TeopeMH 3.42, Tak Kax

—pttl

'A"f”|m§°zm|=1 <

ecan [2]=1, z51.

AGCORIOTHAA CXOAHMOCTL

Tosopar, wro pag D an cx0dumes abcoMomAe, ecld CXOQHTCH
paa 2 |an .

3.45. Teopema. Ecau psd X a, cxodumes abcoromuo, mo on
cxodumcn.

Joka3saTensCcTBO. YTRepHKMNEHHE CJELyeT M3 HePABEHCTBa
|3 >
a | < ay |
r—1 I hgﬂ {

® u3 Kputepus Komn.

3.46. 3ameuanun. Jna pagoB ¢ HONOMHTENLHLIMH UJACHAMH
aGcoMOTHAN CXOARMOCTb—~9TO TO JK€ CAMOS, YTO CXOAHMOCTB,
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Ecag paf 2, @ CRORHTCS, 8 PAX ) |G| PACXORMTCH, TO TOBODAT,
4To PSS ) @n CXORETCH HeabcomortHo. Hampumep, psg

(=1
P

cxopuTca HeabcoMoTHO (Teopema 3.43).

ITpusnak cpapHeHHst, TaK e Kak W npusnakn JanamGepa u Koum,
Ha caMOM JeJe eCTb HPHSHAK aGCOMOTHON CXONHMOCTH, M NOSTOMY
HE MOWET JaTh HHMKaKOil MHAdopManuy o neaGCOAOTHO CROAALIHXCS
panax. Jnsa paGoTu ¢ MOCNENHMMH HHOTJA MOKHO NOJb3OBATHCA
CYMMHPOBaHHEM NO 4acTAM. B 9aCTHOCTH, CTENEBHOA pAX cxonurcs
atcoNOTHO BHYTPH KpPyra CXORKHMOCTH.

Mu yBapum, 4to ¢ aGCOMIOTRO CXOAAINHMHCS PAAAMH MOXKHO
o0palaTbCsl COBEPIICHHO TaK JKe, KakK ¢ KOHEUHHMHE CYMMaMH.
Mul MOKeM MepeMHOXKATb HX NOWJEHHO H NEpecTaBAsThL CJaraeMule,
He MeHAR cyMMbl. Ho xng neabconioTho cxopdmuxca pAfoB 3T0 yxke
HeBepHO, H NpH JefiCTBHAX ¢ HHMH HYXHA OOApINAA OCTOPONKHOCTB.

Choxenne H YMHOXEHHE PANOB
3.47. Teopema. Ecau Dan=A u XNb,=B, mo

D(ant-ba)=A+B u 2 can=cA npu mobox c.
Hoxasareancrtro. [lycte

Ap= Z ay, Bp= 2 by.
k=0 Ko

Torna

A+ By = ,ZJO (an 4 ).
fleno, 9TO

lim (An+ Bﬂ) =A+By

n—rin )
TAK KakK

limA,=A4, limB,==

JloKa3aTesbeTBO BTOPOIO YTBEPXKAEHHA faXKe MNpPOLE.

Taxum ofpasoM, ABa CXOLAMMXCA PASA MOKHO CAOXKHTE TIOM/EHHO,
H TOJiydeHAHH PAJ GYeT CXOAHTHCR K CYMME CYMM STHX ABYX PAJACB.
Tonoxenne ycnoxusercd APH PACCMOTPEHMH NPOM3BEACHHS ABYX
panoB. CHauana MM ROMKRB ONPEAe/UTL MPOK3BEACHEES., DT0 MOXKHO
cAenaTh PasEBIMH cnocolami; Mel OyfieM pacCMATpPHBaTb TAK HAShl-
BaeMoe fnponsseferne Koum.
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348. Oupenenenne IlycTe safaBu pAmM N ap H 2 bp.
Tlonomum

n
e D) @b (1=0,1,2,...)
Ral}

H HA30BeM DA ch NPOH3BEACHHEM ABYX AAHHHLIX PSLOB.
310 cnpejesienie MOXKHO OOBACHUTH cAelLyiomuM ofpasoM. Ecawu,

BIfB B4 CTENCHHHX pPAfa 2 an2" M Zb,,z Mbl TCPEMHOMKHM
HX NopoGHO TOMY, XaK 3T0 jesiaercd B CAydyae MHOFOYNEHOB, H IIpH-
BefeM MNOAOOHME UNCHE!, TO MBI NOJYUHM

an"zn‘ Z b = (gt a2+ a4+ .. ) (bt bzt 022 ... ) ==

= aobg + (@oby -+ aybo) 2+ (apbe + a:by + Gebo) 22+ ..
=Cp-t ezt 2t
Tlonaras z=1, Mw! NPEXOAHM K AAHHOMY BHille ONPCAEneHHIO,
3.49, Tipamep. Ecau

" n b
Ap = , B,= , Cu=

u A,— A, B,—> B, 70 coBceM He sicHo, OYAET MM MOCACAOBATENb-
Hocte {C,} cxomuThes X AB, Tak Kak HeBepHo, uro C,= A,B,.
3apucumoctb {C,} or {An} u {B,} ouens cAKHA (CM. AOKA3aTERABCTBO
reopeMbl 3.50). Cefiyac MBI TIOKameM, 9TO TpPOH3BEeHHe MBYX CXO-

AAMEXCA PAJOB MOXET HA CAMOM Xejle PacXOomuThed.
Pag

N P I
Z viri vt Ty T

cxopuTed (TeopeMa 3.43). CocTarkeR TPOH3BE[eHHe 3STOTD Ppsna
¢ caMuM cofoif, MM ToaydnM

3 e 1-Grrye)+ Gt o)
-ttt vty o

TaK 4To

1
= (— ) ,
@=(=V" 2 Ve=rrvwen
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Tak kak
(n—k+ D+ D= (5+1) = (5-£) "< (3+1)",
TO ME HMECM .

n

Y 2 2(nt1)
ial> 2 o =257
ko)

TAK 9TO YCAOBHe Cp—> (), HeoOXoAHMOE AJA CXOAMMOCTH pAAa Ec,..
He BHIIOJHEHO.

B cesan co cneayiomedl Teopemoli, npuHajsemameii Meprency,
3aMeTHM, 4TO Mbl PacCMaTPHBANH B 3TOM NpUMEPE NPOH3BEACHHE
ABYX HealCOMIOTHO CXORAIMXCA PAAOB.

3.50. Teopema. Honycmum, amo

(@) pad Zoa,. exodumes abeoomuo,
() E an=A,

na
(©) 2}0 by =B,

d) en= kzoakbn—k n=0,1,2,...).
Tozda

> ca=AB.
na=l)

310 3HAYHT, UTO NPOH3BeAEHHEe ABYX CXOASLIHXCH PAJAOB C€XO-
OUTCSA M CYMMa paBHa TIPOM3BEACHHIO CYMM, €C/H Xord OW OIHM
H3 3THX JBYX PANOB CXOAKTCA aGCOMOTHO,

HorkasateascTso. [Toacwmu

A= 3 s Bu= 3 sy Com 3 cay o Bu—B.
- =i} k=0 Rl
Torpa .
Crn=aobg+ (agby +1bg) + o o« +{(@obn+buy+ . . . - aby) =
= GBn+ @Byt .- A+ taBy=
=ao(B+Ba)+ a1 (B4+Pot)+... +2 (B4Po)=
= AuB - afn + afas 1. . . +aofo.
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Tonoxum
Yn =B+ afa_s + - - - + @ublo

Mu xoTHM UOKa3aTh, uTo Cp—» AB. JlccTaTouyHO KOKAasaTh, 4TO
(21) limy, =0,
o

TaKk Kagk A,B— AB. Ilonowxum

[--]
a= Y |an|
Nanl}

[HMerHO szech MH ncnoasayem yeiopke (a).] Ilyers sagaro &0,
B cuay (¢), B»~—> 0. 3nauur, MoXHO BHOpaTh N TaK, urc |fa|<8
opr a>» N, H B 5TOM cayuae
|¥n |<|Bon 4. - - +Pxtnen |+ | Brysn-n-1+ - - - +Patto| <
<|Botn+ - - - +PButn-n|+ 80
OctaBnas N (UKCHPOBAHHHM H YCTpPeMass n K ©o, MH IONYTHM

Tim | ya | < ear,
N

TaKk Kak ap—> (0 npH k—> co. Otciona u cheayer {21), Tak Kak e
NPOH3BONBHO. )

MoxHo 3amath Jpyroft Bonpoc: ofssaTeN:HO A CYyMMa psja
Ecm B TOM CAywuae, KOTJla OH CXOAUTCH, paBHa AB? AGess nokasan,
YTO OTBeT HA 3TOT BONPOC-— YTBEPARTEALHKI.

3.51. Teopema. Ecau padnw Dan, Dby, Xen cxodamca
coomeememeerno K A, B, C u c,=abn+ ...+ auby mo C=AB.

3jlech He JenaeTcsl HHKaKHX NpPeANOAcKeHnHd of aGcomorHoR
CXOZHMOCTH. Mpul JafHM TPOCTOE JOKA3aTeNbCTBO (OCHOBAEHOE HA
HENPEPHIBHOCTH CTEMERHBIX PHAAOB) nocsle TeopeMu 8.2.

flepecTasioskn psnos

3.52. Onpenenenmne. Ilyems {ky), n=1, 2, 3, ..., — nocne-
AOBATE/IbHOCTE, B KOTOPOR Kam0e NOoJNOKKTEIbHOR LeJ0e YHCNO BCTPe-
4aercsl OXMH M TOJNBKO ORHH pas- (T. e. {#,}—B32HMHO OAHO3HAYHOE
orobpaxkenue MuOXectRa J Ha J, oM. onpegenenue 2.4). Ilosoxkum

a;!=ahn (n=l! 2$ 3v "');-

Mbl GYHeM rOBODHTB, UTO paj Za;, AIBJIACTCA MePECTAHOBKOA psja
an. '
Ecai {55}, {81} — NOC/HeN0BATEMEHOCTH YACTHLIX CYMM PAKOS ) dn,
@, TO JIETKO BHIETH, UTO, BoOOIlE. FOBOPH, 3TH JBe NOCAEAOBA-
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TeJLHOCTH COCTAaBIEHH K3 COBepLIEHHO pPAa3HBIX uucel. MH, TakuM
06pasoM, TpPHXOAMM K 3ajaue: BHACHHThH, NPH KEKMX YCIOBHAX
BCE TEPeCTAHOBKH CXOMAMIETOCH DANA CXORATCA H COBNAKAIOT JAH HX
CYMMH MeXAY coloft,

3.53. Onpenenenue. loBopar, 4T0 pAg D @, CXORRTCA
Ge3ycaoeno, echM KaxJas ero NepecTaHoBKa CXORATCA (K Tof e
cyMme). (Cp. ¢ reopemoft 3.57.)

3.54. Npumep. Paccmorpum cxo,us{m.nﬁca Pax

(22) 1—'%"1'%'—1 ——'—"I-
B OJHY H3 €ro NepecTaHOBOK
1 i 1 1 1 1 1 1
23) 1+‘§‘—7+-—+7—T+"+ﬁ—"5—+---s

B KOTOpoli 3a AByMS NOJOMHTENLHBIMH UJNEHaMH BCerfia chejyer
oTpunaTeabiuit. Ecan s —cyuma pa,ua (22}, 10

5
Tak kak
111
42—3 " 4b—1 2B

npa R 1, TO M BHIUM, 9TO S;<IS,<ISp< ..., [I6 85 €CTh n-9
yacTHas cyMMa psfa (23). 3nauut,

o

fim s, > s = %
TaK uro pAA (23) HaBepHsKa He CXOAHTCS K § [MH NpeAoCcTaBfsfeM
uuTaTeJaI0 NPOBEPKY TOTO, HTO pAA (23) TeM He Menee cXoamrcal.

SToT npEMep MAMIOCTPHPYET CJAeAYIOHIYIO TeOPeMy, HpHHaJJIeKa-
myw Pumany.

3.55. Teopema, Hycms 2 a,—neabcoaomuno cxoasu;uack pad
SELECMBERNNIX uucea, u nycms o < B—0sa daranx aucsa (8 pac-
HIUpennotl CUCEME GEULECTIECHIOIX qucex) Tozda cyujecmsyent nepe-
CIMAROBKE ) Gy € HACIMNLIMIL CYMMAMY Sp, MAKAR, 4MO

(24) ' limsy=a, Tims,=p.
A0 f-+00

Hoxkasateasctno. Ilycts
pn==‘a"%a—”, qnmm n=1,2,3,...)
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TOrRa Pn—Ga=an, Prt+Gn=|@n}, Pn >0, g > 0. Pane X pu, )
o0a NOMKHB PacXOEHTHCSH.

HeficTeuTeNbHO, ecsin 6H 06a STH PAAA CXOARNHCH, TO M PAf

2t ) =2l
CXOAMWACA Obl, BONPEKH NPeANOONEHHIO. CXONHUMOCT> DANA ) Ga
H PACXOAHMOCTb pAla ) Py (BIE racbopoT) Bleuer 3a cofoft pacxo-

AHMOCTE pAZa 4ny, YTO CHOBA HPOTHBOPEUHT NPEANONIOKEHHIO,
TaK Kak .

N N N N
D=2 (Pa—Ga) = 2 Pn—2) G-
] ne=1 i n=i

ObosnaunM Temepn uepes P,, P,, P, ... HeoTpHuATE/NbHEE GJICHH
piia 2@, B TOM NOpAfiKe, B KAKOM OHH BCTPeualOTCsi, U HYCTh
Qi Qs Qs ...—abCOMOTHHE BENUMHHH OTPHIATENbHHX WIEHOB
PAna D)4, TaKKe B HX €CTECTBEHHOM NOpsKe.

Paat X Pn, NQu OMIHUAOTCA OT PHAOB 3 Pny ) Gn TOBKO
HyJReBHIMH WJeHaMu H MOTOMY PacXOfATCs.

Mu mocrponm Takme noclefioBaTeNbHOCTH {my}, {k,}, ut0 paj
(25) P’+"'+Pm1-"Qi'"""—Q§1+Pml+l+'°°

e '+'ng"—le+1—* ‘e -—Qh,—f- wany

OYeBHAHO, SBAMOWMACA mnepecTaHoBKOfA paja ) d,, YAOBJETBOPAET
ycaosuio (24).

BriGepeM nocnefoBaTe/bHOCTH  BelileCTBeHHEIX wdcen {a.}, {Ba}
TaK, 9T0 Op—>a, Pp —> P, @ <.

[lycrs my, ky—HaNMeHbUIHEe M3 TAKHX LEAHX 9YHCEN, 9TO

Pi+ ... 4 Pp >y,
Pit A Pry— Q.. — Qe <ag
NYCTb My, Ry— HAKMEHBIUHE M3 TaKHX HEJAHX UHCEN, 9TO
Pidoi i Py —Qi—. . . —Qay+ Pyt + .+ .- +Pimg > P,
Pit...4Pm—Q—... ~QuytPryti b on .+ Prg—
H-Q.kl-‘-i e —'Qk’ =< Qs

M T. A Mb MOXeM mpOXODKHTh STOT BHOOP, TAK KAK PANH 2| Py

H 2 Q. pacxomarTes.

Ecan uepes xn, y, OOO3HaYMTE YacTHHE CYMMH psaga (25),
HOCTeiHHE WIeHH KOTOPHIX P,,.n. —an, T0

[%a—Bn | < Pmyy |tn—[<Q,

Mu pragpM, w0 X,—fP, yo— 0, TaK XKaKk P,—0 B Q,—0
0pa n—> co, )
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Haxkowen, #AcHO, 4TO0 HHKAaKOe YHC/AQ, MEHblUee deM ¢ HIH
Goavmee veM i, He MOXer OLITh YACTHUHHEIM MpEAE/IOM MOCAE]OBa-
TeJLHOCTH YaCTHHIX CYMM psaza (25).

3.56. Teopema. Pad D ay cxodumes GesycaoeHo mozda u moasKko
mozda, K02eda or Cxodumca aGcoAmNO.
HokasateancTso., JonycTuM, 4ro psi D)4, CXOZBTCA a6co-

motro. Ilyets D) ap—ero nepectaHoBka, OGJafaIIas YacTHHME
CyMMaMH sn. Jlng nanporo & >0 cymecTeyer ieqaoe uuciao N, rakoe,
qT0 NpH Mm> n> N HMeeM

m

(26) 2 lal<e.
BuGepem temepp p Tak, wrofM Bce uename YHcaa 1, '2, ..oy N

cofiepKaNNCh B MHOBECTBE Ry, Rg, ..., By (MBH HCDOJB3YeM 0603HA-
uweHnss us onpepeaenus 3.52). Torma npm n>>p upcna a;, ..., Gy
B pa3’HOCTH S, — S, YHHUTOXKAIOTCS, TaK UTO |S,—$k|< 8 B crny (26).
BHaqm'{, Iiocaenona'reubuoc'rb {sn} cxopaTcH X TOMY XKe npeieay,
a0 H {sp}). )

Tenep, ZOWYCTHM, 4TO PAX )@, CXOAHTCA HeaGcomorho. Eca
ap =X+ iyn, THe X, B Y, BECHIECCTBEHHH, TO |a,,]<|xn|+|y,.l.
Hockoasky pag ) la,| pacxomurea, 70 pPacxXOAHTCA OMH H3 PAfOB
Dixnly Dlyal- Tarmm obpasoM, ONHH H3 PAAOE 2| Xn KA D) Yn
cxoantcest HeaObcomotHo. CorsacHo Teopeme 3.55, HMeeTes Taxast
NepecTanoBKa, YT0 AHGO PAR O Xh, NGO DAL D) Y PACKOAHTCSH, TAK
YTO B pAX D) @, PacXOmHTCA.

SHATHT, psA 2 O, He ABAfeTcA GeayCJAOBHO CXOAALMMCS.

Crepyiomas TeopeMa IOKa3kBaeT, %T0 B ohpeAenenun 3.53,

He MeHSAS ero CoZepXaHusd, MOXHO ONYCTHTL ¢pa3sy, 3aKMOYECHRYIO
B CKOOKXH.

3.57. Teopema. Ecau éce nepecmancexu pada ) a, cxodames,
mo oHu CXOORMCA K 000l u mod sce cymme.

Hoxkasareabcrro. JluGo pax MNa, cxonutes abCOMOTHO,
H B STOM Cyuae D)4, CXOHTCS 6e3ycaoBHO no TeopeMe 3,56, subo
D @, He ‘CXommTCA aGCONIOTHO, B B 3TOM C/Aydae Mo TeopeMe 3.55

CYIECTBYeT pacxofAlascs NepecTaHOBKA.
Ynpaxuenus

1. HoxasaTh, 4TO' H3 CXOAHMOCTH MNOCAENOBATEALHOCTH {8,} cJe-
IyeT CXORHMOCTh nocjiefioraTeNbHOCTH {|s.]}. Bepto au obpatHoe?
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2. Bruucants im{)Y n* + n—n).
Ti=rco
3. Myers =12 u

sme=V2+Vsa (n=1,2,3,...).

Hokasars, 2@1‘03 NOCNEAOBATEALHQCTE {Sn) CXOAHTCA H UTO S, <2
np =1, 2, 3, ....

4. Hafitn sepxnuit u HuKHER NpefeNt NOCAEAOBATEABHOCTH {Sh}.
ONpeAeseHHON cNeRyIOmMM 06pasoM:

1

5. Jlas moOuX zBYX BemeCTBEHHHIX Noc/efoBaTeAbHocTel {a,),
{6} nmeem

1im (@ + bs) < Tim @, -+ Tim b,
00 A=+00 oD

5 6. Hccnenosate noseaenue (CXOAHMOCTb HAM PACXOAHMOCTb PAAA)
@y, €CAH

@ a=Vn+1—Vn;

© ta=(Vn—1)%
(d) a,,=ﬁ AN KOMIIEKCHHX sHaueHHf 2.

7. JlokasaTb, ¥TO M3 CXOJHMOCTH PSAA ) Gn CAEAYET CXOAHMOCTS
pAAa

3¥e,
n
eciH &, > 0.
8. Ecyu psg D) a4, CXORUTCA H eciH {b,} —MOHOTOHHAS ¥ OTpaHH-
YeHHas MOCACROBATENBHOCT, TO U PAL D, Gpbp CXORHTCA.

9. Haflte paguyc cXORHMOCTH KaX/OTrO H3 CJAEAYIOMHX CTENEHHEX
pAAOE:

@ X () DI
2" n 3 n
@ Dm @ Iwn
10. JonyctuM, 910 Kos(AUEEHTH CTeNeRHOTO paAd o dn2"—

IeALle YACAA, CPEAH KOTOPHX GecKOHEWHO MHOTO OT/AHYHBIX OT HYJ:s
JloKa3aTh, UTO paguyc CXORAMOCTH HE NpEBHINACT €AHHHILH.
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11. JonyctuMm, uto pax Z a, pacxomurced, a,>0, H nyems
S=a+...-+a,. HorkasaTe, uT0

() pan D) TT;-.RT,; pacxoxuTCsH;
(&) pan D) -‘:T" pacxonuTes;
(c) psim D) a—‘;‘ cxoauTes.

Uro MOXHO CKasaTh 0 PANAX 3 1 +m1n v D +n,a ?
12. Hdonyctum, 9to pax Za,.. cxoputesl, ap, >0, = moA0MHM

a0
Tpn= E Om
M=
Hoxasatb, 410

(a) pan ) -Ei:- pacxouTes;
En_
(b) pax S/ CXORMTCS.

13. Hokasars, uto npoussefienuse Kolm kByx aGcoMmoTHO CXOAA-
HINXCA pAAOB CXOAHTCH a6GCOMOTHO.
14. Ilycth {sp}—Kkakas-unGyas nocaeaoBaTeNLHOCTh, PaccMOTpuM
cpefiiHe apHpMeTHUEeCKHe
fn=31+---+3n‘

n

HoxasaTk, 4TO H3 CXORHMOCTH S, —» S CASAVET CXOAHMOCTD Iy —> S,
Jl0Ka3aTh, YTO CYUIECTBYIOT PACXOAAIIHECA NOCAEAOBATENLHOCTH {8y}
KOTOPDHM COOTBETCTBYIOT CXOAAIIHECH HOCHefcBaTenbHoctH {fn}.

15. Onpeaenenne 3.21 MOXKHO pacnmpocTpaHHTs Ha TOT Cayuaf,
KOrAa 0, MPHHALJERKAT HEKOTOPOMY ($BKCHPOBAHHOMY NPOCTPAHCTBY
R*. AGcO/IOTHAR CXOLMMOCTH ONpefensieTcsl Kak CXOAMMOCTh psifa

| 8 |. TloxasaTeh, ut0 Teopemm -3.22, 3.23, 3.25, 3.33, 3.34, 3.42,

.45, 3.47, 3.56 u 3.57 ocrawTcs BepHHMH B 3ToM GoJsee oﬁmen
cayuae (LOKasaTedbCTBa TPe6yIOT JHIUb HESHAYHTEIbHHX H3MEHeHH).

16. HNokasate cneayiomufi anasor Teopemst 3.10 (b): ecan {En}—
yOuBaiolliag NOC/AEA0BATENbHOCTh 3AMKHYTHX MHOXKECTB B NOANOM
MeTpHYyecKoM mpocTpaHcTBe X H ecsiH

lim diam E,, =0,
=y

oD
TO MHOXecTBO [} E, COCTOMT DOBHO H3 OAHOH TOYKY.

i |
17. Tyers X-——nomHoe MeTpHYECKOe MpocTpaHcTso, a {G,}—
fI0C/Ie/IOBATE/IbHOCTD BCIOAY MNOTHHX OTKPHTHIX NOIMHOXECTB NPO-
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crpanctea X. Jlokasate TeopeMy Bapa, cocrosmyo B ToM, 4TO
[==]

MHOXKecTBO [} Up HenycTo. (B peficTBuTenbEOCTH OHO MIOTHO B X.)
ne=q

Yxasane. HaliTR cTATHBAIOILYIOCS NMOCIEACBAaTENbHOCT 3aMKHY-
THX OKpectHoCTel E,, T8KHX, uT0 E, C G,, H NPHMEHHTDb YhpaxKHe-
aue 16,

18. lycrs {p,} # {g.}— nocaenoBarensHocTs Kown B MeTprgeckoM

npoctpanctee X. Ilokasats, uto mnocaeposatesbHOCTh {d (Pn, Gn)}
CXOANTCS,

¥Yxasanue. Das mobux m, n umeeM d{pn, qu)<d{(Pns Puu)+
+d(Pmy Gm) +d (Gm, ¢n), CACHOBATENBHO, PASHOCTb

| d (Prs gn)—d (P Gua) |

Maja, ecjid m, 1 BEeNUKH.

19. IMycts X —MeTpHUECKOE NPOCTPAHCTBO.

(a) Hazosem ame nocsefosatenbHoctd Kown {p,}, {qn} B X oxau-
8AICHMAIMIE, €CIH

lim 4 {py, gn)=0.
=00

JoKas3ath, UTO STHM ONpeleseHO OTHOIIEHHE SKBHBAJICHTHOCTH 1)

(b) IMyctp X*—MHOKECTBO BCEX NOJYYEHHHX TaKuM obpasoM
K/accoB 3kBHBafeHTHOCTH?). Ecim P X®, Qe X*, {p.}€EP, {gm}€Q,
TO MONOMKHM, N0 ONpPEeRESEeHRIO,

A(P, Q)=lim d(pn, q5).

B cuny ynpaxuenus 18, stor npejen cymectmyer. Iloxasarh,
4To YRCIO A (P, Q) me u3menurcs, eclH {p,)} B {¢,} 32aMESHHTH SKBE-
BaJIeHTHEIMH NOCIENOBATELHOCTAMH, H YTO TeM CAMBIM A— pacCTos-
Hue Ha X*.

(¢) DokasaTtb, 9TO NOAYUEHHOE MeTpuweckKoe mpocrpancrso X*
MOJIHO.

(d) Kaxzomy p€ X conocrapmm nocaeosatesnbHocTE Komr, Bee
YNEHH KOTOpOd paBHM p; mycTh Pp—TOT 3JIeMEHT MHOMecTBa X°,
KOTODLIA CONEPKUT 5TY HochefoBaTeabHOCTb. JloKasats, 410

APy, Py}==d(p, q)

1) 3vo oshazaer, aro !) EBCAKAS NochefoBaTenbHocTs KO SKBHBAJEHTHA
camofl cefe; 2) Ha SKRuBANERTHOCTH Naph nocaeforareapuoctell {pn}, {¢n} crenyer
SKBMBANERTHOCT: NapR {gn}, {pn}; 3) us okewmanearsocrd nap {p,}, {gn} ¥ {ga},
{rp} chefyeT SKBMBAMEHTHOCT: NEPH NOCAeAoBaTenbHocTeR {p.), {rn}.—Hpuxs.
nepes,
?) Kanaccom SEBHBANEHTHOCTH HASHBACTC MHDMKECTBO BCeX NOCASAOBATEJNBHO-
crefi Komu, skenpaneatHux Kakoli-EnGyss ofuoli mociefoBaTeAbHOCTH, —JTpuM.
nepes.
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npa Bcex p, g€ X. Hunmm caopamu, oro6paxeHne ¢, sajaHHoe
paBeHCTBOM @ {p)= P,, ecTb H30MeTpH# (T. e. oTOOpaXkeHHe, COXpa-
HAIOWee pacCToAHHA) ApoctpancTea X B X*.

{e) Moxkasats, uro @ (X) Bciogy naotHo B X* H uto @ (X)=X",
ecan X mnoaxo.

B cuay (d) moxuo otoxpecTsuts X ¢ @(X) H, TakuM obpa3oM,
CYHTaTh, 4T0 X MOTPYXEeHO B MOJNHOE MeTpHUdecKoe NpoCTpaHcTBO X¥.
Mur 6ysem HasmBsaTh X* nonoanexuesm npocTpaHcTBa X.

20. ITycTh X —MpOCTPAHCTBO PALMOHANBLHHX UYHCeA € METPHKOf
d{x, y)=|x—y|. UYro cayXHT nomonueHHeM STOr0 MNPOCTpaHCTRA?
(Cp. ¢ ynpaxnenuem 19.)



TNABA 4

HENPEPLIBHOCTD

[TonsTRe GYHKUHM ¥ CBA3AHHASA C HUM TEPMKHOAOrHS GLINY BREACHH
B ompeneneansax 2.1 u 2.4. Xo1a B NOCASAYIOMHEX rAaBaXx Mu OyaeM
B OCHOBHOM HHTEDECOBATHCH BEIWECTBEHHLIMH M KOMIICKCHEIMH QYHK-
uHaMH (T. €. QYHKUMAMH, 3HAUEHHS KOTOPHIX — BEllleCTBEHHEIE HJIH
KOMAJIEKCHLe 4ucaa), M OyjAeM pacecMaTpHBaTh TAKXKe BeKTOPHO-
aHauHbie PyHKEMA (T. &, GYHKUHA co 3HaueHHMsMH B R*) u QyHKuuM
CO 3HAYCHUAMH B JIOGOM METPHUECKOM NPOCTpaHCTBE. TeopeMul, KOTO~
pere Mbi OymeM HoKasmBaTh B 9Toft oOmelt oOcraHOBKe, RHYYTb
He crany On Gojee JerkHMH, eciid Onl MLl GI'DaHHYHJINCEH, HATIDUMED,
BelleCTBeHHLIMH (QYRKUHAMHE; Hao0opor, Ha CaMoOM Jeje KapTHHa
YOPOCTATCA M MPOACHHTCR, €CNH Mul OTGPOCHM HAMITHHE TPEARONO-
XKeuusa ¥ OyieM QopMYJHpOBaTb ¥ AOKA3HBATH TEOpeMsl B pasyMuol
OOHILHOC TH.

Hawy dysxuun OyayT onpefedeHH B METPHUECKHX NPOCTPAM-
CTBaX, BHOOp KOTOpHIX OyleT HajAAeXaluMm oGpa3oM YTOUHATHCA
B PA3IM4HLIX NpHMepax.

Mpenea dynxuun

4.1. Onpepeaenne. [lyers X u Y —Merputeckue npocTpan-
crBa. [lyets Ec X, | oroBpaxaer E B Y, a p—npejensHas 104Ka
MHOKecTB2 E. Mm OyneM nAcats ¢f(x)—> g ApH X —» p», UIH

(1) limf(x)=g,
x=p

ec/H cyIllecTByeT Touka ¢¢Y, ofsajaloman cleAyioHluM CBOACTBOM:
ana aicboro e >0 cymecreyer 8> 0, Takoe, 9TO

@) dy (f (%), 9) <e
Ana MoGHxE ToueK x & E, ana KoTopex
3 - 0<<dx(x, p)<d.

Cumponit dy H dy OTHOCATCRE K DACCTOAHMSAM COOTBETCTBEHHO
B npocTpaHcTBax X B Y

Ecnn X u (unn) ¥ 3ameHsIOTCR BelleCTBEHHOA NpAMOR, KOMI/IEKC-
HOMl NMAOCKOCTLIQ HAH KaKHM-HHGYIL €BRAHZOBHIM NpOCTpPaHCTBOM R*,
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T0 paccTOAHHS dx, dy, KOHEHHO, 3aMEHAIOTCH afCOMOTHLIMH BEAHYH-
HaMH HJIH COOTBETCTBYIOLIHMH HOpMaMH (cMm. m. 2.18).

Caepyer otMeTHts, 9To pEX, HO TOYKa p He offsaHa npunaj-
JleRaTe MHOKECTBY E B npoRbiAylleM onpeieschud. Bodee Toro,
Aaxe ecau p€ E, 10 BNONHE BO3MOKHO, 410 f(p) == lim f(x).

x—=p

OTOMY OmpejeNeHHI0 MOXHO MPMAATH APYryio (opMy, BHCKA3ap
ero B TEPMHHAX NOCACIOBATENLHOCTEH.

4.2, Teopema. Ilycmo X, Y, E, | u p~—me awce, umo u 8 onpe-
Oesenuu 4.1, Tozda
4 lim f (x) = ¢

Fon kil
8 mMOM U MIOAGKO & oM cayuyae, Kozda
(5} lim f (p,) =g
-

dra ar06oli nocaedosamersrocmu {p,), maKoti, 4mo
(6} Pnp, 1‘ll_i’m,o,.=,¢:v, P CE npu ecex n.

Hdoxasateapcrso. JlonycTuM, 4TO BHMOMHEHO PABEHCTEO (4).
Brubepem kakyo-HuGYAb TOCHLN0BATEABHOCTD {P,)}, YA0BAETBOPAIOMLYIO
yenosuio (6). Ilyets e2>0. Torpa cymectByer 60, Ttakoe, uToO
dy (f(x), g) <Ze, ecom x€E n 0<dx(p, x) < 8. Kpome Toro, cyme-
cTByer N, Takoe, 4ro mpu n> N umeeM 0<Cdy(p,, p) << 8. Takum
oBpazom, npu a>> N uMeeM dy (f (pn), 9) <Ce, OTKyaa caepyer, uTo
BBINOJIHEHO paBeHCTBO (D).

OGparno, ponyctaM, 4to (4) Hemepno. Torga CymeeTByeT UHCAO
¢ >0, Takoe, uto Aaa Kamgoro 8 >0 naitmercs Touka x€ E (3aBn-
camas ot §), naa koropol dy(f(x), ¢)>2, Ho O<dx(x, p)<<8.
Buibnpas 8,=1/n (n=1, 2, 3, ...), MBI HailileM TOCACAOBATENLHOCTD,
YAOBJAETBOPAWIIYIO YCAOBHIO (6), AJs KoTOpo# paBeHCIBO (B) He Bbl-
NONHAETCH.

Chepcreue. FEcau | umeem npedea e mouxe p, mo smom
npedes eQuncmeenruid,
310 caepyer us TeopeM 3.2 (b) u 4.2.

4.3. Onpeneaende. Tlycte Ha E olpelie/eHB Be KOMIACKC-
Hele ¢yuruud [ u g. CameonoM f-+ g oGosHauaercss QYHKIHSA, COMO- -
CTaBNAIINAA KaXKIOH Touke X MHOEectBa E uMcao [ (x)+ g(x).
[lofo6HMM 0GpasoM MH OMpeReiHM PasHOCTb f— g, TipoHssefecHue fg
¥ oTHOWeHHe f/g nByx byukwafi, HMes B BHAY, UT0 OTHOMIEHHE
ONpeRe/IeHO JHILL B TeX Toukax Y€ E, B Kotopux g(x)==0. Ecan
f conocrasasier Kaxaofi TOYKe x MHOXeCTBA E OHO H TO 3Ke QHCJO C,
70 [ HaswBaerca nocroguHoli dyHKUMed, HAH TPOCTO nNOCTOAHHOR,
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B ME OyJeM MMcath B 5TOM caydae f=c. Ecau f u g—Belecreen-
HHle QYHKUUH X ecad f(x)>> g(x) npu KampaoM x€ £, T0 MH HUHOrJA
AR KpaTKOCTH OylaeM nucate f32>g.

Ananornuto, ecan t u g oToGpaxaior £ B R*, 10 MH onpegeanm
£+ g uf.g papencreamu (f--g) (x) =1 {x} +g(x), (-8} (x) =1 (x)-g(x),
# eC/Au A-— BeHlecTBeHROe uucAQ, 10 (AF) (x) = Af{x).

44. Teopema. Hycms X - mempuueckoe npocmpaxcmso,
Ec X, p—npedeavnan mouxa mroscecmsa E, [ u g— Komnaexcrvie
dryuxyuu na E u

limf(x)=A, limg(x)=28.
x=p X=+p
Tozda -
(a) lim(f+g) (x) = A+ B;
Np

(b) lim (fg) (x) = AB;
(c) l:_lI’I;(ﬁg) {x)=A/B, ecau B=0.

HorkasarenbcTBO. DTH YTBEPXKACHHA, B CHAY Teopemu 4.3,

HeMeJIGHHO CJIeAYIOT H3 aHAJOrHYHEIX cBOfiCTB mocnenoBaTenabHOCTEM
{Teopema 3.3).

3ameuanue. Ecam f u g orobpaxkator E'B R, 10 (a) ocTaeres
BepHHM, a (b) mpuHAMaeT BHA

(b") lim(k-g)(x)=A-B
x=+p
(cp. ¢ Teopemoil 3.4).

Henpepusnsie q:ymm:nn

4.5. Onpenenernue. Ilycte X n Y —MeTpuyeckue mnpocrpan-
ctBa, EcX, p€E n | orobpaxaer E e Y., Torma dynxuus f

HA3WBACTCH Henpepuignoll é mouxke p, ecad Ana moGoro e >0 cyme-
creyer 6> 0, Taxoe, 4TO

dy (f (), f(P))<<e

Ina peex Towek x € E, ana Korophix dy{x, p) << 8.

Ecnu f nenpepulBHa B KaMpok rouxe muoxectera E, To [ Hasn-
BaeTca menpepuishoil na E.

Ans Toro wroObl OLIThH HENpepHBHHM B TOUKE p, OTOOParKEHHE
Adomkro GhITb onpegeneno B 9Tol Touke. ~ (Cp. 3TO ¢ 3aMeuaHHenm,
CAeyIOUM 32 onpeneacHuem 4.1.)

Ecan p—wusonupobadHas ToyKa MHOMXKecTBA E, TO H3 Halero
OnpefiefieHHA CJeAyeT, YTo KaxkAad (yHkums f, oupejpenennan Ha E,
HenpepuwpHa B To4Ke p. JeficTBHTeABHO, KaKoBO OH HH GELIO & >0,
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MOXKHO YKasaTe §>>0, takoe, uto ejuncTReHHodi TOuKoh x€E,
A Kotopoli dy (%, p) << 6, oxaxerca x=p; Torga

dy (F (%), [(p))=0<e.

4.6. Teopema. B cumyayuu, onucannold e onpederenuu 4.5,
npPednROAOMUM, YUMo p—— Rpelesvran mouka muoxecmsa E. ®yrnxyus f
Henpepoisra ¢ mouKe p moz2oa u moasko mozda, Ko2da lim f{x) = f (p).

XD

HoxasareancTro. DTO CTAHOBHTCA ACHLM, €CAH CPAaBHKTH
onpefenenus 4.1 u 4.5,

Tenepe nepefinem x chaoxnoM dysxouaM. Kpatkas dopmyan-
poBKa caepyiomefl TeopeMbl TAKOBa: HenpephiBhad (pYHKUHA OT Hempe-
PLIBHOA (YHKIHE HenpepreBHA.

4.7, Teopema. fTyemv X, Y, Z— mempuneckue npocmparcmea,
Ec X, | omobpaxaem muowecmso E & Y, g omobpaxcaem MHO-
acecmeo snauenud f, a umerno f(E), 6 Z u h—omobpasiceriue mno-
acecrnea E e Z, onpedeaennoe pasencmsom

h(x)=g(f{x)) (x€E).
Ecau | nenpepwsno 6 mouke pcE, a g nenpepusno 8 moske f{p),
mo h xenpepoigro & mouxe p.

Hoxasareawvcrso. Ilyerhb 82> 0. [TockonbKy g HENpepuBHO
B Touke f(p}), cymecrsyer >0, Takoe, uro

dz{g (). g{f (PN <<e, ecan de(y, f(p))<<n n yEf(E)
INockoasKy F senpepuisHo B TOUKE p, cymecTsyer & = 0, Takoe, 4TO
dy (f(x), f(p))<<m, ecnu dx(x, p)<<8 u x€E.

CrepoBarensuo,
dz (h (x)' h (P)) =dz (g (f (x)), g (f (P))) < By
ecaB dx(x, py<< 6 u x€ E. Takum oOpasoM, /# HeNpPepHBHO B TOUKE p, .

4.8. Teopewma. Omobpanenue f mempuuecxozo npocmpancmea X
6 mempuseckoe npocmpancntao Y uenpepwuisio na X moeda u mosvko
mozda, koeda muoxmecmoo [ (V) omapumo 6 X 041 Rawdoeo omrpoi-
mozo muoxecmsa V us Y.

(MpooSpasut O6uiAH onpesenens B U. 2.4.) 3710 oveHb nosMesHoe
CBOACTBO, XapaKTepH3Yiomee HENpepLBHOCTE.

HoxasareascrBo. [onycram, uro f wuenpephsHo Ha X;
nyctb V —orkporoe MHOKeCTBO B Y. Mul JOMKHE NOKa3aThk, 49TO
KaKAas Touka MHOWecTBa [~! (V) siBasercs ero BuyTpenueft Toukofl,
Hrag, nycte p€X u f(p)€V. TNockonsky V OTKpHTO, CyHlecTBYeT
e >0, taxkoe, uto yeV, ecomu dy (f(p), y)<<e, a TaKk Kak | Henpe-
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PHIBHO B TO4Ke p, TO cyuiectByer § >0, Takoe, uto dy (f(x), [ (p))<s,
ecyt dy (x, p) << 8. Takum obpasom, x€f1 (), kak ToabKo dy (X, p)<< 8.

O6patro, HonyctuM, urto MmyoxectBe [1(V) orkpuro B X,
Kakoso Omt HHE Oulic oTKphiToe MHOxecTBe V B Y. 3agduxcupyem
peEX v e>0, u nycrp V-—MuOKecTBO Beex ygY, Takux, uto
dy (1, [ (p)) < e.Torna V oTkpHTO, 3 mO3TOMY H f~1 (/) OTKpPHITO; 3HAUNT,
cymectsyer 82>0, ranoe, wro x& [ (V), KaKk 10apR0 d{p, x) < 8.
Ho econ x €[ (V), 10 f(x)€V, 12K ut0 dy (f (x), f(p))<Te.

JlokasaTenbCTBO 3aKOHYEHO.

OG6parumMcs Teneph K KOMIUIGKCHOSHAUHHIM M BEKTOPHO3HAYHLIM
byrruuAM H K QYHKHHAM, oOFpele/ieHHHIM Ha NOIMHBOKECTBAX
npocTpancTea RE.

4.9. Teopema. [Tyems [ u g-—KoMRAeKCHBIE HenpepbieNbie
Qyrnruun ra smempuseckon npocmpancmee X. Tozda f+g, fg u [lg
Henpepoigntl Ha X.

B nocrejneM cayuae M HOJIKHE, KOHEUHO, MPEANONATATH, 4TO
g(x)=0 npu Beex x€X.

HDoxasateancrpo. B cayuae nsonupoBanuo#l TONKH HOKa3hbi-
BaTh Hewero. B cayvae mnpefesbHON TOYKH YTBeDIKAEHHE Ciedyer
u3.reopem 4.4 u 4.6,

4.10, Teopewma. (a) llyems |, . .., fx—seuecmeennoe gynryuu
Ha mempuyeckom npocmparcmee X, u nycme §—omobpascenue npo-
cmpancmea X & R®, onpedesenroe paseHcrieom

@ =12} ..., falx))  (x€X).

OmoGpaxcenue © nenpepaisio mocda u moAexo moeda, Ko20a
xascdan u3 pynxgud i, ..., fa HEnpepusua,

&b) Ecau t u g—nrenpepoignsie omoOpadicenys npocmpancmea X
8 R* mo f4-g u f-g nenpepwentn na X.

Qyuxuuy [y, ..., fp HaSKBAWTCA KoMnoHenmamy orodpaxenns f.
Ormetum, uwro f4-g—ortobpamenue B R*, Torga xak f-g— eeuje-
cmeennas ¢ynkyua Ha X.

JdokaszaTenbCTBO. YTBepKieHHe YacTH {a) cAeAyeT B3 Hepa-
BEHCTB

. R
I @—LOI<It@—1@ = 31 L@—f 6"
npu j==1, ..., k. Hactb (b) cnegyer u3 {(a) u Teopemm 4.9.

4.11, HpuMepn. Ecau x,, ..., Xy — KOOPARHATH TOYRKH X € R%,
T0 GYHKUHH @), OHpeAeJNcHELI® PABEHCTBAMH

(8) p(x)=x; (XERY),
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HenpepeiBHE Ha R, Tak KaK HepaBeHcTBO
i) —e: (NI x—y]

NOKAZHIBAET, ¥TO B onpefencHuin 4.3 MOXHO nNOAMKHT: OS=e.
QYHKIHH @; HHOTAA HA3HIBAIOTCA KOOPOUHAMHOIMU  (hyHRYUIMUL.

TloBTopHOe npumMenenne Teopembl 4.9 nNOKa3LIBAaeT, YTO KaMAHil
ONHOYICH

{9 XPxGE ., X0k,
TAe 7y ..., Nx— HEOTPHHATCNbHBE LENLie YHC/a, HenpephlBed B R®,

To xe Bepyo B orHomennd dyuxuufi, oTaHyaomuxcs or (9)
NOCTOAHHHM MHOXHTEJNEM, TAK Kak ROCTOAHHLE, OUYEBHAHO, Helpe-

puBib.  CaeposateNbHO, Kamasifh MAorounen P, saZanHuoil paseH-
CTBOM

(10) P(X)=2iCny.,. 0¥0...5%  (XERY),

HenpepuBed Ha R*. 3fecs KOpOHUIMEHTH oy, ... n,, — KOMIL/IEKCHbIE
YHCAA, figy ..., My —HEOTPHUATENBHEE LEABIE YHCAA, 2 CYMMa COzep-
KHT KOHeUHOe 4HCJAO CAaTaeMBiX.

Hanee, BcAkaa panMoHaNbHad OQYRKUUA OT Xy, ..., Xk, T. €,
KaXoe OTHOWIEHYE JBYX MHOrowIeHoB BuAa (10), menpepslBua Ha R"
BCIOAY, IJe 3HAMEHATeNb OTJAHYEH OT HYJA.

Hz HepaBencTBa TPeYrOMbHHKA JIErKO 1OAYYaeM, 910

(11) Hx|{—lylI<Ix—y| (x,y€RY.

3Haunr, oTOoOpaKeHHe, CTaBAliee B COOTBETCTBHE KAKAOMY X
BEMHHY [X{, fABAAETCA HempepuBHO# BeulecTBeHHoll dyHKUKeR
Ha R*.

Ecan § — HenpepriBrOE 0TO0paKeHye MeTPHYECKOro npocTpancTea X
B n]JOCTFaHCTBO R* u ecan ¢ onpefeneHo Ha X paBeHCTBOM
¢(py=|T(p)|, TO U3 TeopeMm 4.7 cieayeT, uTO @ — HeNpepLBHAA
BeltlectBenHan ¢yukuns Ha X.

4,12, 3ameuaHHe. Mbl ONPEAC/NAN NOHSTHE HENPEPHBHOCTH
ansg QyHKUHH, 3ajaHHBIX Ha nodmnomcecmsee E MeTpHyeckoro mpo-
crpanctBa X. OnHako RonofHeHwe MHOXecTBa E B X He urpaer
HEKaKofl POAH B 3ITOM ONPEACHCHHH, B OMIHYHME OT OlpejeneHus
npejesios QYHKUMHE, TeM caMbiM MEI MOXKEM TOBOPDHTL O HENpPEPHIBHHIX
OTOOpaKeHHSX ONHOTO MeTPHYECKOro NPoCTpaHcTBa B gpyroe (a He o6
OTOBPaXKEHHAX NMOAMHOMKECTs). 3T YNpomaer (OPMYJNHPOBKE H JAOKa-
33TENLCTBA HEKOTOPHX TeopeM. MH yiKe BOCHOJNB30BAAHCL 3THM
B TeopeMax 4.8—4.10 B GyneM NOCTYnaTs Tak Xe B pasjeax,
HOCBSIIEHHEIX KOMNAKTHOCTH M CBA3HOCTH.
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Henpepusnocrs Y KOMOAKTHOCTD

4.13. Onapeaenenne. Orobpaxenne ¥ maoxecrsa £ B mpo-
CTPaHCTBC R HABHIBACTCA 0ZPANUYEHNbIM, €CIH CYLIECTBYET Beime-
cTBernoe yucao M, raxoe, wro [¥(x)|<M anm scex x¢E.

4.14. Teopewma. Mycme [—nenpepesnoe omobpascerue KoM~
NAKMHO20 MEMPULECKOZ0 RPOCIPARCMER X 8 MempuHecKoe npocmpan-
cmao Y. Tozda mnomecmso f{X) xomnaxmuo.

Hoxasartenserso. Ilyers {V,}- OTKpuTOE TMOKpHITHE MHO-
xectBa f{X). ITockonpky f HenpepniBHO, Teopema 4.8 mnoxasuiBaer,
910 BCce MBOmecTBa [ (Vi) OTKRpHTH. Tak Kak X KOMIAKTHO,
HMeeTCH KOMeWHL HABOD HHUJEKCOB Wy, ..., Oy, TaKo, uTo

(12) XS Val - Ui (Va,)-
Tockoabpxy f(f*(E))~=E npu kaxaom EcY, us (12) cne,u‘yer, qTo
(13) fX)=Val...UV,,

JoxazaTenbCeTB0 SAKOHYCHO.

3amenanke. Mul Bocnons3osanuck cootHowenueM f(FL(EN=E,
Kotopoe pepHo npu £ Y. Ecm Ec X, TO MOXHO YTBEepXKAATH
mumb, uto f71(f (E)) > E; pasenctea MoxeT #4 He GuTb.

Busenem Tenepn HEKOTOpHIC CAEACTBUS H3 TeopeMH 4.14,

4.15. Teopema. Ecau t—nenpepoistoe omobpaxcenue Kom-
naKmKo20 Mempuxeckozo npocmpancmsa X & npocmpancmso R*, mo
muoxcecmeo ¥(X) samxuymo u oepanuseno. Taxum obpasom, omo-
Gpaxenue § ozpanuseno.

970 caeyer u3 Teopemid 2.41. DToT pesyspTaT 0COGEHHO BaKex
TOTA2, KOTA3 [-—BellecTBeHaR QYHKIHS.

4.16. Teopewma. Tycme f— nenpepoigran eewjecmsenran Qynk-
HUR KA KOMRGKMHON Mempuweckom npocmpancmse X u

(14) M=sup f(p), m=ini [(p).
reX PEX

ch;eda cywecmeytom mouku  p, g€ X, maxue, wmo f(p)=M
u flgy=m.

HaveHusa B (14) umelor caeayomudt cmoica: M—pepxrasn
rpant MHOMECTBAa Beex suced f (p), KorRa p npoGeraet X, a m-—- HHXK-
HAA TPaHb STOrO UHCAOBOD MHOXKECTBR.

YTBepKAeHHe TeopeMH MOXHO CHOPMYJARPOBATb H TaK: cyiye-
cnw%ram mouku p u q 8 X, maxue, wmo [(9)<f(x)<F(p) dan ocex
xCX, 7. . ¢yugnoHsa [ NOCTHTEET CBOEro MAKCHMYMa (B TOUKe p)
H MAHHMYMa (B TOUKe ¢).
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JdokaszareascTso. [lo teopeme 4.15 f{X)—orpansueHHoe
H 3aMKHYTO® MHOXKECTBO BEINECTBEHHWX 4Hcea; 3Haumt, f{X) coaep-
3HT CBOIO BEPXHIOI0 H HHXHIOI rpaan (reopema 2.28).

4,17, Teopema. Hycme f[—rnenpepoisnoe esaumno 00HO3HAY-
HOE OMOGPAdICEHUE KOMNGKMHOZ0 Mempudeckozo npocmpancmea X
na mempuueckoe npocmpancmeao Y. Toz0a o6pamuoe omobpasenue [,
onpedesenroe HA Y PABEHCINEOM

=2 (xeX),
ecms Henpepeigioe omobpascenue muomecmea Y na X.

HoxasateascTro. [lpuMenss rteopemy 4.8 x f1 Bmecro f,
MBI BHAEM, YTO JOCTATOUHO AOKa3aTb, 4Te f(V)—orkphiToe MHOXe-
cTe0 B Y 119 xaxjoro otkpeitoro B X MHOKecTBa V. 3adHKcH-
pyeM Takoe MEOmecTRO V.

Iononnenne V¢ muoxectsa V 3amxuyro B X H, cJAeA0BaTe]bHO,
KoMnakTHo (TeopeMa 2.35); amauur, f(V°)—KoMnakTHO® NOAMHOMKe-
¢TBC MHOMecTBa Y (Teopema 4.14); nosTOMY OHO 33MKHYTO B Y
(reopema 2.34). Tlockoabky f BsammMuo ofnoOsHauHo oToOpawaer X
Ha ¥, mnoxecteo f(V) coBnagaer c mononHeHneM MHoxectsa f (V).
dnavur, f{V) oTKpBITO,

4.18. Onpepenenue. [Iycte f-—oroGpaxkenne MeTpHULCKOTO
npoctparcTea X B MeTpHueckoe RpocTpaHcTBo Y. Mu Gymem roeo-
pHTh, UYTO oOTOOpakeHHe [ pasnoMepno nenpepsieno Ha X, eclu
ang Kaxgporo &0 cymectsyer § >0, takoe, 470

{15) de (f(p) F(g) <2

148 Beex p u ¢ us X, AN Kotopux dx(p, ¢) << &,

[MocMOTpHM, ueM OT/IMYAIOTCS NOHATHA HENPEPHBHOCTH B PaBHO-
MepHOR HenpepbipHOCTH. Bo-neppeix, papHOMepHas HenpephiBHOCTh
ecTb CBONCTBO (YHKUMH 1la MHOXeCTBe, TOTld KAk HeNnpepLiBROCTH
MoxeT ObITb onpepescHa B ofHOH TouKe. DBecemsbicnenno cnpawm-
BaTh, sBAfETCS JH  JaHHaA GYAKOAA DABHOMEPHO HenpepLiBHOH
B HexoTopoi Touke. Bo-Brophix, ecnw [ menpephlsHa Ha X, TO
AAA Kamporo e>0 M AnA Kaxkjofi TOUKK p MHOXeCTBA X MOXKHO
HafiTH wHcAo 6 >0, obnagaromee cBONCTBOM, YKa3aHHRIM B Onpene-
genun 4.5. 270 & sasmcur oT & u om p. Ecan Xe f pasHoMepuo
Henpepuisua Ha X, TO A1 Kaxaoro €>>{0 MOXHO HafiTH 00HO 4HCAO
"§=>0, KOTOpoe TOXHTCH AAR 6CCX TOUYEK p MHOXKeCTBa X.

OueBRJIHO, KaXK1as DPABHOMEPHO HenpepuiBHas (yHKuMA Henpe-
peiBHa. B cAyuae KOMNAKTHHIX MIOXKECTB 3TH JBa MOHATHH, KaK
MOKA3KLBaeT CAeIYiolnas TeopeMa, PaBHROCHAbHBL

419, Teopema. ITycme [— nenpepoigroe omoOpadxcenue KOM-
RAKMHO20 MEMPUNECKO20 NPOCIPARCMsa X 8 Mempuueckoe 1pocmpar-
cingo Y. Toeda | pasromepro nenpepoisro Ha X,
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JdoxasateanctBo. Ilycth € > 0. [lockoasky f menpepuiBHO,
Kaxjofi Touxke p € X MOXKHO CONOCTABHTH NMOJOKUTENLROE HHCO (),
TaKoe, 4To

(16)  ecan gEX, dx(p, )<9(p), 10 de (f(p), FlON <.
Ilyers J (p)—mMHOXKecTBO Beex g€ X, I KOTOPHX
(17) dx (p, 9) <5 9(p).

Ilockonsky p€J(p), cemefictBo Bcex MHoXKecTB J(p) ofpasyer
OTKPHITOE MOKPHITHE NMPOCTPAHCTBA X, @ NOCKOABKY NMPOCTpaHCTBO X

KOMNAKTHO, B HEM HAAACTCA KOHEYHOE MHOMKECTBO TOYEK Py, «..y Pny
TaKoe, uTo :
(18) X<I(p)U... UJ(pn)
Toaoxsm
1
(19) S=7 minfp(p), ... 9 (Pa)l.

Torza 6>> 0. (MmerHo 3pech CYIECTBEHHA KOHEMHOCTb NOKpPH-
THA, YNOMHHAEMOrO B ONIpeAEJICHHH KOMIAKTHOCTH. MHHHMYM Koueu-
HOT'Q YHCHA MTONOWHTENbHBIX 49HCEN MOJONKHTEACH, TOTIA KaX BHXKHAA
rpaib GECKOHEYHOr0 MHOMECTBA NOJOMHTENLHBIX UHCE BNOAHE MOXKET
OKasaTbCA pPaBHON HY.JO.)

Tlyerb - Temepr ¢ B p—ToukM MHOKecTsa X, Takse, 4TO
dx(p, §)<< 6. Cornacao (18), cymecrsyer uenoe m, 1. m< n, 1aKoe,
yto p€J{(pm). 3unaumr, :

(20) dx (0, Pm) <5 @ (Pm)
H, KpOME TOro,

ds (. pm)dx (Py @) +dx (P Pm) < 8+ 5 @ (Pm) P (D).

Hakownen, w3 {16) cneayer, ato Toria

dy (F (), FiaN<dr (F (D), [(pm))+dz (F(g) f(Pm))<e.

JloxasaTenbCTBO SAKOHYEHO,

Zpyroe RoKa3aTe/IbCTBO HAMEUEHO B ynpamueumu 19.

Tenepy Mb nepefifleM K ZOKa3aTeNLCTBY TOrO, HTO KOMIAKTHOCTH
CYHMECTBEHHA B NPERNONOXKCHHRX TeopeMm 4.14, 4.15, 4.16 u 4.19.

r 46.20. Teopema. ligcme E—uekomnagmuoe muomecneo ¢ RL.
02da
(a) cyryecmeyem Heozpanudennan ynkyus, Henpepbienas ka E;
(b) cyugecmeyem oeparuvennan ¢ynxyus, Henpepoignas ra E,
NE UMEIOWaR MAKCUMYMA,
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(¢} Ecau, xpome moeo, mroxcecmso E oepanuseno, mo cyuiecmayem

Henpepoisran Ma E (QYrKLUR, Ke RBARIOUAARCR DPABKOMEPHO Henpe-
puisHoti.

"HlokasareabpcTBo. [lonyctuM chayasna, %ro E orpasnueHo,
TaK YTO CYWeCTBYeT NpeAesbHas TOYKA X, MHOXecTBa E, He COpep:Ka-
masca B E. .

PacemorpiM  $yRKUHIO 1
(21) f=;—5  (x€B)

Ora dyusuusa HenpephBHa Ha E (Teopema 4.9), HO, OUEBHAHO,
He OrpaHMyeHa. YOeaumca B ToM, uTo dyHkuus (21) ne geagercs
pasHoMepro HenpepuiBHOH. Ilyets e>>0 m §>>0 npoussoabsm.
Buepem Touky x€ E, Takyio, uTo |x—x,| << 8. B3as { gocratouno
GIM3KHM K Xg, MH MOXeM ClenaTh pasuocTb | f({)— f(x)| Goabure e,
x0T |#—x|<C§. Tlockoabky sTo sepwo npu moGoM 8 >0, ¢yuk-
uHs f He aBasercs papHOMEpHO HenpepuBHOA Ha E.

QyHxuua g, 3afaHHAA PaBeHCTBOM

(22) == (*€E),

HemnpepuBya Ha E B orpamuuena, tak kak 0 <C g(x) << 1. deno, uro
sup g(x) =1,
xcE

Toraa Kak g{x)<C1 mpu Bcex x€E. Takum o6pasoM, g He HMeer
MakcHMyMa Ha E.

Hoxasap reopeMy JAs OTpaHHYEHHHX MHOXKecTB E, mpeanonoxus,
uro E ne orpanmmveno. Torpa ceoilctBo (@) Bemoausercs AJMA PyHK-
uHe f(¥)=x, a cBoficTBo {b)— fan QyHKUHKH

(23) B)=rim  (€E),
TaKk Xax

sugh(x)=1

x€

" h(x)<1 mpu Beex x€E.

YTBepxAenue (C) HeBEPHO, €C/H HE NPEANOAaraTh, HYTO MHOXKe-
ct80 E orpamauexo. [eficrBurensHo, nycTs E—MHOXKECTBO Beex
uensix uucer. Torja sobas dynkuus, sagansas Ha E, paBHOMepHO
uenpepuBua Ba E. Yrto6m yGeAHTLCA B 3TOM, BYXKHO BCErO JHIIL
B3ATb 0<<1 B onpenenenun 4.18,

B sakmovense storo pasjesa Mel NOKAKEM, YTO KOMNAKTHOCTD
CYIIECTBEHHA TakXe M B Teopeme 4.17.

4.21. I1puwmep. Ilyers X —mnoayunrepsan [0, 2x) BemecTeennoft
ocE H nycts f—orofpaxenne muoxecrsa X Ha okpyxHocTs Y,
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COCTOMNYIO 3 BCEX TOUEK, YAAJeHHWX OT Hayajla Ha paccTosHue 1,
3aflaHHOE PABEHCTBOM

(24) f(t)=(cost, sint) (0<{<2m).

HenpepuBHOCTE TPHMOHOMETpHuECKRX QyHKuul (KOCHHYca H CH-
Hyca), Tax e KaK H MX OepHOAMYBOCTh, GyAyT YCTaHOBJIEHH B IJ1a-
Be 8. [lpuunman >TH QakTHl 6e3 AOKa3aTeaLCTBA, JErko BHAETb, UTO
i-—?_enpepbmnoe B33HMHO OJiHO3HayHoe OTo0pa)KeHHe MHoXecTBa X
Ha Y.

Onnako ofpatHoe oTofpamenne (KOTOPOE CYIECTBYET, TAK Kak
f p3auMHO ommnozHAuHO oroGpamaer X wa Y) He HeNnpepHBHO B TOY-
ge (1,0)=1(0). Koneuso, B 970M npumepe X wHe koMnakTHO. {JII0G0-
NeiTHO, 4to §' He HenpepLlBHO, HeCMOTPA Ha TO, 4T0 Y Komuakrtio!)

Henpepuisnocth ¥ cBA3BOCTD

4.22, Teopema. Ecau [—nenpepoienoe omobpasceriue cea3H020

mempuyeckozo npocmpancmea X e mempudeckoe npocmparcmeo Y,
mo muoxcecmeo f(X) cesano.

Hoxasarteabcrso. Ecma f(X) HecBA3HO, 10 CyIECTBYIOT
OTKpHTHE Hemepecekawompeca Muoxkectea V u W B VY, o6a mnepe-
cekatomprecs ¢ f(X} n Takue, uro (X)) WUV, [lockoavky f
HenpeputBHO, MHoWectBa [ (V) # (W) orkpurn B X; oHH, Oue-
BHJIHO, HEMyCTH M He NepecekaloTcs, a HX olbejHHeHHe paBHO X.
Ho ato snaumt, 4to X HeCBASHO, BOIPEKH NPENTOI0XKEHHIO,

4.23. Teopewma. ITycmo [—Huenpepoisran eeujecmeennas gyns-
yua na ceemenme [a, b). Ecau f(a) << f(b) u ecau c-—maroe uucao,
amo [(a)<<c<<f(b), mo cyuecmsyem mouxa x¢€(a, b), maxan, wmo
flx)=c.

AHaJIOTHYHOE YTBeDMJEHHE CHpaBEeAsNHBO, PasyMeercs, M TOrjaa,
koraa f(a)>>f(b). I'py6o rosops, sta Teopema 03HayaeT, YTO Henpe-
pLIBHAY BelileCTBEHHAA (PYHKUHA NPHHUMAeT Ha CErMeHTe BCe Npo-
MCKYTOUHBE 3HAYECHHA.

HorkasateancrBo. Tic Teopeme 2.47 cerment [a, b) cBasen.
3nauut, no Teopeme 4.22, f(la, b])— cBA3HOE NOAMHOXKECTBO mpo-
cTpancTBa R, H ocraercs eime pas cocnaTbes Ha Teopemy 2.47,
4ro0bl Hauie yTBEPWACHHe GbIIC AOKA3AHO,

4,24, 3amMevanue. Ha nepsril Barisg MOXeT nNokazaTbes, UTO
BepHa TeopeMa, obpaTHas K Teopeme 4.23. HMuHaue robops, MOXHO
HOAYMAaTb, YTO eCJH JAMA JIOOHX ABYX TOUEK Xy <7 X, H A8 Juoboro
uncaa ¢, Jexamiero Memay f(x;) v f{xy), Haliferca Touxa x € (¥, X»),
TaKas, uT0 f(¥)=c¢, T0 QyHKOHS [ JomxKHa OHITL HeNpepHIBHOM.
Onnaxo npumep 4.27 (d) noxasniBaeT, uTO 3TO He Tax.
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Paspuisn dynxumit

Ecan x-—Ttouka u3 obaacTi onpejeneras GyHkuuu f, B KOTOpOk
9T4 QYHKUMA He HABIAETCA HeNpepuBHOX, TO Ml GyZeM TOBOPUTEH,
4t0 f paspuiena B X WIAH uTO [ umeem paspoig B x. Ecau ¢yHk-
KHs [ onpefesieHa Ha HHTepBaJe HAM Ha Cermenre, TO YAOSHO Bhile-
JHTb pasphlBH ABYX THNOB. Tlpexkae weM NMpOH3BECTR 3TY Khaccndwu-
KALHIo, M JOJIKHB ONPENCNHTh RPAsOCMOPONKUGE H A€80CMOpOHKILE
npenessl GyEKLEHE f B TOYKe X, KOTOPRIe M6 0603HaYAM COOTBETCTBEHHO

uepea f{x+) u f{x—).

4.25. Onpenenenne. Ilycts pyukuua f onpenencna Ha umeg—
Base (@, b). PaccMoTpuM Mmo6yi0 TOMKY ¥, TaKylo, 4T0 a<x<b.
Mu 6yaem nHCaTh

fle4d)=q,

ec/ f(f)—>q NP n—> oo U BCEX TOCAeAOBaTeAbHOCTER {f,},
cojiepamuAxca B KATepBane (x, b), Takux, 910 {, —> x. Y1olH Noay-
9uTE onpeaencHue mpejena f(x—) (B cayyae a<x<b), mH orpa-
HHYHMCH NOCJae0BaTebHOCTAME {f,)}, coaepxawmumuca B (a, x).
fico, uro B mioGof Touxe HHTepBata {a, b) mpeaen iimf(t)
-+

CYLeCTBYET TOrZa H TOMLKC TOrjma, Korja

fet)=flx—)=limf ().

4.26, Onpeneaenue, [IycTe QpyHKuHA f onpeaencHa Ha HHTED-
Bane (@, b). Ecan f paspeiBHa B Touke X B ecaM f(x+) K f(x—)
CYWIECTBYIOT, TO IOBOPHAT, 4TC [ FAMEET B TOYKE X DpaspbiB - nepeozo
poda, nau npocmoil paspsis. B npoTUBHOM CJyYae Pa3puB HASbiBAeTCH
paspriBoM 8mopozo poda.

BosMOXHH JRe pasHOBHRHOCTH TPOCTHIX  pasphiBoB: JHGO
f(x4+)s=Ff(x—) (p sTOM cnyuae sHaueHne f{x) HecyilecTBeHHO),
a0 flxd)=Ffx—)==f(x)

4.27. lipumepn. (g) Noaoxam

[l (x paumonanibHO),
=10 (* mppanmoHasBRO).
Torpa f EMeeT pasphiBli BTOPOTO POoja BO BCEX TOUKAX X, Tak

KaK WK f(x-}-), a1 f{x—) He cymecTRyiOT.
(b) TNonoxum .

x (x panuOHaJbLHO),
0 (x uppaumomanbko).

f'(x)={
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Torpa { HenpepriBHA B ToUke Xx==0 H HMeeT pasphBM BTOPOrO
poAa BO BCEX OCTAAbHHX TOYKAX.
(c) Tlonoxkum _
X+2 (—3<<x<<—2),
f()=) —x—2 (—2g2<C0),
-2 (0<xe<<1)

Toraa f umeer mpoctofl paspeis B Touke x¥=0 §m AenmpephiBHAa BO
BCEX OCTAALHHMX TouKax HHTepBanaa (—3,1).

{d) Nonoxum
F () = { sin lx (x=£0),
0 (x=0).

Hockoawky mu f(0-}-}, ra f{0—) He cywmecreywr, yHRuma f
HMEeT pasphiB BTOPOTO pofia B Touke x==0. Mul eyie He ROKa3aJH,
4TO $in x— HenmpepbiBHan (yEKuma. EcaM cuHTaTh 3TO yTBEpKIEHHE
BEpHLIM, TO H3 TeopeMmbl 4.7 clefyer, uro [ HenpepbiBHa B Kam[oH
TOuKe X %0,

Mouorotnnie dyuxuun

Tenepe Mu wsyunM QyHKUME, KOTOpHE HMCZE He YGHIBAIOT (WM
HHTAE He BO3PACTAIOT) Ha LAHHOM HHTEDBasne, ‘

4.28, Onpegenenue Ilycte f—RemecTseHsas ¢QyHKIMA Ha
HuTepsaje (a, b). Topopar, uro | monomonno eoapacmaem wna (a, b),
echH TPpH A< x < y<Ib mMeeM f(x)<f(y). Obpawmasa nocnaeanee
HEPaBEHCTBO, MH TOAYUHM ONpelcJeHRE MOHOMOHKO yOoieawtiel
Oynkuun. Kaacc MOHOTOHHRX QYHKEWA COCTOHT H3 yOLIBAOMMX ¥ H3
BO3pacTaomHX (yHKIui.

4.29. Teopema. MTycmo f MOHOMORKO GO3pacmMaem Ha unmep-
eane (a, b). Tozda f(x+) u f(x—) cywecmsyom & Kawdoii mouke
x€(a, b). Tounee,

(25) sup f(t)=F(x—)<f()<F(x4)= inf f(#).
act<x - x<t<h

Kpome mozo, ecau a<x<y'<b, mo
(26) fx+)<f(y--).

AnanornuHele pesy/nbTaTh, OUEBHAHO, BepHH M XIS MOHOTOHHO
yOuBalOWHX PYHKUHN.

Hoxasateancrso. [Io npesnosoeHuto, MHOKECTBO HHCEN
f(), rae a<f<Ix, OrpaHuYeHo cCBepxy umcaAoM f{r) u moTOMy
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HMEeT BEDXHIOIO Tpanb, KOTOpYI0 ME obosHauuM uepes A. Ouepnjno,
ute A< f(x). Mu DomkHH nokasatb, yTo A= f(x—).

Iycry sapaso e>>0. M3 onpenesenks uucna A caepyer, 4T
cymecTsyeT aucac 8 >>0, Takoe, T g<{x—8<Cx W

27) A—e<<f(x—8)<A.
TockonsKy f MOHOTOHHA, HMeeM
(28) Fla—8<fH<A  (x—b8<t <x).

Kom6unnpys wepasenctsa (27) u (28), Mol noaydaem
[Ft)—Al<<e (x—0<Ti<<x).

3uaunr, f(x—)=A.
Bropaa wacte Hepasenctna (20) NOKA3HBAETCR TOMHO TAKHM e
cnocofomM.

Hanee, eco a << x<Cy<<b, 10 H3 (25) caepyer, 4TO
(29) flx4)= ini j()= ini [().
x<d<b xaTtly

[Tocaepnee paseHCTBO NOJAYYHTCH, €CaH npuMeHHTs (25) K {a, ¥)
smecTo (@, b).
[MopoGutM xe obpazoM

(30} fy—)= sup f(£)= sup f(t).
a<by xb ety

Cpasrenme paseHets (29) u (30) jaer uepaseHcTso {26).

CanencrBue. Monomownan $ynkyus He umeem paspsieos emo-
poeo poda.

M3 sToro cieicTehsA BbiTeKaeT, YTO MOROTORHas (YHKUUA MOMKET
MMETh PASPHIBH TOALKO B KOHEUHOM HJAM CUETHOM MHOXECTBE TOYEK.
BmecTo TOro urofml cocnatbed Ha oGmMylo TeopeMy, A0KA3aTeNbCTBO
KOTOpPOii HAMEUEHO B YNpaxKHEHHH 4, MH JaHM 3jeCh TPOCToe
IOKa3aTe/IbCTBO, NPHMEHHMOE K MOHOTOHHBIM (YHKIMAM,

4,30, TeopeMa. fTycmo Pynryus | MOROMONNG NG uHmMepease
(a, b). Tocla muomecmso mouex unmepeasa (a, b), & xomopsix f
paspuisra, ne boaee 4eMm cHemwo.

HoxasarteancTso. JonyeremM paa onpepeaedHocTd, 410 f
BO3pacTaeT, H NycTs E—MROXKECTBO TOUEK, B KOTOPHX [ pasphiBHA.
Kaoli TouKe X€E CONOCTABHM pAamHOHAJNLHOE YHCAO r (X),

TaKoe, 4TO
fl—)<r(x}<f(x+)

Acuo, uTO r(x) 5% r(x;), €CAN X %5 X,, TaK KaK NpH Xy <TX; MH
umeeM f (x4 )< f(xa—).
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TaknM ofpasoM, YCTaHOBJMEHO B3AHMHO OfHOSHAUHOE COOTBETCTBHE
MeXJY MHOKecTBOM E N MOAMHOXECTBOM MHOXKECTBA BCeX paliHO-
Ha/lbHHX YHces. 370 NocJejlHee MHOXKECTBO, KAK Mbl SHaeM, CYETHO.

4,31, 3ameuanue. Hyx#o orMeTHTB, UYTO TOUKH pasphiBa
MOROTOHHOH (YHKIIMH He o0s3aHbLl OHTh MSONHpOBaENbWMH. B camom
Jefie, ans Jo0oro CYeTHOTO NOAMiOXecTBa E wHuTtepBana {(a, b),
KOTOpoe MOXKeT OhiThb Jake BCIOAY NAOTHBIM, MOXHO I[OCTPOHTh
dyuxkuio f, MoHoTOHHYIO Ha (a4, b), MMeWIRYIdD pasphB B Kaxioft
TOYKEe MHOKecTBAa £ M HENpEpHIBHYID BO BCeX OCTaJNbHHX TOYKax
nHTEpBaJsa (a, b).

To6H IOKa3aTh 3TO, PACTONONHM TOUKH MuoiKectsa E B nocne-
nopatenbhocts {x,}, n=1,2,3,.... Tlyers {¢,})—nocaefioBaresnn-
HOCTb TOJNOMHTE/NLHBIX MHCEN, TaKasf, 4YTO PAA D) Cp CXORUTCH.
Tonomum

(31) fx)= 2 e (a<<x<<b)
Xpaln

Hns BuuHcAeHHA 3TOfl CYMMBI RYXKHO CJIOXKHTH BCE Cn, HHJCKCH
KOTOPHX TAKOBH, 4TO X, < X. ECAM cieBa OT X HET Touek Xn, TO
CyMMa mycTa M, cJeiys OOLUHOMY COTJAIUCHHIO, MW CYHTaeM ee
papHoil Hymo. Ilockoapky pan (31) cxoamrea abcomorno, NOPAAOK,
B KOTOpPOM BRIKCRIBAOTCHA €70 HYJEHH, He CYICCTBEH.

Mu npepocraBaseM uUuTaTeNi0 TNPOBEPKY CJEAYOUIHX CBORCTB
¢yHkuay f:

(a) f moroTOHHO BOspacrtaeT Ha (@, b);

(b} f pasppiBHa B KaxjoH Touke MHOMecTBa E; NefiCTBHTEABHO,

F@n A )= (o — ) = a3

(¢) f HenpepoiBHa Bo BCeX OCTa/bHHIX TOUKaX HHMTepRajia (a, b).

Boaee Toro, HeTpYARO BUIETD, ¥T0 f(x—)=f(x) BO Becex TouKax
uutepsana (a, b}, Ecnu dyHKuEa | yAOBIeTBOPSAET 3TOMY YCJOBHIO,
TO Mbl OyJeM rosopuThb, YTO OHAa HempephisHa cJeBa. Ecau O B (31)
CYMMHpOBAHHE NPOH3BOZHJAOCCH N0 BCEM HHIEKCaM n, NJA KOTOPHIX
Xn <X, TO MH HMeaH Ou f(x-)=f(x) Bo BCcex TOUKax HuHTEpBaJa
(@, b), 7. e. [ 6ulna OBl HempepwBHOH crpasa.

DyHKHKEH TAKOrO THNA MOXHO CTPOMTHL H JADYTHM METOJOM; NpH-
Mep MATATeJNb HalljeT B ynpaskHeHWH 5 ri. 6.

BeckoHedHhle npefeasl H Opefedsl B GeCKOHEUHOCTH

Yro6nl MMeTb BOSMOMKHOCTL AeHCTBOBATH B PACHIHDEHHON CHCTeMe
BEllleCTBEHHLIX YHCed, Mbi PacIlMpHM paMKi onpejenenus 4.1, chop-
MYJHPOBAB €r0 B TEPMHHAX OKpecTHOCTel.

Jas moboro BEeHMIECTBEHHOTO YHCHA X MB! y2Ke ONpe/eIHH OKpecT-
HOCTh X Kak JnoGofi wHTepsan Buja (x— 6, x + 6).
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4.32. Onpepenenne. Ilpu moGoM BelleCTBEHHOM ¢ MEGKECTBO
BCEX BellecTBeHHBIX UHCEJ X, TaKWX, UTO X > C, HashiBaeTCd OKpecT-
HOCTRIO TOUKH - co K ofosxawaerea (¢, + o). AHAJAOrHYHO, MHO-
HECTBO (— o0, £) HAILIBACTCH OKPECTHOCTHIO TOUKH — 0O,

4.33. Onpenenenne. Ilycts BellecTBenHada GyHKOuA [ onpe-
Aenena Ha MroxectBe E. Mur Oypem roeopuTh, 4TO

f(6)—A npu i—x,

rae A M x npEHAANEKAT pACIIHPEHHOR CHCTeMe BellieCTBOHHBIX 9HCe,
ecau aast Jobofi oxkpectHocTH U TouKH A cyliecTByeT oKpecTHOCTE V
TOUKH ¥, Takas, uyr0 MHoxkecTBO V) E Henmycro # f(f)€U npu Bcex
teEVNE, ts4x.

Hecsoxnoe paccyXienne T0KasHBaeT, 4TO 3T0 Onpejelienue
coBmajaeT ¢ onpenencnHeM 4.1, korga A H x BelleCTBEHHH.

Anpajmor teopemMel 4.4 cnpaBeAnHE M B .TOM CAyuae, H B €ro
AOKasaTeNbCTBE He NOABAAECTCA HHYero Hosoro, Mbl cdopmyaupyem
€ro pajgH MNOJMHOTH.

4.34. Teopema. Hycme f u g onpedesenet na E. Honycmus,
#mo

fty—=A, g@{)—B nput—x.
Toz0a
(@) ecau f($)~> A", mo A'=A4,
) F+a)(t)— A+ B,
(c) (fg) (1) — AB,
(d) (f/g)(t)—A/B,
ecau npaswe wacmu 6 (b), (¢) u (d) umerom cmbica.

Hanmomunm, uro o —o, 0.0, /oo, A/0 He onpeaeasanHcs
(cm. ompepenenne 1.39).

Ynpamuneuns
I. Jokasate, 4T0 {yHKUHA [, 3aJaHHAs paBeHCTBOM

f(x)={ xsin-l; {x 5% 0),
0 (x =0},

HenpepulBHa npu x==(0. Hapucosates rpaduk 3Tolt dyHKiHEY.

2, Nyers [x] ofosravaer mHauboapliee W3 LEJEIX UHCEJ, HE npe-
BOCXOISIILMX YHCAA X, T. €. [x}-—TaKoe UeJoe YHCIO, 9TO0 x—1 <
< [xf<< x; nyeTh (x)==x—[x] ofozHauyaer ApoGHYIO MaCTb 4HCJHAZ X.
Kakne paspuiBbl HMelOT QyHKnuH [x] ¥ (x)?
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3. TlycTh f— BelliecTBeHHAsA PABHOMEDHO HeNpepuiBHAS (QYHKUHS
Ha orpannueHHoM MHoxkectse E B RY. Jlokasare, uto f orpamuuena
Ha E,

4. Tlyetb f--Bemectsennan ¢GyHKUMA, sajaHHad Ha {a, b). loxa-
3aTh, YTO MHOXECTRO TOYEK, B KOTopHX [ HMeeT npocToll paspus,
He Gonee 4eM CHETHO.

Ykasanue. Tlycte E —MHOXKecTBO, Ha KoTOpoM f{x—) << f (x4 ).
Kaxnoli Touke x MHOMecTBa E comoctasuMm TpoRky (p, g, r} pauHo-
HaJBLHHX 9HCed, TAKHX, YTO

@ flx—)<p<<flx+)
() npu a << g<tt<<x umeem f{f)<p,
(c) npu x <{ << r<_b umeem f{t)> p.

MuosxecTBO Bcex TaKHX Tpoek He Gosee ueM cyertno. flokasath,
YTO0 KaxJof Takofl Tpofike oTBeuaet He foJjee OAHOH TOUKH MHOMKe-
crBa E. TlonaobupiM obpasom cheflyeT AeficTBOBaTh H B CJy4ae APYrux
THMOB NpPOCTOTC Pa3pHBa.

5. Kaxjoe paumoHaNnbHOE YHCAO X MOXKHO 3aNdcaTb B Buje
x=mfn, the n>>0, m U n—B3aHMHO npocThe Hesbie yucaa. Ecau
x=0, 1o Mbl nonaraeM n=1. PaccmorpuM ¢yHkUMIO f, sajanuylo
Ha R! paBeHCTBOM

0 (x HppaUHOHANEBHC),

0= L (e-2)

Hokasath, 4To [ wenpephBHA B KaMAOH HpPPAUMOHANLHOHA TOUKe
H HMEeT NPOCTOH PaspHiB B KamA0# pauHOHA/ILHON TOUKe.

6. Ilycrp f[—bBemiecTBeHHas HenpephlBHAs YHRUHSA, 3ajadHas
Ha 3aMKHYTOM MHOXecTBe E < RY, Jloka3aTh, YTO CYINECTBYET Henpe-
pwBHAA BeulecTReHHas QyHKuHA g Ha R, rakas, wro f(x)=g(x)
mpH BeeX X € E (Takad (yHKUHA Ha3HBaeTCH HenpepuisHoim npodoice-
Hues Qynknnm f ¢ mHoxectBa E ma RY). [lokazathb, uto pesyabtar
nepecTaeT ORTb BEPHBIM, €C/IH ONYCTHTh NPEANOAOKEHRE 3aMKHYTOCTH,
PacnpocTpanurs pe3yssTar H2 BEKTOPHO3HSYHLlE (YHKILHH.

Vxasanue. Tpadurk bYEKIEH g— NpsMoHEeRHbl OTPeaoK Haj
KaJbM M3 HHTEPB2JOB, COCTABJAMIOMINX JONOAHeHHe MioxecTsa E
(cp. ¢ ympaxuenuem 15, ra. 2). PesynnTaT ocTaercs BepHLIM, ecau
R' 3amenntb N06LIM METPHYECKHM NMPOCTPAHCTBOM, HO JOKA3aTEILCTBO
y¥Ke He TaK Mpocro.

7. Ecau $ynruua f onpeneneHa ua E, to rpadmkouM f nasnisaeTca
MHOXecTBO map (x, f(x)), rae x€ E. B wacthocTH, ecau £ — Muo-
KECTBO BEUIECTBEHHLIX unces, a OyHRuuA [ BewlecTBeHHa, TO rpadu-
KOM [ CJYXKHT HEKOTOpOe NOAMHOKECTBO HJACCKOCTH.

HonycteM, yto E komnakrHo. [okasaTs, uTO f HenpepuBHA Ha F
B TOM H TOJBLKO B TOM CJIy4ae, KOTAa €e TpadHK KOMNaKTeH.



110 2. 4. Henpepwsnocme

8. Ecin Ec X, a f—¢ypruud, 3agannas Ha X, TO cyscenues |
#a E wasbiBaeTcs GyHRUMSA g, onpesiesieHHasn Ha MHOKecTBe E 8 Takasd,

yro g{p)=7F(p) npu p€ E. 3ananam B R* dyuxruue f v g pasen-
crBamu: £ (0, 0)=g(0, 0)=0,

fee, P =xflP+ o), g (%, 9) = x5°(6*+ o)
npu {x, y)5=(0, 0). Horasare, 4ro [ orpannuena Ha R% gm0 g
He orpanndena B moboh oxpectroctH ToukH (0, 0) m ute f paspuiBra
B Touke (0, 0); TeM He McHee cymeHHS KawJoA H3 GyHKIuA [ u g
Ha mobylo npaMyic R R? HenpephiBHbl!

9. Tlycte f—HenpephiBHOE OTOOpaXMCHHE MeTPHUECKOrO {IpOCTPaH-
crea X B MeTpuueckoe mpoctpauncteo Y. Ilyerh E-—3amknyroe noi-
MHOXeCTBC mnpocTpaHcTBa Y. JlokasaTb, 9T0 MHOXectso [ (E)
saMKkayTe B X,

10. flyers f—neg(pepunnan BeiecTBeHHaRA (YHKIHA HA MeTpHue-
ckoM mnpoctpanctBe X. Ilyete Z(f) (wnysv-suomecmeo dynruuu f)
ecTh MHOXecTBO Beex p€X, 8 Kotophix f(p)=0. doxasats, uro
MuOXecTBO Z (f) 3aMKHYTO.

11. Ecan E—Henyctoe mNOAMHOMKECTBO METPHHMECKOT'0 NpOCTPaH-
ctea X, TO onpeAenMM paccTOSHEE OT TOUKH ¥€X jo0 MHOxecrsa E
paBeHCTBOM

ee(x) = ini d{(x, y).
HEE

(a) dokasatb, 4T0 @g(x¥)=0 TOrpa u TOABKC TOrfa, KOFRa X
TIPHHAJ/ICKHT 3aMBEIKAHHIO MHOXKecTBa E.
(b) Hokasarh, 9TO Qz— PaBHOMEDHO HempephibHas QyHKUHA Ha X.
Ykasanue. M uMeeM Qg (%) <d(%,, y)<d (X2 X))+ d (%, §),
TaK uTO
2z (%2} < d (%3, %3) + Qe {xs)-

12. Tlycte K B F —HenepeceKalomuecss NOAMHEGKECTBA MeTpHYE-
ckoro npoctpanctsa X, npuueM K KOMUakTro, F aamxugto. JHokasatb,
9TO CcymecTByer yucao & > 0, takoe, uro d(p, ¢)>>90, ecau pekK,
gEF.

Yrasauue. DYHKIUA Qp ~ NONOKHUTENbHAA HENpephiBHad OYHKIHS
1 K

IlokazaTb, 4TC STO VTBEMKACHHE MOXKET OKAZATHCH HOBEPHHM,
€CJIH HH OZHO H3 JIBYX HeMNepeceKaloluXcA 3SaMKHYTHX MHOMKECTB
He KOMITAKTHO.

13. Tlyctb A ® B—HenycThle Henepecekalolpecs SaMKHYTHE

MHOXKeCTBa B MeTpAYeckoM mnpocrpadcrse X. Ilonoxum
____ealpm :
Ty = mresm  (PEX)

Tlokasath, uTo f—HenpepwBHas GYHKOAA Ha X, MHOMKECTBO SHa-
ueHul KOTOpoRt COepKuTCA B cerMente [0, 1} yro f(p)=0 B TOuKAX
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MHOXeCTBa A K TOAbLKO B HEX; 9T0 [ (p)==1 B TouKax MHOwecTBa B
K TOMBKO B HHX. TeM caMbiM YCTAHOBJAEHC YTBEPXKACHHe, o6paTHOE
K TeopeMe ynpaxsenus 10:; kaxpoe samMKHyToe MHOXecTBO A X
SBJIRETCA HYAL-MHOXECTBOM MJiff HeKOTOPOH BellecTBeHHON wempe-
puiHoit Gynkoun f Ha X. [losaras

ver([o)), wer(Gl):

noxasatb, 4t0 V u W oTkpaithl, He mepecekalorcs ¥ AcV, B W.
(Takam ofpaszoM, Kaxaoce K3 JBYX HemepeceKalollHXCcH 3aMKHYTHX
MHOXECTB B METPHUECKOM NpPOCTPAHCTBE MOMXET OHTh HAKPHITO OTKPH-
THIM MHOWXKECTBOM TaK, 4YTO H 3TH OTKPHTHE MHOMXKECTBA HE fepe-
CeKalnTea. 370 CBOACTBO METPHYECKHX MNPOCTPAHCTB HA3HIBAIOT HOP-
MARBHOCBIO.)

14. HasoBeM otofpaxkenne npocTpancrtBa X B MpocTpaEcTse Y
omxpoimeis, ecnu f (V) otkpuiTo B Y, KakoBo Ob HM GbIO OTKpLITOR
mMHOXecTso V B X,

Iokasath, 4T0 KaXjoe HenpephiBHOe OTKpHTOe orofpamenne R!
B R! MoHOTOHHO,

15. Tlyets f B g—wenpepuBHbe OTOOpaXKeHHSI METPHUECKOTO
npocTpancTBa X B METPHUSCKO® NpOCTPaHCTBO Y, M NycTh £ —BCIOAY
nitorRoe noaMHoxectso Hs X. Iokasats, uro f(E) mnotHo B f(X).
Hoxka3zats, wto echn f(p)=g(p) npr Bcex pEE, 10 f(p)=g(p)
nph Beex p€X. (HMHuMu cnoBaMu, HelpephiBHOe orTobpaikeHHe onpe-
AeRACTCS CBOHMH 3HAUCHHAMH HA BCIOAY NJIOTHOM NOAMHOXECTBE CBOeH
obaacTH onpejeneHus.)

16. Tloxasats, uTo onpejefieHHe PaBHOMEDHOM HENPEPHBHOCTH
MOXKHO CJefyiomuM ofpa3oM c$opMyABDPOBaTh, HCNONLIYA NOHATHE
JuaMeTpa MHOKeCTBa: pas Raxyoro & >0 cymecrsyer 62> 0, Takoe,
uto diam f(E)<-e pas moGoro E <= X, ans koroporo diam E << 8.

17. Tlycte E —njoTHOE HOAMHOMECTEC METPHUYECKOTO NPOCTPaH-
ctea X, H NycTh [— p2PHOMEPHO HETIPEpLIBHAS Sei{ecmeennas QyHK-
nusA, saganHan Ha E. JlokasaTth, uto f HMmeeT HenpepuiBHOE NMPOAOJ-
wenwe ¢ E na X (no noBoRy TEPMHHOJOTHH cM. ympaxHeHHe 6).
(EAMHCTBEHROCTD cAefyeT H3 ynpawxmuenua 15.)

Yrazanue. g xaxpofl Touks p€ X H XaKAOro GOMOKHTENLHOTO
ueJsoro # Bycrb Vi, (p) — MHOXKecTBO Beex ¢ € E, Takmx, 40 4 (p, §) <<
<< 1/n. Bocnonb3oBatThea ynpaxcHenneM [6 pas foxasaTesbeTBa TOTO,
4TO NepeceueHue 3aMHKaHHB MuroXectB f(V, (F»' FVa(0h), ...
COCTOHT M3 e[HHCTBEHHOR TOUKM NpocTpaHcTBa R, KOTOPYIO M 000-
sHayuM yepe3 g(p). Jokasartb, 4T0 QYHKIEA g2, ONpeJeeHHAs TAKUM
oGpasom Ha X, H ecTb TpebyeMoe npoaoskenue GyHKuURY f.

MoxHO nu npocTpaHCTBO 3HAueHH#t R' 3aMeHHTH 3JeCh NPOCTpaH-
cTBoM R*? JTioGHIM KOMNAKTHEIM METPHYICCKEM NPOCTPABCTBOM? JTioGHM
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TNOAHBIM MEeTpHUECKHM mpocTpaHcTBoM? JI06biM MeTpHUeCKHM Ipo-
CTPRHCTBOM?

18. BemecTBenHas ¢yHxuua f, sajanHad Ha (@, b), HaspBaerca
suinyxa0d, ecAn :

fOx+ (- <M () -+ =1 f(y)

npH MOOHX g <<x<<b, a<<y< b, 0<h < 1. Jokasats, T Kaxgas
BHIYKMas (PyHKUHA HenpepbiBHa. [oKasaTh, YTO KaX[as BO3pactaio-
Was BUNYK/AsA (YHKOUA OT BHNYKAOA QYHKUHH BHOYKJAA (HalpHMep,
ecnd f BROYKAA, TO ¢ TOXe BHIMYKAa).

19, TIlposectu noppobho caexytomufi BapHaHT AOKa3aTeALCTBA
TeopeMH 4.19: ecan f He paBHOMEPHO HeNpepLIBHE, TO AJIH HEKOTO-
poro & >>0 cymecTByloT ABe nNocaejoBaTedbHOCTH {pn}, {g.} B X,
TaKne, 4o dx (pn, gz) — 0, HO dy {f {pa), f (gr)) > &. BocnoabsoBatbes
Teopemoil 2.37, uToOn MOAYIHTH NPOTHBOpEYHe,



FTJABA 5

AHGPEPEHLHPOBAHHE

B aToft raabe (3a HCKJIOUEHHEM TNOCJEXHEIO pasjiena) Mu GyieM
BAHHMATHCA  TONBKO  Getiecrngsunbimt  QYHKUHAMH, OnpegesieHHBMY
Ha CerMeHTax RJH HHTepBaNaxX. IT0 BHLI3BAHO He NpPOCTO coolpaxe-
HUSIMH Y700cTBa — MPH NIepeXofe 0T BeIeCTREHHHX K BEKTOPHO3HAY-
HLIM OYBKIHAM BO3HHKAIOT. 3HAUHTEAbHHE TpyaHuocTH. Huddepen-

uupoBatHe (PyHKuuE, onpefefenHblx B R*, Gyaer paccMaTpuBaThes
B rnape 9,

[IpousBosHas pemecTBeHHONH PYHKUHH
5.1. Onpenenexdue. Ilycts f —semecrsenHan GyHKIuS, onpe-

Jenennas Ha la, b]. B3Ap npousBoibnOR uHCAO X& [a, b], cocTABHM
OTHOILICHHe

(1) e)=LUZIW  rcp tt)
K ITOJOMHM
() ' () =limg (2),

eC/IM 5TOT npejiest cylllecTBYeT, B COOTBETCTBHH ¢ onpegesenues 4.1,

Takum ofpasoM, ¢ dyhkuuer [ cessana dysxous [, o64acTb
onpejceHnss KOTOpO# -— MHOKECTBO BCEX TOYEK ¥, B KOTOPBIX Cylme-
cTByer npenen (2); ¢yskuua f° waskbaetca npoussodnoid yHnan f.

Ecau npoussonuas [’ onpeaeneHa B TOUKe X, TO MBI OyjeM roso-
pHTb, 4T0o (YHKUHA [ Oufpeperyupyema B Toyke x. Ecnn f° onpe-
JlefieHa B KawJol TOUKe HEKOTOPOTO MHOMKecTsa E < laq, b], 10 MH
6yaeM rosoputs, uto f Anddeperunpyema Ha E.

B dopMmyne (2) MoxXHO GpaTh NpaBOCTOPOHHHN HJH JIEBOCTOPOHUUT
npejes; 3T0 MPHBOAHT K OUPEeJeJeHHI0 NPABOCTOPOHHEA M JIEBOCTO-
porHefi npor3BofHofl. B wacTHOCTH, B KOHUAX cerMeHTa a4 M b mpo-
H3BOjJHAN (eC/IH OHA CYMLECTBYeT) BCErfa MABASETCH COOTBETCTBEHHO
NPABOCTOPOHHEH H JeBocTopoHHeR. Mbi, OAHAKO, He GynreMm nojpoGHO
paccMaTpHBaTh TAKHe MNPOH3BOAHbLIC.

Ecna f onperenena na mHTepBaiie (4, b) B et a<<x<b,
10 f'(X) onpexenserca papencTBamy (1) B (2), Kak suute. Ho [’ (a)
u f'{b) B 3TOM caydae He ONpEeReNEHE.
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52, TeopemMma. Hycmt; dynxyua | onpedesena Ha cezmenme
la, b]. Ecsu [ Oupppepenyupyema 8 mouke x € la, b], mo ona wuenpe-
poisna 8 smoll mouxe.

HogasateancTBo. Io 'reopeme 4.4 npu t—x Mol HMeeM

FO—Fy=L9=10 ¢ _f(5).0=0.

TeopeMa, ofpaTHaa K TOABKO 4TO JAOKasaHHOR, iepepHa. Jlerko
AOCTPOHTL HenpepupHbie GYHKUMH, He SiddepeHnupyeMsle B H3OMH-
POBAHHHX ToWKaX. B ra. 7 Mbl No3HaKOMAMCS jaxke c Takoft dyHK-
uaeh, Koropas, Gynydd Henpephirod Ha Bcell npamoft, He nuddepen-
HHpYeMa HK B ofHOH Touke!

6.3. Teopema, ITycmo | u g onpedesenvi na {a, b] u Gudppe-
peryupyemnr ¢ mouxe x¢la, b). Tozda [+ g, fg u fig Ouddeperyu-
Pyemvl 8 mouKe x 4

(@) (F+g) () =F (x)+ g (x)

(&) (fg) () =F"(x) g (x}+F (x) g’ (¥}

©) ( ) (x) = gl (x)-(-g GFON

B yTaep:x/eHAH {C) MBI, pasyMmeercd, mpeinonaraeM, uro g(x)s=0.

HorkasaTenbcTRO. YTBepXKACHHE (2} CACAYET K3 TeopeMut 4.4,
Ilycre h=fg. Torna

R)—h(x)=f{O)[g(t)—g N+ FO—[ ().
Ec/i MH pasfesHM 570 PaBeHcTSO Ha f—x H 3aMeTHM, Y10

f@)— f(x) npu ¢t —>x (reopema 5.2), 10 nmoayuum (&). Haxonen,
nycts h=f/g. Toraa

h () --h (x)
= e m [g(x

Ycrpemnas ¢ K x u npuMeHds TteopeMbl 4.4 M 5.2, MH noay-
qaeM (c).

AUk A5 f“)"—f (x) f (x) g(?:f (x)] .

5.4, [Tpumepu. [lpoussofuas KaXAOH NOCTOAHHOH QYHKUHH
paBHa, O4eBHAHO, HYMoO. Ecau f onpenerena paseHcTBoM [ (x)=x,
10 ' (x)=1. [ToBTOpHOE MpHUMeHeHHe yreepxAerHit (b) ¥ () mochen-
Hell TeopeMul MOKaanBaer, uTo OGyHKOHA X" pudxbepeHunpyeMa u uTO
ee MPOH3BOJHas PaEHa nx™ %, Kakoso O6H HW OHJO pejce n (ecnH
n <0, To MH JOMKHH OrpaHHuHTECH TOMKamH x == 0). Takum oGpa-
30M, JA000i mHorodseH aubdepenuupyeM. To ke BeprHo B oTHOWe-
HUH J1060fl pauwoHAJbHOR (YHKIUHH, €CH UCKAIOYHTH TOYKH, B KOTO-
pHX ofpaiaeTcsl B HY/Nb ee 3HAMEHATENb.
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- Caepyiomas TeopeMa fiaer npasuao audpdepenuUPORaHHS CHOKHOA
¢yrxuun. Boaee oOummft ee BapHanT BCTPETHTCH HaM B I 9,

5.5. Teopewma. Hycmo [ nenpepwsna na la, bl, f' (x) cywe-
cmeyem @ Hexomopod mouke x € [a, bl, g onpedesena na ceemenme I,

codepocatesm mroxecmeo suaveHud dyuxyun f, v g Ouddepenyu-
pyema ¢ mouxe f(x). Ecau

hity=g (@) (ast<sh)
mo h Jdugdepenyupyema e mosxe x 4
3) B ()=g (D] ().

Jdoxaszatenbctpo, Ilyers y=f(x). Tlo onpeaenesmio npo-
H3BOAHOR uMeeM

(4 . = (x)=(—x)[[' (x}+u )],
() g —gW=06—plg H+vs)
rie {€fa, b}, s€l n u(f)—0 npu {—x, v(s)—0 npu s->y.
NMycrs s=f (f). Hcnonpaysa chHauana (5), a sarem (4), noayaum
A —h(x)=g(f E)—g(f(*)=
=) —F0ON-1g @) +v{s))=
=({t—x)- I )+ u®-1g" (®-+oE)h
HIH, ecaH %X,
© BO—RG _ g ()40 (-1 () +u (D).

f—x

Yerpemasns ¢ K x, MB BHAMM, 4TO, B CHAY HERPEPHBHOCTH QYHK-
umd f, s— y, NOITOMy npaBas dacth paseHcraa (6) crpemurca
X g F (x), otkyna n caepyer (3).

5.6. Flpumepn. (a) ycts dynxupa f onpefedeHa paBeHCTBOM
xsin -’17 (x=0),
0 (x=0).

ByaeM cuntaTh IOKA3aRHEIM, 4T0 NpPOH3BOAHAA (YHKUMM sinx
paBHa cos X (Mul 6yJeM paccMaTPHBATL TPHTOHOMETPHUECKHe (yHK-
naa B ra. 8). Torma Mel MOxeM DpUMEHHTL TeopeMmbt 5.3 u 5.5,
ecnd x==0, B DONYuuTH

(8) F (x)=sin %—-’?cos % {(x=£=0).

B rTouxke x-—0 5TH TeopeMb yxe He NpHMEHHMbl, Tk KaK ApOOb
1/x Tam He onpefieneHa, H Mbl COULIEMCS] HENOCPeACTEEHHO Ha Ompe-
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aenenue: npu {0
fo—f@ .1
e = sin T
Mpa {— 0 570 OTHOMICHHWE He CTPEMHTCH HH K KaKOMY mpezeay,
taK 4910 f'(0) He cymecTByerT.
(8) Iycrs byukuus f onpeaeseHa paBeHCTBAME

' 1
% sin — 0y,
©) T R I
0 (x=0).
Kak # eblme, MBl noayuaem
{19) f(x)=2x sin% —cos% (x = 0).

Mpu x=0 MH BCNOMHHM ONpPeJeNeRHe | NOMyuUM
H—J1 (0 .
| -”—3_5—“—1=1t5m7|~<.. [£] (¢~ 0)
nofaras ¢ —»0, MB BHAWM, HTO '
(11) f(0)=0.

Takum ofpasoM, dynkuas [ anddepednupyeMa Bo BceX TOUKAX X,
HO [’ He sisAsercs HenpepulBHOH ¢ynxumed, Tak Kak cos{l/x) B (10)
HE CTPEMMTCA HH K KaxkoMmy npejery fipp x — 0.

TeopeMsl 0 CpeAHEM 3HAYEHUH

5.7. Onpeaxenenue. [lycTe f-—petiecTBenHas QyHKUHS, onpe-
LEeJeBHAS Ha METPRYECKOM mpoctpancrae X. ByfeM roeoputb, 4ro f
HMEeT AIKAALHLIL MAKCUMYM B TOUKe pE X, ecqH cymectsyer 6 >0,
rakoe, uyto f(P<f(p) mpu Bcex ¢¢X, Takux, uro d(p, g)<<8.

JlokansHpe MUHHMYMBI ONIPENENAOTCA CXOAKRBIM oBGpasoM.

Hama crepyioman TeopeMa JeXHUT B OCHOBE MHOIHX TPHMeHEHHH
mapdepeHUPOBAHAL.

5.8. Teopema. [Tycms ynryus [ onpedesena wna cezmenme
la, B); ecau [ umeem A0KQAbHOIL MAKcumym 8 mouke x¢€{a, b)
u ecau cyuecmsyem [’ (x), mo f'{x)==0.

AnanornuaHoe YTBepKICHHE, OTHOCHUICECH K JOKAAbHOMY MHHH-
MyMY, KOHEYHO, TOXe BEpHO.

HNokasateancrso. Bubepem 8 B cooTReTcTBRM ¢ onpegede-
RdeM 5.7, Tak uTO

a<x—0<x < x48< b
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Ecam x—8 < f<x, 10
f (i‘)—_—ﬁ {x) 0.

Yerpemnsa { K x, MH puRuM, 4910 [ (%) > 0.
Ecmd x<<{<x+8, To -

f)—f&)
=<0

OTKyZa caenyetr, uro [’ (x)< 0. 3uaunt, [ (x}=0. .

5.9. TeopeMa. Ecau | u g— Henpepuionvie 6etlecmeeHnue
pynkyue na ceemenme [a, b, Oupeperyupyemvie Ha urmepsnie
{(a, b), mo cywecmegem moua x €(a, b), e xomopot:

If (B} —F{a)l g’ (x} =g (b)—g (@) ' (x).

3ameruM, uTo 3gech Re rpefyercs auddepeHIIpyeMOCTE B TOY-
Kax a H b.

HJokasateawerso. [oaomum
Ay=1f(O)—f(a)gO)—Igb)—gla)if(f) (a<i<h).
dyuxuus £ HenpepsiBra Ha {a, b, nudkbepernupyema ua (a, b) u

(12) h(a)==f(b)g(a)—f (a) g (b) =4 (b).

Has aokasatenbcTsa TeopeMbl Mul JOJDKHBL MPOBEPHTH, 4T0 A’ (X} =0
1pH HeKoTopoM XxE(a, b).

Ecnu h rocrosuna, 10 A'(x)=0 npn AwbSoMm x¢€(a, b). Ecan
h{{)>h(a) npn HekoTOpOM !& (@, b), TO MyCTb X—Ta TOUKa Cer-
MeHTa [a, bl, B XOTOpOR i JOCTHIAET CBORTO MaKCHMyMa (Teopema 4.16),
B cray (12), x€(a, b), n Teopema 5.8 noxasweisaer, wro A’ (x)=0,
Ecin h (f)<Zh(a) npn HeroTopom £€(a, b), TO MOMKHO NPHMERHTH
TaKoe e paccyAeHne, BHOpPaB B Ka4ecTBe X TY TOUKY CErMeHTa
[a: ], B KOTOpPOR A ROCTHraeT CBOETO MHHHMYMA.

STy TeopeMy 4AcTO HA3WBAWT 0COCIIEHHOA TeopeMOl ¢ cpeiHeM
SHAYEHWH; CACAYIOMHA ee YaCTHHA ciydali HAsHBAWT TEOPEMOH
0 cpejlHeM 3HAYeHHH, -

5.10, TeopeMa. Ecau [—setiecmeennan menpepvieHas Gyux-
yus na la, b], duddepenyupyemar wa (a, by, mo cywecmsyem moy-
Ka x€(a, b), ¢ xomopoii

FO)y—fl@)y=(b—a)f (x).
Hokasarenberro. Ilonoxum g(x)=x B Teopeme 5.9.

5.11. Teopewma. Hyceme Pynxyun f duppepenyupyema ¢ unmep-
saze (a, b).
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(@) Ecau ' (x)>»0 npu ecex x€(a, b), mo f monomorno 8oapa-
cmaem.

(b) Ecau [’ (x)=0 npu scex x¢c(a, b}, mo | nocmoanna.

(c) Ecau |’ (x)<<0 npu ecex x¢(a, b), mo [ soromonno ybusaen.

Hoxasateabcrso. To, are Bece 3TH SaK/IOUeHMs cnpasell-
JBH, MOMHO YCMOTpPeTh H3 paBeHCTBA

f(x2)—F (x4) = (x5 —20) [’ (x),

BEPHOFO ANA JOGOH napsl WHCEN X;, Xz, JAeKamux B (@, b) opu Hexo-
mopos X, PaCrONIOKEHHOM MEXRY Xy H Xj.

Henpephissocth NPOHSBORHLIX

Mu yxe sunesn [npumep 5.6 ()], ur0 PyHKUHA [ MOXKET WMETh
npouseofnyo f’, KoTopad CymecTBYeT BO BCeX TOYKax, HO pa3phHiBHa
B HeKOTOpPWX Toukax. OfHako He KakAan OYyHKIES MOXeT OHTb
npoussofHOd. B uacTHOCTH, NPOW3BOANKE, KOTODHE CYLWIECTBYIOT
B KaXJAOH TOYKe HEKOTOpOrQ CerMeHTa, TaK Ke Kak H (QyHKLuy,
HeNpepoiBEEe Ha CerMenTe, OONARAIOT CJGHAYIOIHM BaXKHHIM CBOH-
CTBOM: OHM FPHHAMAIOT I[IPOMEKYTOUHHE S3HadeHHa (cp. c Teope-
moii 4.23). Tounas (GopMyJHpOBKA TaxKoBa.

5.12, Teopema. Tycms [—eoewjecmeennan Pynkyus, Jupdge-
penyupyemas na la, bl, u nycmoe [ (a) <<k <<F (b). Tozda cyue-
cmayem moska x¢(a, b}, makas, umo [ (x)=A.

Tlopo6uHui peayabTaT BepeH, KORedHo, H TorAa, Koraa [’ (a) = f' (b).

HokxasateascTio, Tloaomum c=§(a+b). Eean a<i<c,

0 nyctk a(t)=a, B(f)=2—a. Ecau ci<h, 10 nyers a(f) =
=2%—b, B{t)=0. Torna a<<a(t)<<P()<b B unrepsane (q, b).
Tlonoxum t .
gt)= f (pp((g:::(;:){ L (a<<t<b)

Torga g uenpepuieHa na (g, b), g(f)— [ (a) npn {—a, g(t)—>
— f'(b) npu {—> b u nosToMy H3 TeopeMm 4.23!') cnenyer, uTO
g(t.,g=). npH negoropoM 1€ (a, b). Baduxcupyem f,. ITlo Teope-
Me 5.10 cymecTayeT Touka X, Takas, uto «{fp) << x < P{{)u [ (x)=
=g (o). 3raunt, ' (x)=2Xr.

Caenctene. Ecau [ duddepengupyema na la, b}, mo [ xe

useem npocmux paspusoe Ha la, bl.
Oxnnako f° BnonHe MOKeT HMeTh PaspHBR BTOPOrO POAa.

1) B Teopeme 4.23 peub uner o PyHEuAU, HenPepueHOk Ha ce2menme [a, b).
3xech uMeerca B BHAY, 9I0 QYHKWHIO g MOXRHO ACONPEASNHTL B TOYKAX 4 H b,
nonaras g {a)=Ff' (a), %(b}=f (b), TaKk YTO g CTSHeT HenpepulpHof H B TOY-
®ax d, b no Teopeme 4.6, —fIpus. nepes.
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fIpasuao Jlonuraas

Chenyomas Teopema uacTo OnBaeT mnoNeaHoll HpH BHUMCACHHM
TIPeAeNoB.

5.13. Teopema, ITyems | u g eeu;bcmeennu U Henpepuierbl
e unmepease (a, b) u g'(x)==0 npu ecex x€(a, b), 2de —ooLa<<
< b oo, flycme

(13) _ ;. g; —>A npu x-sa.
Ecau
(14) f(x)—0 u g{x)—0 npu x—a,
uau ecau
(15) gx)—4 o npu x—a,
nw .
(16) %‘%-—%A npy x->a.

Ananornunoe yTBepKAEHHe, KOHEUHO, BEpHO H TOTKa, KOrfa
x—b nan korza B (15) g(x)— — co. 3aMeTHM, uTO cefiuac MH
HCTIOZILSYEM NOHATHE NIPefeia B PACIUHPEHHOM CMEICAE B COOTBETCTBHM
¢ onperenenneM 4.33.

HNokasatenbcrso. CHauana npefncioORuM, W10 — o0 K A <
< co. Bubepem peinecTBeHHOe YUCAO ¢, T2KOe, HTO A << g, a 3aTeM
BhfepeM 7 TaK, 4TOGH BHIIOJHANOCH HEPABEHCTBO A << 7 < g»
Cornacno (13), cymecTsyer Touka c€(a, b), Takas, 4to npH a <7
< X < ¢ HMeeM ;

: ' (x)
(17) A

Ecnn a<x<{y<Cc, 70, K&K nokaswpaer Teopema 5.9, cynme-
crByet TOYKa fE€(x, y), Takas, 470

A
(18) f—z) " gO <"

Honyctum, uro Bemosnexo ycaosue (14). Yerpemass B (18) x
K @, Mbl BHAKM, YTO

(19) _ %%<r{q (a<<y<<c).

Teneps nonycTiM, wro BHnoAHEHO yeaopue (15). Cunran y B dop-
Myae (18) QUKCHPOBAHHHM, MW MOXeM BHGDaTh TaKYyl0 TOUKY
€1 €(a, ), 9T0 g (X) > g (y) 1 g (x) >0, ecau a<<x << ¢,. YMHOKas (18)
Ha [g(x)—g(y))l/g (x), Ml moayunM

) 80 @
(20). 0 <" Tem @<r<a)
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Ecmu B (20) yorpeMHThs X K @, TO, Kak nokasneaer {15), MOXKHO
HaATH TOMKY C,€(a, ¢,), TAKYL, YTO
f (x}
(21) T <4 (a<z<c)

Hrak, nepapencrea (19) u (21) nokaswiBaioT, 4TO Aas JOGOTO ¢,
NOAYUHEHHOrOo eAHHCTBeHHOMY yeaopuio A<Zg, HaligeTcd Touxa
cz €{a, b}, Taxkas, uro f{x)/g(x)<. q, ecan a<lx<c,.

TouHo TakHM e CrnocoGoM B TOM Chaydae, KOTAa —oo < A<
< -+ o0, a p BLOpaKO Tak, yro p< A, MH HaligeM TOUKY ¢; € (a, b),
TAKYl0, 4TC

f (x)
(22) pP<-iy (a<x<er)

M3 3tux asyx yTBepkKAeHMH cieayer cooTHomlenue (16},

Mpexssoantie BLICIIHX MOPAAKOB

5,14, Onpepgenenne, Ecm [ nMeer mnpoussojuyw [’ Ha
HEKOTOPOM CerMeRTe H ecad ¢yHKUHR f' B cBOWO ouepenb audipe-
PeHOUpYEM3, TO MNPOU3BOAHYIO (yHKUAH [ Mu OyieM ofo3sHAUATH
yepes f° i Ha3nBaTbh BTOPOH mpoussofpoi Gymxuny f. IIpogonxas
TaKHM 00pasoy, Mbl NOAyIEM QyHKIHH

[N L A AP e

KaMaasa W3 KOTOPLIX CAYXHT NPOM3BOANON AN NpeilrecTBYIOLICH.
Gyuxuus [™ HassiBaercs n-ii  DPOMBBOAHOH, WAH NPOHIBOAHOR
nopajka # QyHkuun f.

Nas Toro urobe {7 (x) cyllecTBOBANa B TOUKE ¥, [POHSBOAHAs

F 1 (4) po/MmKHA CYMECTROBATL B OKPECTHOCTH TOYKH X (MM B OXHO-
CTOPOHHEH OKPECTROCTH, CAM % SIBASETCS KOHLOM CerMeHTa, Ha
KOTOPOM OmNpeiesera QyHKRuHA f) u Aomkna Owre Audpepenuspye-

Mofi B touke x. [Ipu sTOM f‘”"z’ AoJKHA OHTE AndpepeHnupyemofi
B TOR OKDECTHOCTH TOUKH X, B KOTOpoft cymecTyer f~ ',

Teopema Teftnopa

5.15. Teopema. Honycmum, 4mo [—aeiqecmeennan (pyHiyus
na {a, b, n-—nosoxcumessnoe yeace wucao, [ Y menpepwiena wa
12, Bl, I () cyecmayem & awoboii mouke iC(a, b). Hycmo a, p—

pasauunsie mosku ceemenma |a, b). Hoaoxcun
n—{

(23) P(ty=3 f%ﬂ‘i) (t— a)t,
k=0
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Toeda cywecmeyenm mouxa x, sexcowas xexdy o u B, maxas, «mo

(29) FB)= P+ 120 @—ay.

Ilpn n=1 910 yTBEepKACHHE MpPeBPAAETCA B TEOPEMY O CpellHeM
3naueHud, B ofimeM ciayyae TeopeMa NOKa3bBaeT, 4yrTo QYHKUUIO f
MOKHO DPHOJIM3HTL MHOTOUAEHOM cTemeHH n—1I; paBeHcTBO (24)
NOSBONACT ONEHUTHL NOTPEHIHOCTb, €C/H H3BECTHA BEPXHSS IPAHBLUA
8eJIHUHAR | f* (x)|.

Hoxkasateancrpo. Ilycrs M—uucno, onpeseasemoe pasen-
CTBOM

(25) F(B) =P @)+ M (B—a,
# TyCTh
(26) g =f)~PH)—M(t—a)* (a<t<h)

Mer momkHe nokasate, uto alM == [ (x) npW HEeKOTOpOM X,
AexameMm Mexay a u fi. Coraacno (23) u (26),

(27) gV () =[P (t)—nl M (a<<t <)

3HAUNT, AOKA3aTeNbCTBO OYAET S3AKOHMEHO, €C/IH MBI IIPOBEPHM,
uro g™ (x)==0 npK HEKOTOPOM X, JexalleM MeXny a H f.
Nockonbry PP (o) = f*(a) npu £=0, ..., n—1, Mo HMeeM

(28) g(@) =g’ (@)=, = g1 (0)=0.

Uncno M 6uao Buipaio Tek, 4o g (P)==0; mostoMy, corsacko
Teopeme o cpetseM, g’ (x,)==0 IPH HEKOTOPOM X;, JEXKALEM MeWKAY
o 1 B. Taxk kak g’ (a) =0, TOo nOROOHLIM ke 06pa3oM MH 3aKJAIOUAEM,
T0 g7 (%)== 0 UPYU HEKOTOPOM X, JeWallleM MeXay o H x,. [locae
1 HIaTOB Ml [PHAEM K BHBOAY, UT0 g™ (x,)=0 NpH HEKOTOPOM X,
nexaued MEXAY @ H X,-;, T. €. MeKAy o H B.

Angupepenunposatine BeKTOPHO3HAMHBIX yHRURH

5.16, 3aMeuanusn. Onpeperenne 5.1 6e3 BCAXHX HIMEHEHHH
NPHMEHUMO K KOMILIEKCHHIM (yHKasM f, onpeneseHHmM Ha {a, b
Ilpa stoM Teopembl 5.2 u 5.3 ocTaloTcs BEepHLIMH, TAK KE KAK H HX
AoKasateascTBa. Ecim f; B f,— BemiecTBeHHas ¥ MHEMAs 4acTH HYHK-
whk f, T. e. ecnn f()=Ff; (1) ifo(t) npn a<E<H, tAe fi (8) u 2 (0)
BeMEeCTBEHHL, TO, OUEBHAHO,

(29) [" (%) =F1 () +if3 (x),

npuueM [ auddepennnpyema B Touke x TOTJAA M TOJNBKO TOrAa, KOrfa
obe ¢ynkumu f; u f, anddepeHuupyeMs B a10fl TOUKe.
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Tlepexofsi K OGIIEM BEKTOPHO3HAYHHM QYHKUMAM, T. € K QPYHK-
uuaM §, orofpaxaomum [a, b] B Hexoropoe HpocTpaHCTBO R*, MH
BCE elle MOJKeM NpUMEeHHTL onpepesenne 5 | Aas nocrpoenns £ (x).
Tenepe @ (f) B ¢popmyne (1) npy KaxaoM { ABNAETCA TOYKOW HPOCT-
panctBa R*, a npenen B (2) BHUHCAAECTCA B CMBIC/IE CXOZMMOCTH MHO
HopMe 3Toro mpocTpancTsd. HMummu chaosamu, I {x)—>70 Ta TOUKA
npocTpancTea R* (ec/m oHa cyimecTsyer), Ana KoTopoil
(30) tim [ 812 ¢ ()| =0,

—x
n ' —croBa gyrKuns co sHavenusmu B R®.

Ecam fy, ..., fa—KOMOOEeRTH (ynkuux f, onpegencnpne B Teo-
pese 4.10, TO

{(31) f’=(f;"°°!ﬁt)’

B Gvekoua t auddepenippyema 8 TOuke x TOrAa H TOJNBKO TOria,
KOrfia Kaxpgan n3 $yskuuit fy, ..., fx Anddepenuupyema B TOUKe X,

Teopema 5.2 ocraetcss BEpHOH H B 3TOM CJIyuae; TO JKe OTHOCUTCA
H K -reoga me 5.3 (a) u (b), ecau fg 3aMeHHTH CKaAAPHHIM NPOH3BE-~
IeuneM [.g (cM. onpeaenerne 4.3).

Onnako, Korja MH ofpaiiaemMcss X TeopeMe O cpelHeM 3HAueHHH
H K npaeuay Jlommrans, nonoxenne MeHfgercd. Caeltyioniue apa npu-
Mepa MOKasHBalT, 4To ofia 9TH pe3yJnTaTa HeBepHH YyXe JAd KoM-
NeKCHOSHAYHEIX QYHKIHH,

5.17. Iipumep. [lonoxuM ANA BEMIECTBEHHOTO X
(32) f(x) =€ =cosx+isinx.

(Ilocnheznee BHpaskeHHe MOXKHO paccmaTpusaTh KaK Ompejenehue
KOMIUIEKCHOfl rnokasarenbholl ¢yHKuum e**. 27H Jyukumu Oyayt
noapobHO paccMorperH B ra. 8.) Toraa

(33) f2))—F(0)=1—1=0,
HO
(34) f (x)=ie*,

rak uto |f'(x)}=1 npn Bcex BemecTReHHHX X.
TakuM o6pa3oM, B 3TOM cayyae TeopeMa 5.10 yike Hesepma.

5.18. IIpumep. Ha narepsane (0,1) sapanum ¢ynruun f, g,
nonaraf f(x)=x u :

(35) g (x) =x 1 x%ei?,
Tlockoabky |e'*|=1 upu Becex BemecTBeHHWX f, MW BHIUM, 4TO
(36) tim £ — 1,

x=0 g (x)
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Nanee,
(37) gw=1+{m~Z}em ©0<z<),
TaK 4To
(38) 8 ()] > | 2= |15 21,
3HaunT,

PPy 1 x
(39 0| T ET SR
H NO3TOMY
‘ M0

(40) lim oy =0

Conocraeasaa (40) ¢ (36), Mb BHARM, U970 nipasHiIo Jlonatana
B 5TOM cAaydae He jneficrsyer. OTMeTHM elne, uTo g’ (x) =% 0 Ha HETep-
sage (0,1), 8 cuay (38).

OjHako uMeeTcd Bee-TAKH OfHO CJEJCTBHE TEOPEMH O CPEAHEM
3HAWERHH, KOTOpOe B NPUJOMKEHHAX NOYTH TAK e TNOJAe3HO, KAK
Teopema 5.10, M KoTopoe ocTaeTcs BEpHBIM ANS BeKTOPHO3HAYHAIX
¢yuxuufi: u3 Teopemn 5.10 caegpyer, uro

(1) |F ) —f @< (b—a) sup |F(x)}

Ilpexme uweM YCTaHOBKTH BEKTODHHIF AHAJOr HepaBencTBa {41),
Mbl NPHBEZEM TEOpeMy, MOKA3LIBAIOIYIO, MTO NPH BLIUHCJEHHE TPO-
H3BOJIHOA MOYKHO MNOJBb30OBATHCH OTHOLICHWAMH, OTJIHYHEIMH OT TeX,
KoTopue ¢urypupopaau B onpegeicnun 5.1. He orparmumsasicy cay-
yaeM k=1, paccMorpuM oSmuit cayvaii.

5.19. Teopema. ‘zcmb a=sx<b, pyrkyus l‘- omoGpaxcaem
[a. bl 6 npocmpancmeo R, u nycmoe t Oubdpepenyupyema & mouxe x.

ITycmo a<:an<x<|3n<:b npu n=1, 2, 3,..., u nycme o, —> x,
Bn—> x. Tozoa
(42) 1im”f"g: —4@)_ g (4.

Hokasateasctpo. Illoaoxum A, ={P,—x)/(Pr-—u,). Torza
0<<hp <1, u BexTOp

(43) s
ApH KaWJOM 7 paBeH BEKTOpY
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Ilo onpegenennio 5.1, ob6a BuipaxeRns B ckoBkax crpemsitca K 0,
H TaK KaK NOCNEAOBATENbHOCTH {A,} B {l —A,} OTpaBHueHk, TO BEKTOp

(44), a c uuMm ¥ (43) cTpemurcda K HyJi0 NpH n— co. PaBeHerso
(42} noxasauo.

5.20. Teopema. IHycmo T-—nenpepoienoe omobpascenue ceemen-
ma |a, b] ¢ npocmpancmso R*, dupdepenyupyemoe 8 unmepease (a, b).
Tozda cyuecmsyem mouxa x ¢ (a, b), maxas, wmo

(45) [ (6)—i(a) | <(b—a)|F (x)].
Hoxasarteavcrso. [loaoxam 3L=b—a, M=|i(b)—{a)|n

(46) g(s)=Ht(s4-L)—i(s) (a<s<a+2L}.

[Mockoasxy

i(b)—1t(a)=g(a)+glat+L)+g{a+2L)
MBI BUIMM, 4TO
(47) M<|g@+gla+ L)+ 1glat-20))

Ecau 6wt okazanoch, uto |g(s}|<< M/3 npn Bcex s€{a, a--2L),
TO H3 HenpepuBHOCTH OTOOpamenHa g caefioBaio Ou, uTo |g(a)| <
<MJ3, |gla+2L)]<M/3, u, sHaunT, npaBas YacTh HepPaBeHCTBA
(47) Onuna 6w Menbuie M.

Crnepopateavho, |g(s)iz>M/3 npu nexotopom s,€(a, a-+2L).

lMonaraa #;=g,+ L, Mb HAXOJHM, YTO @< 8§ < i <0, H,—8 =
=(b—a)/3 n

' M
(48) [#({t)—E(s)) [ ==
IloBTOpUM 3TO nocTpoenHe, B3#B [$, f,] BMecTO (4, b]. I'I{po,zlomxas

TakiM oOpasoM, Mul HaiiieM [Be nocaeaosaTensHOCTH {8}, {in},
Takhe, 410

(49) th—8p =3 (b—a),

KaXAKA CerMeHT [, =={S,, #;] CONEPKHTCA BHYTPH cermeHta lp., A
(50) | #{t)—FE(sp) | = 37"M.

Pasgeaus (50) na (49), MB noayunM

(51) |f(f?:::n(8n)| > Iilbg:z(a}[ (n: 1,2,3, ...)

u3 Teopemst 5.19 MH 3akmwouaeM, uto (45) BHNOJNHEHO AAA TOUKH X,
npuaHaAaexamed BceM cermentam Ip1).

1) Bor apyroe, SHaWHTeNBHO §0Jee KOPOTKOE AOKA3ATENLCTEO Teopemel 5.2().
PaccuorprM uEcaoByl0 (YRKUMIO @, sapaHAyio na [a, b] pasencrsoM: ()=
=(f(5)—f(a))-f({{). K aTofi PyHKUMH MOMHO NPHMEHHTL TeOPeMy O CpeiHeM
syaveHnk: ¢ (8)—¢ (a)=9’ (x)-(b—u), rRe x—HekOTOpaR Touka HHTepbana (g, b).
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YnpaxHeRns

1. Tlycte f(x)=|x[®. Buumcmute f'(x), f*(x) npu Bcex Bewe-
CTBEHHHX X M foKasarts, yro f®(0) me cymeersyer.
2. Nycts f onpepeseHa NpPH BCeX BENIECTBEHHHX X, H NMYCThb

| F ) —F i< (x—y)

MpH BCEX BeINecTBeHHHX ¥ M ¥. HokasaTe, uro f HOCTORHHA.
3. Ilycrs | onpefesieHa B OKPECTHOCTH TOYKH X, H NYCTb CYIle-
cteyer [’ (x). IlokasaTp, uto
. B Fle—B)—2F () e
lim L4 fh, I = f"(x).
h=+0
TlokasaTh Ha npuMepe, 4TO 3TOT Npefesl MOXKET CYHIECTEOBATH
u Torga, Korga f°(x) He cymecTsyer.
4. Tlyers

CD + + + n + 1
raeCg, .. ., C, — BelllecTBeHHHIE NocToRARBE. JloKasaTh, 4TO ypaBHeHHe
Co+Cix+ ...+ G ™14 Cx™ =0

UMeET X0TA Ohl OAMH BEIECTBEHHHA KopeHb Mexay O u 1.

5. Ilycty | onpenencra u JuppepeHIApPyeMa NPH KaXKGOM x >0
a f{(x)—0 npu x— + . Ilomomum g(x)=f(x+1)—f(x).
Hokasats, ute g(x)—> 0 mpr x— 4 co.

6. Ilycts

(a) [ HenpepwiBHA mpH x>0,

{6) f'(x) cymectByeT nupu Bcex x>0,

© fO)=0,

(d) f' MonoTOHHO BO3pacTaer.
Honroxnm

g=12 (x>0

Ilokaszath, uto g MOHOTOHHRO BOSpacTaert.

Teneph ocTaercs saMeTHTh, 4TO @ (B)—q {a)==]§ (B)—1t(a)} {3, a @ (¥)=(f (B)—
—f(a))-¥ {(x) (cu. no svomy nonong npennccaeaRrA asan n. 5.16), m nosromy
1§ (0)—1(a) P=({b)—1 {a))-1' (x)-(b—0). Tlpumensm K mpaBoft d4acTm sTOro
paBencTsa Xepasencrso IlIsapua, moayuns

[t (@)1 (@) P | E@)V— T (a)[- | ¥ {x) | (6—a).
Teopema moxasana, —IHpum. nepes.
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7. Ilycrs f'(x), g (x) cymecrsylor, g'(x)5=0 u f(x) =g (x)=0.
Hokasate, uTo

fim L& — L0

1oz (8 20"

(9710 BEpHO H AN KOMIJEKCHHX (yHKumit.)

8. [lycte f'(x)}>>0 npu Beex x€(a, b). Horasars, uto f crporo
Bospactaer B HHTepBane (a, b). Tlyere g —dyHkuus, obpatrag K f.
Hokazate, ut0o g anddepenuupyeMa u uTo

¥ 1
g =pg (@<x<b).
9. Ilycte { nudbepenunpyemMa B MuTepBade (@, D), a<<x<<b,

x<uy,<P, npu n=1, 2, 3,... ¥ ay,~>x, P,—> x. [lokasats, uro
OTHOWEHUs ' :
f (B)—F (@n)
Ba—on

He obg3aTenpuo cxoaarca X f(x} npu n—> co, HO 4T0 OHW AeficT-
BATENIBHO CXOZATCA K ['(x), et MB JONONHHTENLHO TOTpelyem,
yTo0Bl nocNenoBaTeNsHoCTh {(Bp—X)/(Bn—a,)} Obia orpanudeHHOH.

10. Tlyers [ m g—xommiexcne muddepenuupyeMbie ¢yHKIHH
Ha (¢, 1), f(x)—0, gx}—0, f{x)—> A, ¢g'(x)— B apg x—0,
rie A 1 B—xoumnexcune uncha, B==0, Hoxasate, 4TO

(Cp. c mpumepom 5.18.)
Yrasanue:

PO _ [Fe) 4} % R
g(x)_{ x A} ot T@

TlpuMennts Teopemy 5.13 K BeuecTBeHHOR H MHHUMOH HacT#M
apotedt f(x)/x u g(x)/x.

11, ChopMynupopark M AOKAasaTh HePABEHCTBO, KOTOpoe ciernyer
K3 TeopeMn: Teilstopa K OCTaeTcA BEPHHM AJsi BEKTOPHO3HAYHBIX
DyHKIUHA, .

12. Mycrs E—saMkhyToe noaMHoxecTBo npamoit R. B ynpax-
neHuH 13 ra. 4 GBIO NOXKA3aHO, UYTO CYMIECTBYET BCINECTBeHHAA
HempepbiBHaS ¢yRKuus B RY, Hy/AL-MHOXECTBO KOTOPOH COBHajgaet
¢ E. Moxno /M JAA KaXKJAOTO 3aMKHYTOTO MHOMecTBa E Halith
TaKylo fupbepenupyeMyio Ha R! dysxkummio f, aaa xoropod E cay-
HHT HyJAb-MHOKecTBOMP CymmecrsyeT Ju n pas audrpepeHuupyemas
dyHKuHA ¢ TaknM cBolicteoM? PyHROHS, KOTOpPasd MHMeeT MPOHSBOA-
HHe BCEX NOPAAKOB Ha RY?
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13. ITycrs g — BemecrBeHHan (byuxuna Ha R, nmeomas orpa-
HHYEHHYI0 NPOH3BOAHYI0 (CKameM, |g'|<<M). 3adurcapyem e>>0
# nogoxuM f(x)=x-t eg(r). Hokasarsp, uTo f B3aUMHO ONHO3HATHA,
eC/H YHCAO & AOCTATCYHO Mano, (MOKHO ONpejefHTb MHOMKECTBO
JAONYCTHMHX €, 3aBHCAMee AHML of M.)

14. ITycrs f—ppaxan anddepenunpyemas BemecTBeHHas JyHK-
uus Ha (0, o), u nycre My, M,, M, —BepxHue rpaHuUH COOTBETCT-
BenHo byukuui } fl, ||, If"i Ha (0, o). okasaTs, uTo M} << 4MM,.

Vrasanue. Ua 'reopeuu Tefinopa csegyer, 4TO

' ()= i UF G+ 20)—F (9] + hF" (B),

Tak 9To |f'|<AMy+ My/h nipu mobom k> 0.

MoxXHO JIH 3TOT pe3ysbTaT PacNpOCTPAHATL HA BEKTOPHO3HAUHEIE
PyaEmpu?

15. Ilycrs f geawmau auddepenuupyeMa na (0, o), f* orpanu-
yena 8a (0, o) u f(x) =0 npu x — . Mokasars, 410 ' (x) -0
pH X —> co.

Yxasanue, Tpumennts ynpawuenune 14 Ha (a, oo).

[Tokasatb, 4TO 3TO YTBEPKASHHE CTAHOBHTCH HEBEPHHM, eC/AH
ONYCTHTH NpefnofokeHHe o [,

16. Ilycte | mudgepenmnpyema ua [a, b), f{a)=0 B cymecrsyer
BellecTBeHHoe 4uciao A, Takoe, 4TO | f'(x)]<A|f(x)| H& [a, b].
Hokazate, aro f(x)=0 npu Bcex x€{a, b

Yxasanue. 3abuxcupyeMm x,€{a, 5], v nycre My=sup|f(x}|,
My=sup|f (x)]
Ha cermenrte [a, x;]. Jdas moboro x€la, x]
[f (¥} | < My {xy— )< A (xo—a) My.
Juauur, My=0, ecu A(xq—a)<<1, 1. e. f=0 Ha [a, x]. [po-
IZONAHTDL 3TO pacCyKIeHue.
17. Tlycte ¢ — BemecTBeHBas QYHKUHS, ONpejesieHHAs B npd-

MOYFOMbHEKE R Ha MJOCKOCTH, 3afdHHOM HEPABEHCTBAMH 4<% < b,
o< y<B. Pewenuen 3a7aun C HAUANDHEMH YCAOBHAMA

_ y=9¢ 1 ygl@=c (e<c<Ph
HasniBaeTca gupdepenunpyeman Ha fa, b] ¢ymxkuna f, rakaa, uro

flay=c u
fFy=9 f(x)) (e<x<b)

Hokasate, uT0 3Ta 3afaya uUMeeT He OoJjiee OXHOro pelIeHHA, €C/AH
CyiliecTByeT uHcyo A, Takoe, uTo

1o(x, g)—o(x, )| <A|y2—w:l
zna mobux (x, y1)ER, (x, ) ER.
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¥xasanue. [lpuvenuts ynpaxueHue 16 ®¥ passocTH JABYX pelue-
uuil, 3ameTHM, 9YT0 9Ta TeopeMa CAMHCTBEHHOCTH HENPAMEHHMA
K 3ajade ¢ HAYANbHEIMH YCJOBHAMH

y=y y0)=0,
KoTopasg HmeeT xBa pemeHnsi: f(x)=0 ¥ f(x)=2x%/4. Vmeorcs au
LpYyrue pereHus?

18. ChopmysnnpoBaTk H AOKa3aTh aHAAOIHUHYIO TEOPEMY ERHHCT-
BCHHOCTH AJsl CHCTeMsl AHddepesnnalbHMX ypasHeHHH BHAA

y:*‘:(P}(x, yir”-!yft)r y!(a)=cj (f—"'—'l'...,k).
33M€THM, qy1o S’TY cnc'remy MOXMHO 3aIMCaThk B BHJIE
y=¢x ¥) yl{a=c,

rae y= (4, ..., Y») npoberaer 2-MEpHYI0 KJETKY, @ — oTobpaxkeHne
uekoTopol (k-4 1)-MepHONl KJeTKH B €BKJAKZOBO npocTpaucTso R,
NPHYEM KOMOOHEHTAMH @ CAVXKAT QYRKUHH @y, ..., Pk, 4 ¢— BEKTOP
(€1, ..., €x). BocnospsoBathes ynpaxkHeHueM 16 18 BekTopHO3RAaY-
HEIX HYHEUME.

19. PaccmoTpers uacTumil cayuali yopamdenus 18, nepefinm
K CHCTeMe

y3=yf+1 (j=1!~°°!k_1);

A
4

yik=f(-1r)—;=>._11 g (%) 45
rie f, 81, ..., ga— HENpephIBHLE BeiecTBeHHBbIe GyHKUWH Ha [a, b),
H IIOJIY'-IHTB TerE‘MY eIHHCTBEHHOCTH AJIA pemenuﬁ YpaBHeHHH
g ()R g ()Y g (D y=f(x)
VIOBJCTBOPAIOUIHX Ha4aNbHbIM YCJIOBHAM
y@)=cy yl@y=cy..., YEY(a)=cx

20. MNycts f° HenpepumBna Ha {@, b} u e>>0. JoxasaTb, uro
cymecreyer uncao 8>>0, takoe, uto

LOO_p (] <o,

ecqi 0<{t—x[<Cd, ag<x<b, a<t<b (DFo 3HAUNT, HHBIMH CAO-
BaMH, uro [ pasHomepro Qugpdepenyupyema na {a, b), ecau f' nenpe-
poiBHA Ha (&, b].) BepHO 714 3T A BEKTOPHO3HAUHHIX (YHKUHHA?
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HHTErPAJT PHMAHA — CTHJIBTBECA

OcuoBnbiM B 3700 f1aBe SBJASETCA OnpejeneRHe WHTerpana Pu-
M2Ha, ARHLIM 0O0PasOM HCNOJB3YOLIEC YNOPAZOYEHROCTL WYHCIOBOH
npsAMOd. B COOTBETCTBHH € 3THM ML HauHHaeM C H3YUEHUS HHTErpu-
poBaHHA BELIECTBEHHO3HAUHLX (YAXUHA HA cermentax. B mocaeayio-
uiux pasjenax GyjaeT H3JO¥eHo ofobmenue Ha chydall KoMIeKcro-
3HAYHKIX H BEKTOPHO3HAYHMX ¢yHKunil, 38afaHHBIX HAa CeTrMeHTe.
HurerpupoBande no MHOXKECTBAM, OTJIHUHBIM OT CETMEHTOB, PACCMAT-
puBactes B ™. 9 u 10.

Onpepenerne K CYUECTROBAHME HHTErpaja

6.1. Onpepenenne. Ilyers [a, b —saganunii cerment. Pas-
6ueaneM P cerMenta [a, b] MH HA3HBaeM KOHCYHOE MIUQKECTBO
TOUEK Xgy X4y .. .4 Xq, TAC

A= Xy Xy X s S Xy S Xp=b.
Mu OGyjeM mucaTh
Ax; =Xi— X (I= l. veay ﬂ).

IycTe Temept f—orpanuucHnas BemecTBeHHas ¢yPKumsa, onpe-
zenenuas na [a, b]. Kaxgomy pas6uenmio P cermenta {g, 4] coor-
BETCTBYIOT SHCAaA

Myz=sup f(x)  (xe <X xi),

m=inff () (na<x<xg,
L

UP, =2 Mds,
=1

L

L(P, f)=‘§..'i mAxy,
H, HAKOHE(L, ‘

)
(2)

fdx=infU (P, f),
fdx=sup L(P, [),

LI )
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rjie BepXHAf H HIKHAA rpaHs GepyTcs nmo BceM pasGuenusMm P cer-
MmenTa [a@, b]. JleBnle uact pasencTB (1) ¥ (2) HasHBalOTCA COOT-
BETCTBEHRO BEPXHHM H HHXHHM HHTerpagamn PuMana dyukuuu f
no cerMenty [a, b).

Ecau BepxHHE MHTErpanl paBeH HHIKHEMY, TO Mbl GYAeM FOBOPHTS,
yro ¢ysxkuus [ usrerpupyemMa mo PuMany Ha cermente [a, b]
n nucate €% (MHBIME cjoBamH, B 0GO3HAYAET MHOKECTBO BCeX

YHKLHA, HHTETpHPyeMbiX no Pumagny), a ofiuee 3Hauenue BeJHYHH
(1) u (2) 6Gyaem obo3RadaTH

b
@ { 1,
HIaH "
b
“) { iy ax.

1o -~-uHTerpan Pumana or dyaxuur f no cermenty [a, b).
l'locxo.nbxy f orpaHmgeHa, cymiecTBYIOT ABA umcaa m u M, Takue,
4Ta

m<ix)EM  (agxgh).
3navur, npu Aobom pa3uenuu P
m(b'_a)‘gL(P! f)gU(Pv f)QM(b—a),

tak yro wkcna L(P, f) u U(P, ) o6pasyloT orpaHHueHHOE MHOME-
CTBG. DTO NOKA3HBAET, YTO GEPXNUL U KUNCHUL unmezpaist onpede-
sentt 0an awboil ozpanuuennod (yuxyuu f. Bonpoc o6 ux cosma-
JeHHH H, 3Ha9YHT, Bompoc 06 HHTerpHpyeMocTH (YHKUHM f OKa3m-
Baetca Oojee TOHKMM. BMecto TOro utofn HCCAeR0BaTh €T0 OTASABLHO
Xas mHTerpasa Pumana, Mol cefiuac paccMorpuM  Gosee ofmyio
CHTYAUHIO.

6.2. Onpenesnenne IlycTh a—MOHOTOHHO BO3pacTalOLIAN
¢yekuus #a [a, b} (mockoasky a(a) u a(b) komeuss, QyHKUMA «
orpaniinena Ha [a, b]). Ecan P —xakoe-HROyAL pasbueHHe CermMeHTa
la, &, TO DOMOKHM

Aay=a (k) —a{x4).

flcHo, 9ro Aw; > 0. Has moGo# semlecTBerHofi PyHKunM f, orpanu-
yeHno#l Ha [@, b], MONOKHM

] n
U(Pt f a)={§l M;Aqy,

L(P, f, a)={=il m;Aa;,
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rage M; W m; HMEIOT TOT Xe CMBICA, YTO H B onpejenenks 6.1.
[Tonoxum, mo onpejeneHHIo,

(5) S fda=infU (P, |, a),
©) \ fda=supL(P, . o),

rAe BEPXHAA B HMWKHAA TpaHu GepyTca CHOBA NO BeeM pasGHEHHSAM.
Ecam neBwe uacth paBeHcTB {5) u (6) paBHH Mexay coGoit, 10 BX
oftiee 3Ha4YeHHE OOO3HAYaeTCH vepes

b

(7 \ fda
HAH BHOTAA 4epea R ¢
(8) { Fo dago.

910 —unterpan Pumana — CrunpTbeca (HAH HPOCTO  HHTErpa
CruanTheca) oT PYHKHKRH f OTHOCHTEISHO QYHKIUK ¢ NO CErMEHTY [a, b).

Ecan murerpan (7) cymectyer, T. €. ecau (5) m (6) pasum
Mexny cofofi, T0 MEl 6yJieM TOBOPHTb, YTG [ HHTErpHpyeMa OTHO-
cuTeNbHO o B cMuiche Pumana, H nucats f€.%# (a).

[Monaras w{x)=x, MK NpRXOAHM K BHIBOAY, 9TO HHTerpan Pu-
MaHa— 3T0 dacTHel cayuadt murerpana Pumana — Ctuabteeca. Ilog-
yepKileM, ofHaKo, uTo B ofmeM caydae PYHKUHS ¢ He 0053aHa GuITh
Jaxke HenpepuBHoll.

Heckonbko cnoB no nopojy oO8osHayeHuf. Mul mpeanountaem
obosnadenne (7) ofosHauenuio (8), Tak kak ¢urypupywowas B (8)
GykBa x Huuero He noGasaser K cojepxaumio sanncu (7). Cosep-
WEHAO HeCYIECTBEHHO, KaKylo GYKBY Mbl ynorpebaseM jaas oGo3HA-
UEHHS TAK HA3LIBAEMOH <«IIepeMEHHON MHTeTpHpoBaHHs». TaK, Hampu-
Mep, {8)—2TO TO XKe caMoe, uTo

b

{ #9) daty).

a

Hurerpan sapucur ot f, «, @ B b, HO He OT nepeMenHON HHTer-
PHPOBAHHA, KOTOPYK) BNOJIHE MOXHO ONMYCTHTB.,

Ponb nepemeHHOR HHTSIDHPOBAHHS COBEPHIEHHO AHAJOTHYHA POJH
HHICKCA CYMMHPOBaHH#A: [iBa CHM30JAa

n n
igl Ois k@i s

03HAYAOT OfHO H TO e, & HMCHHO CYMMY C;+Cs4 ...+ Cp.
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Pasymeercd, He NMpOH3OAAET HHYErO CTPARIHOTO, £C/IH [EpeMeHHan
HHTETPHPOBAHWA OyAeT HanHCaHa, a B HEKOTOPHX CJAydasix Hawe
yno6HO ee MHCAThb.

Tenepr MH HCCJAEAYEM BONPOC O CYIMECTBOBAHHH HHTerpala (7).

He nosropsis 9T0r0 KamABM pa3, MW OyleM CunTaTh (YHKLHIO f
BEIECTBEHHOH ¥ OIpaHHueHHOM, a QYHKUMIO O —MOHOTOHHO BO3pac-
raiomelt Ha [a, b}, u ecan ncmrobqeﬂa BOSMOXHOCTb HeJopasyMe-

Hpi, Mu GyaeM MHcath S BMECTO S .

a
6.3, Onpenenenue. M 6yneM rosopurs, 4ro pasGuenne P*
aBASeTCH HaMeAbueHuem pasGuenua P, ecan P* o P (1. e. ecaH Kax-
Jafg ToukKa pasOmeHus P CAYXHT Takke Toukoll pasOuenus P*).
B cayuae, Korja 3ananbl nBa pasbmenast P, u P,, MM OyjeM FoBG-
prTb, 4T0 P* ecThb uX ofmiee n3MeabueHue, ecau P* =P, |) P,.

6.4. Teopema. Ecan P*— usmesvuenue pasbuenun P, mo
&) L®P | o)<LP |, 0

u
(10) U, f, a<UP, |, a)
Jokasartenwcreo YroSu gokazars Hepaseucreo (9), monye-

TEM CcHauajla, 4re P* COAepXXHT POBHO Ha OABY TOuky OGoJblne,
yeM P. OGosHauMM STy HOBYI0O TOUKY uepe3 Xx* ¥ JAONYCTHM, YTO
Xig <<X* <Xy UAE Xy H X;— JABE NOCAECAOBATEJbHHE TOYKH pas-
Guenus P. onowum

wy=inff(x) (XKL,

wp==inf f(x) (*<xLx)
ScHo, uTo w4 > My H Wy> My, TAE, KaK H DPEKJAE,

my=inff(x) (K< Lx)

LPy, |, a)—L(P, |, a)=wy [a(x)—a{x_ )]+
+wa o (%) — @ (£*)} - my [0 () — @ (X)) =
= (w, —my) [a (x*) — @ (%0} -+ (W2 —my) [a (%) — e (%)} > 0.
Ecau P* copepxur Ha k Towek Gosblire, weM P, TO MBE! NOBTOpHM

TOMBLKO UTO MpoBejeHHoe paccy:kjacHBe % pa3 H noayunM {9). Loxa-
3aTeALCTBO HepasencTBa (10) aHasoruusdo.

6.5, Teopema, S fda< S fda.

HokasartenbcTBo. Ilycrs P*—ofmee H3Melbyenne ABYX
pas6uenuii Py u P, [lo teopeme 6.4

L(Ph f! G)QL(P', f,ll)a(.,U(P'. fl G)QU(P& f* G.).

3uaumr,



Onpedesenisie u Cytecmeosanue uRmepoAn 1313

3uaunT,
(11) LPy, |, U (Py, |, 0).

Cunrast P, QHKCHPOBAHHEIM H BRUYHCJAAR BEpXHIOO Tpadb NG BCeM
P,, nonyqaem us (11)

(12) { FdagU (P 1, 0.

BLIHCAAS HHIKHIOIO TpaHb 10 BceM P, B (12), moaydaem yTBepmpe-
HHE TEOPeM&l.

6.6. Teopema. fcH(a) na (a, b) mozda u mosvko mozda,
koeda 0az mobozo &=>0 cyujecmeyem pasbuerue P, maioe, wmo

(13) U, f, @)—L(P, f, a)<e.
Hokasatenscrao. [Ipn moBom P umeem

L, f, o)< fdaaz_sﬂfdagv‘(P, £, a).

[Mostomy #3 (13) cné,qye-r, 910

0 S fda— S fda <e.
3uauut, ecom npu MoboM & >>0 HepamencTsy {13) yaoBaeTEOpsET
HEKOTOpoe pasbuenne P, To ‘

Sfda:Sfdu,

T. e. fER (a).
Honyctum venepb, uro f€.#(a) u 3agano uucao e>0. Torpa
cymecTsylor pasbuenust Py u P;, Takue, uto

(14) UPy i, a)—{ fda<y,
(15) {fdo—L (P )<

 BuiGepem B xauectne P ofmee namensvenue pasbuenufi Py u Py
Torpa, Kak mnoxasbiBaer TeopeMa 6.4 BMecre C HepapeHCTBaMH
{(14) n (15), -

U(P, f, @) <U(Py, |, a) < S fdat2 <L(P.f,0)+e<L(P.f,a)4e;

J11_TaRoro pastuennn P BuinosiHsercs kepasenctso (13).

Teopema 6.6 mnOSBOAMT HaM J0KA3aTb HMHTETPHPYEMOCTH ABYX
BAXKHBIX khaccoB ¢yHkunfi. Ho cHavana spezeM eme OAHO oOmpe-
JedeHHe.,
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6.7. Onpenenenne. Has awboro pasGnenns P HOOKHM
u(P)=maxAx, (1<i<n)
H HasoBeM | (P) duamempom pasGuenus P.

6.8. Teopema. Ecau Pyncyun [ nenpepwera wa la, bl, mo
{5 G-%(G) #a [a, b). Bosee mozo, xamdomy e>>0 omeeugem maroe
>V, amo

(16) | if(is)ﬁas—§fdu|<s

fami a

048 a106020 pasbuenusr P =={xq, %y, ..., X} cezmenma |a, b], ydossem-
sopaougezo ycaoeurw W(PY<C8, u npu wobom ewmbope mouex ¢
6 cecMerme X4y Xi].

HokxasareannctBo. Ilycte sapano umcao £2>0, m nycte

>0 Takosc, 4910
{a(b)—afg)n<e.

TlockoanKy f papHOMepHo HempepueHa Ha f{a, b] (Teopema 4.19),
cymecTByeT Takoe §>0, uto
17 1) —F|<m,
ecnd [x—£|<0 H x€fa, b], {€[a, b).
BuiGepem P 1ak, yro p(P)<< 8. Toraa us mepasencrpa (17) ciae-

ayet, 91O
M —m<n =1, ..., n}.
3uavuwr, _

U, a)—L(P.f, )= 3, (Mi—m) B

41]21 Aa;=nfa(b)—a (@) <e.

Hrax, no reopeme 6.6, f€. % (a).
Hepapercteo (16) Takxke jokasaHo, Tak Kak ofa uHcaa

D Ft) ey v S fdo nexar mexapy U(P,f,c) n L(P, f, a).
=1

6.9. Teopema. Ecau | moromorna na [a, b), a o Henpepusna
Ha [a, D), mo fE A (a) (Mt no-npexcnemy npednorazaem, pasymeemcs,
HRO O MOKOMONHA).

Jokasarearcreo. Ilycrs samano e>> 0. Has awnboro nodo-
JKETeNbROrO 1 BuiepeM pasGuenne P rak, 410

Aoy = 2O=0@ Gy, ).
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310 BO3MOXKHO, TaK KaK QYHKUHA ¢ HenpephiBHa (TeopeMa 4.23).
INpexnosoxum Teneps, 4TO [ MOHOTOHHO BO3pacTaer (B Jpyrom
cyyae AOKa3aTeAbcTBO aHazaorayxo). Torna

M; = f(x), my = f (%;-y) (=1, ...,n),
TaK 410

UP,f, a)—L(P, f,a)=2O=2C 5 1r(r)f(x, )=

i=i
= 2020 ;) _f(a)] <o,

ec/H n jpoctaTtodHo Besuko. ITo Teopeme 6.6 f€.%2 (a).
Teneph MBI fOKaXKeM HEKOTOpHIC 3JeMEHTApHHE cnoﬁcma HHTe-
rpaja CraaeTheca.

6.10. Teopema. (a) Ecau fER(0) u f-€ B (a) Ha [a, b]. mo
fitF2€ R (), cf € & (0), xaxoea 6t Hu GG KONCMORME C, U
b

{ Fit 1) da= § f do - S fda,

a a2

b
efdu=c S fda.

(6) Ecau | (x)< f2{x) na [a, b, mo
b b

S fide< 5 fada.

T

B i

(¢) Ecau feR(0) Ha la,b] u ecau a<<c<b, mo fER(a) na
la,c] u na l¢c,b] u

c ' b b

oo e 0

(d) Ecau f€ R (a) na |a, b u ecau |f(x)|<M na la, b], mo
b

i S fda|nga(b)—a(a)1.

(¢) Ecau fER (a;) u [€R(as), mo fEA (0 + o)

i

b b b
{ fd @+o)={ fao,+ | fdas
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ecau fCR() u €~ ROAOKUMEALHOE qucao, mo f€Z(ce) u

b b
Sfd(ca):chda.

Hoxasatreavcrso. Ecam f=f,+4f, a P-—xakoe-unGyan
pa3buenne cerMedTa [a, b], 10

(18)  LP fua)+L(P, fo )<LP, [, ) SUP, f, @)
<UP, filo ) +U (P, [ @)

Eciu fi€ % (a) 1 f2€ % (), To mobomy wucay &> oreevaT
Takde pasbuedns P; (j==1, 2), uto

UPy fsa)—L{Py, fs, @) <&

IJTC HepaBEeHCTBO COXpaHuTea, ecau Py u P, 3aMennts ux oGHIHM
n3meabuenteM P, Toraa us (18) caepyer, uro

UP, f,ay—~L(P, [, a) <2,
a 3TQ 3HayuT, 410 [€.% ().
Hnst storo e pasbuenna P nmeeM
UP, fr o)< \ hdate (=12
TakHM oOpa3soM, u3 (18) cnepyer, yTo

{ fda<U P}, )< E frda+- g fada - 2.

BBuay npomsBosnbHOCTH & MBI DPHXOIMM K HEpapBeHCTBY
(19) {1do< | fidast | fodo.

Ecan samennts fy # fa B (19) dyukunamu —f, 1 —f,, 10 Hepa.
BEHCTRO H3MeHHMTCA Ha  olpatHoe (mfo, Kak JCTKO NPOBEPHTH,
S {(—/]) doa=— K fda); TeM cambiM fokasano TpefyeMoe paseHCTBO.

Jokasatenncrsa oCTaAbHLX yrBepxjeHn#t rteopemu 6.10 copep-
IEHHO aHAJOTHUHLEL. B uactn (c) Bce Feso B TOM, 4TO, NEpexofs

K H3MeJbYeHHAM DpH NpHOMMKEHHH HHTerpaja S fda, Mb moxeM
OTPAHHYHTRCA JIHUIL Pa3sCGHERHAMH, COXepXalUlUMH TOUKY C.

6.11. Teopema. Jycmo F€ R () na |a, b], mL LM, ¢ nenpe-
potera xa (m, M| u h{x)=@(f(x)) na (a, b}. Tozda hc 7 (a) xa \a, b).

HoxaszateabcTpo. Bufepem e>>0. Beugy Toro uto ¢
ganuomepﬂo HenpepuiBHA Ha [m, M}, cymecteyer 8 >0, Takoe, uro
<e un {@(s)—e(f)l<<e, ecam |s—1t|<8 u s, {cim, M]
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[ockonuky f€.% (a), cymecrpyer pasbuenue P=={x;, X;, ..., ¥n}
cerMexra [q, b], Taxoe, 4To

(20) UP, jra)—L(P, f,a)< 6

Nycts M, u m; umeor 10T e CMBICH, YTO H B onpefeacuny 6.1,
H nycts Mi, mi-— aHANOTHYRbIe BENHUKHH AR QyHKuyu A, PasobbeM
uypena 1, ..., n Ha AaBa Kaacea: i€A, ecnw M, — my << 6; i€ B, ecan
Mj - -3 8.

Hast i€ A, B cuny BuiGopa 6, oxassiBaercs, 9to Mf—mf<e,

Hns i€ B umeem M} —mi<2K, rpe K=suplo(t)|, mgt<M.
Corsacro (20), umeem

(21) 8 T Aey < X\ (My—my) Aoy < 82,
i€B €8

TaK YTO 2 Aa; < §. CanegoBateneHo,
iEB

UP, khyu)—L(P, h,a) ~—~i§,‘ (M} —m}) Aa, -i—;E_‘,B (M} —m})Ag; <

<ela(b)—a{a)i+ 2Kd << ela (b) —a(a) - 2K].
Tenepr uz TeopeMn 6.6 caeayet, uto k€ .2 (o), Tak Kak 9HCAO &
TIPOH3BOJIbHO,

Jameganune. Dra TeopeMa NOACKA3LIBAET TAKOH Bonpoc:
Kakine e OYHRUHH HHTerpupyemsl no Pumany? Orser aaercs
B TeopeMe 10.33(b).

6.12. Teopema, Ecau f€ R(u) u g€ R (a) Ha [a, b], mo
(a) fg€R(a);
b

b
@ |fleR@ u | 1da|<{tida.

Hokazateabcteo. Ilonaras @(f)=7* u npumenas K ¢
Teopemy 6.11, Mul BHAHM, uTo f2¢ R (a), ecan f€.R(a). Toxkaecrso

4fg=(f-+grP—(f—gP

3apeplIaeT J0KA3aTEJNLCTBO YTBepHIAeHHA (a).
Honaras @(f)=1|#| u npuMensa teopemy 6.1}, Mul TOUHO TaK e
ybexaaemca B TOM, 410 |f{€.% (n). Bubepem c= £ 1 Tak, 410

c| fda>o0.
Toraa i Sfdui=c S fda= S efda < S flda, rak kak cf <} f|.
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Huterpax kax npefiea cymm

Jo cux mop MH oNpeAeNsAH HHTErpald NPH NOMOMH CYMM
U(P, f, o), L{P, f, o). OaHako uncna M;, m;, NOABAAICIIHECH B STHX
CyMMax, He o0O0A3aTeAbHO CJAyKaT 3HAueHHAMM Oynkoud [ (oHu
AefCTBRTENILHO OKA3HLIBAIOTCA 3HAUCHHAMM GYHKUMH f, echd f Hempe-

puiBHa). Cefluac MH NOKaXKeM, UTO HHTErpal S fdo MoxHG paccma-

TPHBATE KaX NpeNest NOCHeAOBATeJbHOCTH CYMM, B KOTOphIX M; u my
3aMeHeHbl 3HaueHusaMH Gynkuud f. Kak # Bolme, ¢ MOMOTOHHO
BO3pacTaeT, a f orpaHuueHa W BemecTReHHa Ha |g, bl.

6.13. Onpeneanenne. Tlycte P —Kaxoe-HuGyas pasbuenue

cerMenrta [a, b]. BribepeM TOukH fy, ..., f; TaK, UTO X;_, <f; < X;
(=1, ..., n), ¥ paccMOTpHM CYMMY
n
(22) SP, f,a)= izi f (2} Ag;.
TNonoxuM, no onpeaeneruio,
(23) lim S(P, f, o)= A4,
B0

ecau ana awboro e > (0 cymecteyer & > 0, Taxkoe, yto mpu pu (P) <8
HMeeM

{24) |S(P,f,(l)—AF<3-

OrMeTuM, uto oGosnayenne S (P, f, @) Ha caMoM jJefie HENONHO,
TAK KaK cymMa (22) 3asuCHT eme H OT Bhifopa Touek f;, YAOBJAETBO-
PRIOHIHX yCHOBBIO X; 4 < f;<x;. Ho 370 He MoXer mnpuBecTH HH
K KaKoMy HeJOpasyMeHHIO, ecJH MH OyJeM NOMHHTb, YTO COOTHO-
welue (23) o3HauaeT cnpaBelIHBOCTL HepapeHCTBA (24) npu BeskoM P
H BCAKOM JONMyCTHMOM Bhifope Touek f;, €CJHH TOJNbKO B (P) << 6.

6.14. Teopema, (@) Ecau YmS(P, |, a) npu pP)-0
cywecmsyem, mo fe R(a) u

b
(25) lim S(P,f, a)= S fda.
NP0 b
(b) Ecau (i) f menpepoena uru ecau (i) € R (e) u a uenpe-
peiena na (a, b], mo ewnoaksemea coomuowenue (25).
Ynpaxkuenne 4 nokaker, 4To TpeGOBAHHE HEINPEPHBHOCTH B yTBep-
xpeuun (b) He Moxker GuiTb ONMyuieHO.

Hoxazateapcrso. Hdonycthm CHavana, 4ro npeiea B Jepoif
gacTH papeHcTBa (25) cymecrByer u paseH A. IlycTb saxamo uncio
e>0.
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Cymecrsyer 6> 0, Takoe, 4to npa pu(P)<< 8 uMeem
(26) A-5 <SP L o)<A+3.

Bubepem Takoe P. Ecsii Mbl 3acTaBHM TOYKH f; NpoOGEraTh CerMeHTh
{%;.y, X;] M BOSEMEM BEpXHIOI® W HEXHIOW TpaHH uucen S (P, f, a},
OOAYYEHHHIX TakHM oOpasoM, TO, NpuHuMag BO BHHMaHHe {(26), Mu
npEZieM K HepaBeHCTBY

A~5<LP,f,a)<U P, [, a) <A+

ITo reopeme 6.6 f€ % (a); 210 3aBeplIaeT NOKA3ATENbCTBO yTBEP-
XKaenus (@), TAK Kak

LP.fr o)< § rda<tU P, £, 0.

Uacre (i) yreepxkpenua (b) comepxurcs B teopeme 6.8.
Urobu AoKa3aTh 4yacTh (ii), Aonycrum, uto f€.% (a), QyHKUHA ©
Henpeprina u £ > 0. Cymectsyer pasbuenne P*, takoe, 4TO

@n UuPsfoo< | fdot.
INonomxum
M=sup|f(¥)] (a<x<b).

TockoabKy PpyHKUKA ¢ paBHOMEPHO HenpephiBHA Ha [a, b], cymecT-
ByeT §; >0, ofAajawoiiee CACAYIOIMM CBOfCTBOM: ecau P—uan
pasGueHue cerMeHTa [a, b], Takoe, uto N (P)<I8;, T0 Aa;<e/4Mn
OpH Beex £, rAe n— YUCHO CerMeHTOB pasbuennsa P*. Ilycts P — mioGoe

36uenne, Taxkoe, 4t0 W({P)<<§;. Paccmorpum cymmy U (P, f, o).
KAaQX B S5TY CYyMMY TeX CerMEHTOB pa3OHeHHs P, BHYTPH KOTOpLIX
CONePXHTCH TOUKa pasOheHHss P*, He NpeBHINAET BEJHYHHB!

(n—1)eM e
(n— l)miax A(lgM< ~—iMn <T .
B coepunersn ¢ (27} sTo paer
(28) U@P,fa) <\ fdat 3

npa Beex P, Ans Kotophx p(P)<<§,.
TouHo TaxpM ke cniocofoM MLl MOKeM fI0KasarTe, 4TO CyWECTBYET
qucao 8, >0, rakoe, uro

(29) L fray>{ fda—5

npu BceX P, And KoTopHX p (P) << B,
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Bubupas 8-=min (§,, §;), Mbl BHAHM, uTO HepaseHcrsa (28) u (29)
BLINOJAHAOTCA NPK KawmaoM P, TakoM, uro j(P) < 6.
TNocKoAbKY, OYeBHIHO,

LP, [ a)<S(P, ha<UP.} a)
H3 (28) H (29) cneayer, uto
S@ o< fdot g,
S} 9> fda—3,
4 H3 9THX ABYX NOCACIHHX HEPAaBeHCTE BHRHO, YTO

|S(P, f, ) — S fda;<a

npd Bcex P, TakHx, aro p(P)<I8.
HoxasaTenbCTBO 3aKOHUEHO,

Hurerpuponanne u pudrepenguposanne

B stoM pasjene Mhi Bce eme OyfeM 3aHUMATHCA BElECTBEHHLIMH
dyHxuHsMa. Mbt 1MoKamxeM, YTO HHTErpHpoBaHHe H Ju(depenimpo-
BaHHe ABATIOTCA B HEKOTOPOM CMbicsie B3aHMHO OGDaTHBLIMH Omepa-
HHAMH,

6.15. Teopema. Hycmo feﬁ Ha {a, 0. Qs a < x < b nosowmum

f(ydi.

ﬁ-"_.-f'ad

Toeda pyrxyun F nenpepbiena wa (a, blY); 6Goaee mozo, ecau ynk-
yus f nenpepoiena 8 mouke Xo€lia, b}, mo gyskyun F Oupdepenyu-
pyeMa & mouke X, u

F' (%) = f (x0)-

HoxasartenncTBo. Dynkuusa f orpaunqeﬂa, Tak Kak [ €A,
Honycram, ato [ f (1) <M, ecan a{{<b. Hpu a<< x <y<b uveem

(P —F =] 5f(t>dt|<M<y—x>

[

1y dynkuns F ue onpefenexa B TouKe ¢, HOO cHMBOAY 3 f () df we npunu-
[
CHEBATOCH HAKAKOTO cMBicha (B m. 2,19 npk onpejgenednu cerMentTa Kak OLHOMep-
KOH K/eTKH cerMents! Buaa [a, a] Guwan uck/aoueHn H3 paccvoTpends). Jlas toro
4TO0L RCE YTBEPAACHHMA TEOPeMM OWAN  BepHBIMI, CJIEAYET CUHTATB, MTO
Flay=0.— lipus. nepes.
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no Teopeme 6.10 (¢) u (d). Mu BuAuM, uTO AN AaHHOTO £>0
|F()—F (x| <e,

eCAH TONBKO | y—x| << e/M. IDTHM LOKazaHa HenpepHBHOCTE (U G0~
Jee TOro, paBHOMEPHAs HElPephBHOCTB) dyEKnuH F.

HonyctaM Tenepb, 4To (PyHKUHA [ HempepLBHA B TOUKE Xo. Has
3apannero € >0 subepem 6 >0 Tak, uro

[F@)—F (x0)} <<e,
ecnl |l—xy| <8 v a<Li<b. Torga npu ‘
—8IsLXyCE<<X3+8 0 ags<<tLh
Mul no Teopeme 6.10 (d) mmeem

i
1 = [ f @ —f eordu|<e.

a

Crepoparensto, F' (xg) = f (x,).

6.16. Teopema. Ecau f€.F na la, b) u éyu;ecmsyem Duchcpe-
penyupyesman pynxyua F na {a, b), makas, wmo F =f, mo

b
{ Fiydr=F (0)—F ().

D1y TeopeMy OGHYHO HASHIBAIOT OCHOGHOL MeEopeMol HHmezpaib-
#020 ucwucaenun. Ee NOCTOAHHO NPHMEHSAIOT NPH BHYHCHCHHH HHTe-
'PAJIOB.

Hoxasarteancrao. Has gannoro pasduenns P cermenta [a, b)
spiepeM f(i=1, ..., n) Tag, 4T0 X < H<<x H

Fx)—F (xi.4) = (1= x14) [ (t5).
B10 BosMokHO mo Teopeme 5.10. Torma

F(b)—F (@)= li}llF ()= F (10 ——-fjli (t:) Axi,
= =

b
a MOCHCAHASA CyMMa CTPEMHICH K S f(x)dx, korza fu(P) — 0, no
reopeme 6.14 (rze o (x)=ux).
6.17. Teopema, Ecau fc R u o' € R na la, b, mo f€ R (a}u

§fa’an § Fixya' (x)dx.
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31a TeopeMa ONHCHBAET OAHY H3 CHTyauufi, Xorfa HHTeTpad
Crunbrbeca CBOAMTCA K HHTErpaly Pumana.

BoxazaTenbcTBO. 3aMernM cHavasia, 9To NO Teopeme 6.12
fo' € 4. Tlycts £2>0. Buifepem M rak, uto |f|<<M. Ilockonexy
fa' €R 1 o' € R, u3 7Teopemnt 6.14 (b) caeayer, uTo CyeCTBYIOT
& >0 u 8,>0, Takue, uro

(30) |3 e epan—§ fol <e,
e P(P) <O B Xy <y<xiy 1
|3 e tyan—{o|<e,

ecad W(P)<<8, i X1 <<t <<
Ecan s; — gpyras Touxka, TAKasd, UT0 Xy <5< X;, TO MBI HMeeM

(31) Nie’ (t)— (51)]| Axy << 2e,

Korha R (P)<C8: v 2 SH Xy Xy 8 < g0

BuGepeM renepe P Ttag, uro p(P)<I8=min{8;, §,)}, u nycts
i €lxi—y xi]. ITo Teopeme 5.10 cymecTByIOT TOMKH ;€ [Xi—, Xil,
raxue, 410 Aep=a’ {s;) Ax,. Torza

(32) R f)Aei=3fit) o’ (¢)Ax+ 3 F ) (e’ (s —a” {E:)] Ax.
Coraacro (30) u (31), nepas wacte pasenctsa (32) oTamvaercs
o7 S fo' menbire, yeM Ha (2M 4 1)e. Bro o3mavaer, uToO

N b .
lim S(P, f, a)==S f(x)a’ (x)dx;

W(P)=0

NpHHAMAA BO BHHManHe Teopemy 6.14 (@), MbI npuxoamM k TtpeGye-
MOMY 3aKNKYEHHIO,

RuTerpuporanne BeKTOPHOSHAYHMX (YHKUKRA

6.18. Onpepeaenue. [lyctes f,, ..., fr—BenmecTsennse
¢yakusd Ha [a, b], n nycts f={(f;, ..., fa)— cooTBeTcTBYWOIICE
otobpakenne cermenTta [a, b] B npocrpancteo R*. Ilycts $yHruma
@ MOHOTOHHO BO3pacTaer Ha [a, b]. Mu OymeM FrOBOpHTB, HTO
f€EX (a), ecan f,eR(a) npu j=1, ..., k. B >ToM cayuae M,
RO OHpeAesicHHIO, NOJATaeM

b b b

§fdu=(s fuda, ..., S fkdu>.
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Haniva cnoBamu, S fdo—>310 TOUKa mpoctpauctea R, j-a Koop-

ARRaTa KOTOpO# paBHa S f;da.

Slcno, uTo yreepxaenus (a), (¢), (¢) Teopemut 6.10 BepHw H Ans
STHX BEKTOPHO3HAYHLIX HHTETPAJOB; HYKHO NMPOCTO NPHMEHHTDH HpekK-
HHE pesy/abTaTh K KaXHoR koopauHaTe. TO Xe BEpHO B OTHOUIEHHH

reoped 6.15—6.17. Ilna namoctpanuu chopMyNHPYEM aHANOr Teo-
pemu 6.16.

6.19. Teopema. Ecau T u F omobpamaiom cezmenm [a, b}
¢ npocmparncmso R, Y€ R na [a, b)) u F' =4, mo
»
S f(t)dt =F (b)—F (a).

4]

OxHako aHazor TeopeMul 6.12 (b) cBA32aH ¢ HEKOTOPHIMH HOBHIMH
MOMEHTAMH, 0 Kpaiineli Mepe B AOKASATENBLCTBE.

6.20. Tecpema. fHycmo ¥ omoGpasmaem (a, b) e npocmpan-
cmee R*. Ecau §€R(a) 048 xaxot-Hubydo MOHOMORNO €03pacman-
wed na la, b) gyuryuu o, mo |F|lc R (e) u

b b
(33) 'Sida|g§|f|da.

BokxasateascTBo. Ecau fy, ..., fx—Komnosents: oroGpa-
wenna §, To

(34) |f|=(f+...+7.

ITo Teopeme 6.11 xampas u3 ynknult f} npuHagTexRHT MHOXKe-
cT8Y % (a), CNEAOBATENLHO, STOMY MHOMECTBY NpDHHALNEKHUT M HX
cymma. Jlockoneky +*— HenpephiBHas $YHKUMA OT X, Teopema 4.17
NOKA3LIBAeT, YTO KBAAPATHH{ KOpeHb— QYHKUHA, HENpepHBHAA Ha
cermente {0, M] npu KaxaoM pemecrsensom M. Ecam mbt ewe pas
npeMeHuM TeopeMy 6.11, To yBHauM, uro |f|€.% (a).

Urobu® nokasate (33), nonokuM Y={(yy, ..., ys), TAe y;=

= s fyda. Toraa y= S fdo n

yp=2 =24 fsda={ (D usis)de.

B cuay unepapenctsa 1llapua,
(35) Zuh o<y (et
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3HaunT, n3 Teopemsl 6.10 (b) caepayer, uto
(36) yP<ly) § 1§ide.

Ecan y =0, 10 vepanencTso (33) TpusmaasHo. Ecam y =40, To,
pasgenus (36) na |y|, My noayusm (33).

GYyHROYK OTPaHHMeHHON BaApHALHH

Jo cux nop MW 3aHEMAJNHCh HHTErPHPOBAHHEM OTHOCHTENHHO
MonoTORHEX ¢ysxuuit a. B camom gene, nepaseHcTso Aqg; >0 Hrpato
OCHOBHYIO pOJib BO BCeX AoKasaTeahcTBax, cBfsauHnx ¢ L(P, f, a)
n U(P, f, a). PaMKH TeODHR HHTErPHpOBauHA, PasBMTOH B Npexb-
AyIDMX pasfenax, MOXKHO pacumIpHTb Oe3 3HAYHTENbHHX TpyLROCTE,
€CAE 3aMEeHHTh KJacc MOHOTOHHMX yHKuMA KiaccoM dyHRUMA orpa-
HNYeHHoR Bapuauuk. “ito6nl w3femaTe ToBTOpeHWil, MLl cpasy e
OUpENENHM STOT KJAcC A BEKTOPHO3HAUHLIX (YHKUMIL

6.21. Onpeaeaenne. Tiycrs f—oTolpakenne cermenta {a_. b]
8 npocrpancteo R, Ecam P={xy, ..., ¥} —pasbuenne. cerMeHTa
la, &), T0 NOAOKHM

Afy==F{x) — 1 (x:-y)
#

37 C V(K a, by=sup 3| AK),
i==ti

rje BepxHAA rpaHn OGeperca no BceM pasCueHMsaM cerMeHra [a, O).

Hasosem uncno V(§; a, b) noanod eapuoyued orobpaxenus i na
cermente [g, b]. Ecan ¥3 KoHTeKCTa fICHO, 0 KaKOM cel'MeHTe HAeT
peus, To Mb OyneM cokpamenno mucath V (f).

Ecesu V(§; a, b) <<+ oo, 10 roBopar, uto §f—ynkyus ozpanu-
uennolé sapuayuy Ha [a, bl

Muorne ¢ceORCTEA BeKTOPHO3HAUHKX (PYHKLNH Or pAHHUeRHO BapHA-
LUAH MOXKHO HOJNYYHTL CBEAEHHEM K CNy4Hai0 BEIISCTBCHHBIX (DYHKIME.

6.22. Teopema, Hycme t=(f,, ..., [s) omobparcaem cezsmerm
la, &) ¢ npocmpancmao R". Toeda §— ynryusn ozpanuvennod eapua-
utu Ha la, b} 8 mom u MOALKG & MOM cCagude, Ko20a Kaxcdas u3
Qpynkyuil f; umeem ozpanudennyo eapuayuw Ha [a, bl Daal <j<k
umeem

VISV < SV,

f=|
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HoxasatenscrBo. [Mas moforo pastuenus {x,, ..., x,}
cerMenTa [a, H] nmeem

|y (o) —Fr (kim0 <1 (0 —F (g | < i,l Fr () — Fy (tg)

EcJ/H MH BPOCYMMHpYEM 3TH HREDAaBEHCTBA N0 (=1, ..., n, a

aareM repefileM K BEeDXHHM TPaHAM, TO MH NOJYMHM YyrBepXKAeHHE
TeOpEMbI.

6.23. [Ipumepun. (a) Ecru f—monoToHHaa $yukuks Ha {a, ],
T0 [--dyHKUMA OrpaHudeHnol Bapuauwu Ha [a, b), u V (f}==|f (b)—
—f{a) |

(t) Ecom ¥ cymiectayer m orpadnuena Ha la, b], To I —dyukoun
orpaHHMeHKoll Bapuaumu. HeiicTButensho, ecam |[f (x)|< M, 10 no
reopeme 5.20

b n
Nite) =T < 3 M{xi—x44) =M (b—a)
it i=t
ilas mwoeboro pasSrenun cermenta [a, D).
{¢) Dynxuusa { Moxer BHTL HenpepolBHOH, He Oyayun ¢yHKDHeR
orpaHHuenHoll Bapuaumu. PaccMoTpiM GyHKIMIO

xsin —';— 0<x<2),

f0) =
0 (x==0),
Buiiepem pasGreHme, cocrodliee H3 TOYEK
2 2 2 2
% %=1 sy 0B T 2

-Cootsercreyoman cymMa, O&urypupyiomas B (37), paBHa B 3T0M
cayqae

(143)4 (3+3) (b at)+
S u F NP I N

a 370 YHCAC MoXeT OHThH CAEMAHO CKOJIL YrofHo GoasluuMm 3a cyer
1
snfopa AocTaTouno Gonaviuoro i, HG0 pag E ~- PacxopuTes.

(d) fcHo, uTO KaKAad QYHKIMA OTPAHMUEHHON BapHAUMM OTpa-
nnuena, tak Kak | {x)-—f(a)! <V {§) npu Beex x€la. 6} '

Mu yerauM (reopema 6.27), 4T0o cymecTBYeT TecHas CBHA3bL MERAY
QYHMKUKAMY OTPAHHYCHHOHR BADHALBH ¥ MOEOTOHHHMH (QYHKUHAMH.
CyMMa HJIH TPOH3BEJiEHHE JBYX MOHOTOHWBIX YHKUMA He olasa-
TeAbHO MOHOTOHHBL. Hanpumep, x # x* moHoTomwm Ha [0, 1), a
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dyHKIUA x—x® He MOHOTOHHA; (YHKHMS ¥ MOHOTOHHa Ha [—]1, 1],
a Qynxuusa x?—mueT. Oauaxo Kaacc QyHKOHA OrpaHHYeHHOR BapHa-
UHH 3aMKHYT OTHOCHTEJLHO ONepali#il CAOMEeHHA M YMHOMXEHHS,

6.24. Teopema, Ecau | u g-—~Komniexcusie dynyuy ozparu-
yennoll eapuayuu Ha [a, bl, mo f+ g u fg—dynkyuu oepanuuentod
sapuanuu Ha [a, bl.

(YTBepXKEeHHe, Kacalouleeca cyMMul f-+ g, BEpHO M AJA% BEKTOp-
HO3HAYHBIX (QYHKIMA; AOKASATENLCTBO HE MEHSETCA.)

HJokasarensctro. Kas moforo pasbuenus cermenra la, b]
HMEEeM
2Afi-Agil< | B[+ 2 Agi [ <V () +V (g).

3uamnt, V (f+ )<V () -V (g), 1 uepsas uacts TeopeMbl ZOKasaHa.
Tenepe BuiGepeM A H B TaK, uro |f(x)|< A, {g(x) [ < BHafa, b
Ecnn A==fg, 1O
Ahy = f (x;} Agi -+ g (xi-5) Afy,
MO3TOMY

DAk < AQ | Agil 4 B X1 Afi | <AV(@) 4+ BV().

3uaunt, V(fg)<<AV(g) 4 BV(f). Tem caMuiM foKka3aHa BTOpas 49acTh,

Chnepctrue. Ecau f u g monomonno sospacmaiom wa [a, bl,
mo f—g ecmv yuryua ozpanuventor sapuaguu wa [a, b).
OG6paTHoe yTBEpMKACHHE TOXe BepHO (cM. TeopeMy 6.27).

6.25. Onpejesnensre, Ilycto T ortobpakaer cerment |a, 6)
B mpocrpareTBe R, H nycTh T-—QYHKUHs OrpaHHYeHHON BapHalHH.
IMoroxuum

(38) ux)=V{; a x) (agx<h).
HaszoseMm vy ¢yrxyued noanod eupuoyuu dyasuud f; ve, oueBni-
HO, MOHOTOHHO Bo3pacTaer Ha la, 6] u vr(a)= 0.

6.26, Teopema. lycme YT—dynryun ocpanudennot eapuayuu,
omobpasaouwan ceemeam |a, bl e npocmpancmeo R*,
(a) Ecau a<xLy<<h, mo

(39) Vil; a, )=V (i a, 0}V (E x, y).

(b) Ecau pyrcnus §t nenpepwsna Ha {a, bl, mo u Pynxyus v
modxce Henpepwisaa Ha [a, b].

AoxaszarteabcTBo. Ecan x=¢ unm y=-x, 10 pabenctso (39)
TpHBHaNLRO, Tak kKak V(E x, x)==0. HomyctuMm, 410 a<<x<Iyg
H 3aiaHo uyucao &>>0. CymectByer pasbrenne {x;} cermexta [a, yl,
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TAKO€, 4TO
(10) w(g)—e< 31— ()] <u )

Ecan TOuKa x He HaXOAUTCA CPEiH TOUEK X; TO MBI J05aBuUM
ee K Habopy {x;} ¥ noayunm Taxkum oO6paaoM HoBoe pasbuenue P,
1ast Kotopore depapercTBo (40) Bce cute BHOAHSETCH.

TpaBas uyacTh HepaBencrba (39) oKkasLiBaercsl BepXHeH I'PaHBIO
MHOXeCTBa BceX cymum, durypupyromnx B (40). 3nauntr,

nl{yp)—e<o () +VE x, <o ()

TICCKOARKY € NPOH3BOJNLAO, paBeHcTBO (39) Nokasano.
Tenepy pomycTam, 4to ¢ynkuns f menpepwissa, a<y<b B
(41) V{F x g)>0

NpH HeKoTopoM ¢HKCcHpoBaHHOM 8>-0 u npu KaxjoMm x € [a, y). (ST0
npuBefeT K npotHsopeunio.) Base B (41) x=a, MH yBUAHM, uTO
cymiecTByer pasSuenue {x;} cermenra [a, yl, Takoe, uTO

i)

(42) 2 ey —F(x-) [ > 6.

{=1

3aMeTHM, UT0 X =y, X,-<<y. Bempy Toro uto f mempepmesa,
CYLLECTBYeT TOUKA &y, TaKafl, UTO .Y, ay <y M BeHUHHN | §(y)—
R (Xa- # [F(@)—T(xa-y)| oTNBUAOTCS CKOAB yroOAHG Maino;
B Y4CTHOCTH, (42) BHMOJHAETCA, €CAH SAMEHHTb y TAKHM UHCJOM a,.

Hlupivp cioBaMui, Mt lOKasadf, YTO CYIIECTBYET 4,<Cy, TaKoe,
wro V(§; a, a)>6.

[Tposomknm 3ToT Dpouece, BasB @; BMECTO @, H T. A.; MH nony-
yHM AR Kaxkporo N 4ucaa

Gy <@y <<l .. <ay<y,

taxue, uto V (f; ai_y, a)>6 (1<I<N).

Ho orciona B cuay (39) caenyer, uto v;(y) > N6 npr awGom N,
4TO HEBOIMOKHO.

3To NpOTHBOPEURE NOKASLIBAET, UTG

limV (f; x, 4)=0;

Xry

B CHAY (39) oTclopa BWTeKaeT, 4TO (YHKUHS Uf HENpepbiBHA cJeBa

Ha (a, b]. Tem ke crnocoGoM AOKA3HBAETCT HENPEPHEBHOCTL CTpaBA
Ha [a, b).

3ameuaunne, Cnpasefnupa oOpaTHas TeopeMa; thopMYIHPOBKY
MOXKHO HafiTH B ynpamuenus 6.
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6.27, Teopema. Ecau — eewgecmeensan PYHKLUR 02PaRULEN-
~Nod sapuayuu Ha (@, b}, mo cytyecinsiiont MOHOMOKHO eospacmwo
we na la, b) dynsyuu p u g, macue, wno pla)-=qla)=

(43) f(x)—F(a)=p(x)—g(x),
(a<x<b)
(44) v (8} =p{x)+¢q(x).

Mbl GyneM Ha3bBaTe p M ¢ COOTBETCTREHIHO QYHKIHAMHE n040-
scumeatnod 0 ompuyamesbrod papuanun yHKiuH f; paBencro (43)
NOKa3LIBAET, YT0 (PYHKUMA [ TpelcTaBMMa B BHJAE DPA3HOCTH ABYX
MOHOTOHHBIX bYyHKuUu{.

JdokasaTeabeTro. OnpeneauM p u § paBeHCTDAMY
(49) 2p=vst-f—-Jla) 2¢=vy—f+](a)

fcno, aro p(a)=¢(a)=0 n sHnoARsIOTCS paBeHcTBa {43) H (44).
Ecan

agxg<y<h,
10 (39) noxasmipaer, uTO -

2o —2p(x)=V (f; x, ) + 1] ()—F (X)),
2q (1) —2q (x) =V (I; x, 1) ~[f ()~ F (x)).

Beuay Toro uro {f{g)-—F(x)i <V (f; x, y), u3 (46) cnegyer, uto
ofe GYHEUHY P W §— BO3PACTAIOLHE,

Caepcraue 1. Ecau |, kpome mozo, nenpeptisua ne {a, bl,
mo mem e ceolcmeos ofaadatom p u g.
310 BHTeKaerT K3 Teopesbi 6.26 (b) u paaencra (45).

Caencrene 2. Ecau [-—yukyun ozpanuuenncd sapuayuu na
fa, bl, mo F(x-) cyuecmsyem npu a<x<<b, f{(x—) cyujecmeyem
npu scex a<<x < b u mnoxecrico movex puspsisa hyncyui | ne 6osee
4em CHemno.

3710 caeiyer HemocpeiscTBeHHO H3 TeopeMsl 6.22, pasnokenna (43)
R asalorHYHELY AKTOR, OTHOCHMHNCA K MOHOTOHHLIM MYHKLHMSIM (Teo~
pemul 4.29 u 4.30).

[Ipeacrapnenye BeulecTBeHHOH (PYHKUNHH OrpaHMUSHHOH wBapHalun
B PUOe PasHOCTH ABYX MONOTOHHBIA (DYHKL{Hﬁ, KOHCYHO, e egur-
CTBEHHO; B caMoM Jene, TipudaBasa OpHY H TY e BO3PACTAIOULYIO
(bYHKUHMIO K P H ¢, MH TOMYYHA ABe Bo3pacTamoumue QyHKIHY py U gy,
takue, 4To [(X)~f(a)=pi(x})—q,(x). Onpvaxo pasnoxenne (43)
offlagaeT HEKOTOPHIM CBOHCTBOM MHHHMATbHOCTH, BHAGTHIGILIAM ero
Cpe/M BCeX NMPOYHX DPasvIoKeHHA Takoro poga (cum. ympaxsenwe 10).

(46)
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Maavuelimue Teopembl 00 WHTETPHPOBAHHH

6.28. Onpepenenne. Teneps Mbl 06PATEMCH K HHTETPHPOBAHHIO
OTHOCHTENBHO MoGoH (QYyHKUME OrpaHWUCHHON BAPHALHK, a HE TOMLKO
OTHOCHTEABRO MOHOTORHOA ¢yowmnn. Ecau o — pemwectsennas dbyux-
uns ofpanudentiol sapHauuy Ha [a, O] HecaH o =f—v, rhe B v—
BozpacTaionire MYHKLAW, TO €CTECTRELoE ONpefiefeHHe TaKoBO:

(47) \ fda={ rap—{ rav,

eCTH TOBKO 00a HATerpada CnpaBa CYUIECTBYIOT B TOM CMBICHE,
B Kakom OHH Owiau onpegeneHhl pauee,

Ecau o =f, —y,~~Apyroe pasnoxenue QGyHKUHH @ B PasHOCTb
sospactatowmx Gynkush, 10 Bty =pf;4-y., 1 noaTOMy [CM. Teo-
pemy 6.10 (&)}

(48) {rap+§ ravi="{7dp,+ fav.

~ Orcioga cneayeT, 4YTO HHTErPad Kf de, onpepenenHuii B (47),

HE SaBHCHT OT BHIGOPA pastoikeHHA QYHKUHH &, eCAl MOABKO f HDH- |
HajAeXnT MHomecrsaM K {B), Z (P}, A ) u Ely,).

[lostoMy B Raznlieiimem B 5Tof raaBe Ml GYAEM paccMaTpuBaTh
JRLIb NBA CAyYasi, KOUAd Bee HHTepecylolle HAC HHTErpadbl asTo-
MATHYECKH CYLIECTBYIOT:

(2) yuxuus f Heripepuinna, DYHKIHA @ — OTPAHHUCHHON BAPHAIIRH,

(b) byuxuun f u o-—orpaHuMcHHON BapuauuH K o HempephiBHa,

B cnynae (a) mm comaeMcs Ha Teopemy 6.8. B cayuae (b) yeno-
BHMCA TIPCACTABIATL ¢ B BHAE PA3HOCTH TONGKO HeRPEepbiGHHLX MOHO~-
TOHHBIX GYHKIEH [5TO0 MOWHO CAenaTh, COMACHO CNEACTBHIO 1 u3
Teopemsl 6.27]; pasaarast | B pasHOCTh MOHOTOHHGX QYHKOHI, MH
counteMca Ha Teopemy 6.9,

Samemum, Kpome moo, wino & oboux caysasx meopema 6.14
NPUMEHUMG 8 noaHoM 06seme,

Teneps MBI MOPAM 6B, KOHEUHO, PACHPOCTPAHKHTE 3TO ONpeAeACHHE
Ha Bekroprosnaubnle (yHKuMK f. Oauako Gojee KHTepeCHHIM npej-
crapisieTed Apyroe ofofuienye, KOTOPoe NPHMEHHETCA B TEOPHH aHa-
JHMTHYECKHX QyHKRuMA. D10 ofolulenne noayynres, ecid obe GyHKIUY
f H @ cuuTaTh KOMIVIGKCHO3HAYHLIMH.

Ecan f=f,-bify, a=a,4iay, rae f, f2, @, @s— BELIECTBEHHBE
dyuruny Ha [a, b], # ecnn BLHOAHAeTCA yoaoeHe (a) wian (b), TO MHL
NOVNOKEM

(49)  {ido={§fido— fadar+if fidasti § au.
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YeTripe HuTerpasia, CTOsMe B NPaBof YaCTH 3TOTO DABEHCTBA,
Obian onpeaeaert B (47).

O6uiunpie cboiicTBa aARHTHBHOCTH [Teopemu 6.10 (@), (c), (e)]
B 5TOH CHTYallHd JICTKO IIPOBEpsioTcA. PacCMOTPHM Tenepb aHajor
TeopeMsl 6.12 (b) [cM. Takke Teopemy 6.20] /s KOMIIEKCHBIX .

6.29. Teopema. HHyems [ u a-—romnsekcrme Pyuxyuu Ha
[a, 6], yoosremsopsouiue ycavsusm (a) ua {b) onpedesenus 6.28,
Mycme v—pynxyus noanod eapuaguu Pynxdue o wa |a, b). Tozda

(50) i§fda|g§|f|dv.
CrhepcTsue, ’ ’
b

|{ reef<vi@ sup 1.

JoxasatedbcrBo. Ecan sunoameno (@), To dyHkuns |f]
penpepusHa. Ecnu sumonneso (b), To HempepuiBHa dyHKuHS U
(reopema 6.26), a Tak KakK [—dynKnua orpaHHYeHHON BapHailiH,
To TakoBa H OyHKuMA |f|. 3uaumr, BTOpOH MHTErpan B (50) cyme-
CTBYeT B OOOMX CayuasX.

Ins moBoro pasbuenks P = {xo, Xy, - .., X} C€IMeHTa [@, D] HMeeNM

(51) | D F) Aw| < DT A|< D1 F(E)] Avg,

ecid X <h<x; npu l<li<n. Tlpu p(P)— 0 neppag cymma
B (51) cTpemutca K R [da, a nocreanss —x S | f1dv no Teopeme 6.14.
TeM caMeM HepareHcTBO (50) KoKasawo.

6.30. Teopema. MHycms [ u a—Kosmnaekcube Pynkyun ozpa-
Husennolt eapuayuu xa [a, b), @ Pynkyua f, kpome mozo, nenpe-
poigna. Toe0a

b

h
(52). { rda=F®)a)—f @ e@—§ adf.

", .,

o
3ameuanue. Tlo anasoruH ¢ NpHeMOM CYMMHPOBAHHA N0 YaCTAM
paBeHcTBO (D2) HA3LIBAIOT OPMYAOE UNMELPUPOSAHUSR 110 HACMAM.
UacTo oKasnlBaeTcs yIOOHBIM PacCMATPHBATDL S adf Bmecto S fda.
DBokasatTeabcTso. BuGepeM kakoe-HuGyAb pasGuenne P=

={Xg, X4, ..., X¥n} cermeHTa [@, b]. Buibepem ¢, ..., #; Tak, uTO
X K< X, TONOKAM fo=a, laq=050, H nycTh Q—pasbuenne
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{Zos 41, ..., tuiy} cermenra [a, b). Toraa, CyMMUDYS 110 YaCTsM, HOJY-
THM

S (P, fo @)= gl f{t) o (x)—a (x.0)] =
nt+i

- =fOeO)—f@e@— X ala-tf ¢)—F ()l =

=f(®)aB)—f(a)a(@)—S@Q, a, ),
TaK KaK fi4 <Xy <Y Eemn p(P)—0, 10 1 n{Q)— 0, u Teo-
peMa 6.14 mokaswBaer, uto S (P, f, ¢)—> S fde, SQ,a, f)—->S adf.
Orciona cregyer pasencreo (52).

Sameuanme. Ecm dynxuusa [ HenmpepuBHa, a a—dyHKuuA
orpaHMYeHHOH BapuauHm, To (52) MOXKHO HCNO/MR30BATH ANA onpede-

AeHUR AHTErpana S adf gaxe B TOM ciyuae, KOTAa [ He ecTb HYRKIHA

OrpaHryeHHOR BapHANWH. ITO NMPHBOXHT elle K OZHOMY OGOOIIEHHIO
CTHAbTbECOBCKOTO TPOIECCA HHTETPHPOBARMA, KOTOPOE Mhl, ORHAKO,
He OyA€M B nanbHeflilleM pacCMATpHBATh.

B crnepyiomux pyx Teopemax Mbl LOIKHH GYJeM OTpaHHUHTHCSH
sewjecmeennoimy  QYRKIMAMH —TaK e, Kak H B CAydae TeopeM
0 cpeldeMm B Teopur AnddepeHnMpOBAHHA.

6.31. Teopewma. (Tleppas Teopema o cpepmeM sHauenur.) Ecau f
HENPePueHA 1 BeU4ECMEENHA, G & MOHOMOHKO soapacmaem na |a, b],
mo cyuiecnmayem modKa X, makan, wmo a<x<b u

b

(53) \ da=f(x)1a ) —a(a).

@
HDokasateanpctpo. [lonoxum

M=supf({f), m=inff(f) (a<<i<h).
Torna .

m [a (b)—a (@)] < ﬂ fda<M{a(b)—a(a)).
3HaYHT, CYLIECTBYET UHCAO A, Takoe, UTO M A<M u
b
g fda=hla(b)—a(a)].

B cany Teopem 4.16 m 4.23 cymectByeT TOUKa X, TIpHBAAIEKAmAs
cermeHry [a, bl, ans koropolt f(x)=2»X, OTKyla W chegyer (53)
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3aMevanue. Moxer COyYHThCH, YTO TOMKY X Hedb3s BHOpaTh
TaK, 4T0 6 << ¥ << b. Hanpumep, ecnn

_ [ 0 (x==a),
o ()= 1 (a<x<b),
a [ HenpepwmBH2, TO

fda=f(a)=f(a)ia(b)—u (@)

-3

6.32. Teopesa. (Bropas reopema o cpejtieM 3navenun.) Hyemo
Qyuryus [ monomonna, a o —QyHkyun ospanusensod  sapuauu,
aeujecmechian u wenpepoisnas na fa, b|. Toveda cyuecmsyem maxas
mouxa x¢[a, b, umo

b
\ fdo=F(a){a (x)~a (@) +f (8) (¢ () ~a ().

@

IHoxasareancrBo. Coraacuo teopevam 6.30 u 6.31,

b b
\ rau=f @ o) ~F@a @—{adf=

=f ) a(b)~f(@)a{a)—a () (B)—F(a)]
npH HekoTtopoM x € {a, bi.

6.33. Teopema. (3amena nepeMennolt.) Tycms [ u @ nenpepoignos
xa [a, b, ¢ cmpozo eoapacmaen na {a, b}, a Y— Pyaxuua, odpamuas
K @. Toada -

b (b
(54) {rmax={ Foonev .
a Pla}

[®opMansio (54) nonydaeTcs, eCAH MONOKNATL ¥ = ¢ (X), x =} ().}
HoxasartenwctTrso, [as moboro pasGuenns P
A=X S X KXo - L gy L X =1
nonoxuM =@ (x;) ({~0,...,n ¥ paccMorpum pazluenne Q:
¢la) =t < - Kt S =@ (D).
Nonaras g(y)=f (@ (y)), noryyaem

(55) ig f () (K= X)) = i§! g b (9)— ¥ (-1)).
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B cuny pasnoMepno# menpepuisitocTH Pyuxiim ¢ na [a. b] (teo-
pema 4.19), ecan w{(P)—0, To p(Q)— 0. TaxaMm obpaszoMm, ecau
p{P)— 0, 70 ofe yacTr papeHctsa (H5) CTPEMATCA K COOTBETCTBYIO-
ImyUM 4acTAM paseHcTsa (D4), MOCKOAbXY (QYHKUMA g HEnpepLiBHa.
HoxasatenbcTBo 3axomueio,

CopamaseMble KpHshIC

B sakmoderne 3Tofl riaBul Ml PACCMOTPHM OLHO HHTEPECIIOE [eo-
METPHYECKO: TPHAOKEHHEe 1eKOoTOpol 4acTu NpejulecTBYONLel TeopUn.
Caysait R==2 (1. e, ¢ayuyafi NAOCKWX KPUBLIX) OCOGCHHO BakeH IpH
HAYYEHIIH aHARHTHYECKHX GyHKnHE KoMniekcnoi nepeMetHol,

6.34. Onpenenenne. HenpepriBroe oToGparkenue y cerMenta
{a, b} B npocrparcTBo R* maawmBaeTcs kpusoti B R*, Ecan otobpaxKe-
HHe Y B3aMMHO OAHO3H&UHO, TO y HasuiBaercesl dyeod. Ecan y(a)=
=y (b), HO y(f;) 7y (£;) Ana moGoit Apyroil napel pasaddHEX TOYex
t;, f, NpHHAANEKALMX CEIMEHTY |a, b], To y HaswmiBaeTcs npocmod
aameHymod Kpueod.

CriefyeT 3aMeTHTb, 9TO KPHBag ONpejAedserc Kak omolpaxcenue,
a He Kak MHOmeeTBO ToueK. Koneuno, ¢ xawaoit kpuscti 8 Rk cBasano
HEKOTOpOoE MHOMKECTBO TOUCK B R, a4 MMEHHO MHOMKECTBO 3HAUEHMI]
oTOOPAKEHHA Y, ONHAKC ANA PasHBX KPHBHX ST0 MBOMKECTBO MOMXET
OKa3aThCH OJHHM H TCM XKe.

Mgl OyzeM Ha3WBaTb KPHBYIO Y CHPAMAREMOL, ecay y— OyRKuua
OTpaHnyeHHON BapHaUuM; OJ2uK0f KPHBOH vy Mbl OyAEM HashLBaTh
adcano V(y; a, b).

Yro6bt 0G0CHOBATE 910 ONPELCICHEE, HANOMHHM, uTO V (Y; @, b)—
970 BePXHAA TPaHb MIIQMECTBAa BCeX CYMM BHAA

(56) L IvEI—vE-)] @=r<n< . <H=b)

B ar10it cymme i-e¢ characymoe pasHO paccTosHEO (B RY) Mexay
TOMKaMK y (%) K y{%;), a@ cama cyumMa paBAa [AuHNe JIOMaHOH
C DepmMHAMH B TOYKAX ¥ (Xe), ¥ (Xi)y ..+ V(%n), paACHONOHKEHHLIX
B VKasanHoM nopsgke. Korza nuaserp pasGHeHHa cTpeMHTeH K IyNio,
5Ti JOMaHLIe NpROMHKAKTCA K MAOKECTBY 3paueHuit oTobpamerus y.
Pasymeercs, MHl 3Jech Hudero He Jokassieaem, a JHUb HHTAEMCH
OGBACHUTL PASYMHOCTH TAKOT'O ONpeNeNICHAS JMIHHHL

B nexoTopmx cCJyuasx AAHHA KPHBOH BHPAXKASTCH UHTErpaiom
Pumana. Mot pokaxkeM 3T0 1A wenpepuisHo dudpepenyupyemoix
KPHBLIX, T. €. A KPUBHX y, IPOH3BOAHASA Yy  KOTOPHIX HeNpephiBHa,
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6.35. Teopema. Ecau ¢ynxyus v uenpepwena na [a, bl, moy
CNPAMAREMT, G ee OAuNG pasHa

1]
{1volar.
a
HoxasaTeanvcTBo., Mu JOMKHH A0KasaThb, UTO S ¥ | =V (¥).

Ecan {x;, ..., x,} — pa36Guenne cerMenta [a, d], TO, KaK NOKasSHBAIOT
TeopeMu 6.19 1 6.20,

xy *g

Vv <3\ 1vioa=

i=-1 -1

NV E)—v (=g} | = )

b
= \ |y ()] dt,

@
TakKk 4710

vaw<{ivi

[ycrs e>>0. Beray toro yro GyHkums y' paBHOMEPHO Hempe-
puiBHa Ha [a, b], cymecTByer 8>>0, Taxoe, uto |y’ (s)—¥ ({)|<e,
ecnn |s—1]<C8. Ilyers {%, ..., Xn}— pasGuenne cermerTa |[a, b},
JuameTp Kotopore Menbite 6. Ecan x,_ I x, TO

Y (O 1<y (x) | +5,

TaK 4To0
x bt}
{1 0ldi—edn <ty () |An =) {1y O+ )~y @ dt|<
X4t g
x x:
<| § vod+] § v e—v @1dt| <y —vim-o 1 +eas.
e iy

CyMMHpPYS 9TH HepaBeHCTBa 10 {==1, ..., #, MBl TIOJYYHM
b

Llvma<? (vm—ven|+2e0—a)<

a =1

<V(y: a, b)+2e(b—a).

Beupy TpOHSBOMLHOCTH & OTCIORA CAeAyeT, YTOo S|y' 1<V (¥),
H J0Ka3aTeibCTBO 3aKOHUEHO,
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YnpaxkHenus

1. Tlycrs dynkums o sospacraer na [a, bl, a<<x < b, a menpe-
PHBHZ B TOuKe Xp, [{xo)=1 7 f(x)=0, ecun x == x,. Jokasats, 40
f€F{a) n Sfda:O.

b
2. Nyers f3»0, HenpepmiBra Ha [a, b} w Sf(x)dx:O. Joxa-

%aTh, 40 f{x)=0 npn Beex x€[a, &] (cp. ¢ y;pamnennem 1).

3. Onpenesmm Tpu dynkunu f;, B, P; caezyoiums obpasom:
Bi(x)=0, ecam x<<0, P;{(x)=1, ecamr x>0 npr j=1,2,3;
Bi(0)=0, p,(0)=1, {MO):%. [lyety f—orpannyennas QyHxuus

Ha [—1, 1)

(a) Hokasats, uto fE€.RZ(B,) TOrZa M TOALKO TOTHA, KOTAA
FO+)=F{0), n uto B 570M Cayuae

{ ra.=1 0.

(b) ChopmynuposaTe ¥ AOKA3aTh AHAJOTHMHLIA Pe3yabTar Ang P,
(c) Hokasats, ute fE€R(f;) Torna W TOJABKO TOrja, Koria f
HefpephiBHA B Touke (.

(d) Tlyctb [ nenpepuizha B Touke 0. JlokasaTh, 4To
{ rap,={ rap. = § faps=£ (0.

4. Hcnonbsya o6osgaueng ynpamueRua 3, JoKasaTh, UTO
Pa € 2 (Py). necMotps Ha TO0 ut0 lIMS{P, By, By) npE p{(P)—>0
e CYLIeCTBYeT.

5. Tlyers  {x,) —DoOCJI€OBATEALHOCTE  PASAMYHEIX TOYEK HHTEp-

pasa (0, 1), ¥ nyerb ¢n >0, D) cp<<+ co. Tlonoxum

a(x)= % Cofds (X~ xp),

rie dyrKous f, onpenesena Tak Xe, Kak B ynpaxHeHHr 3. [lycrs f
nenpepnipHa Ha (0, 1). [dokasatsh, uto

i o
§fda=2c,,f (Xa):
i .
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N
Vxasanue. TTonomum a; (x)= 3} caPy (X — %), Gp=a ;. Coraacuo
1

N
ynpasKHeHHIO 3, S fde,= Zc,.f (xn). Kpone Toro, I Sfd%‘gMV(uz),
1

rae M=sup|f(t)!

6. [lycte f otoGpamaer cerment [a, b] B npocrpanctso R*, npu-
uyeM [-—(yHKUNA orpannyeHHoR Baphaumry. [lokasats, uto QyuKuHA
v; HegpeprlBlla B To4Ke X€[a, b] TOra W TOMLKO TOrAa, KOTZa

HKUHA [ wenpepuiRHA B 3TOH TouKe.

7. Mlyets f(x)=0 npu Bcex uppaiHonansuwix x, f(x}=1 npn
BCEX paunuoHaibHBIX X. Jlokasath, yto f& .2 Ha [a, b] npu Joémx
a, b, Takux, uTo a<<bh.

\gj ITokasate, uto

3
{ra@n—n=3,

1]

rie [x]—Haubonrllee M3 LEAHX YHCEA, HE MHPEROCXOAAUMX X {CM.
ofpejeneHie B ylipaxHeHHH 2 ra. 4).

9. BriyHMCAHTE GYHKIUHN NOJAOKHTeABHOR, oTPHUATeARHOA 1 NoAloR
BapHaU®H QyHKUNA

(@) F(x)=32—-22* (—2<x<K2),
0 fly=kl—x (0<x<2).

10. TlyeTh f—pemtectpenHaR $YHKUHA oOrpaRMYeHHON BapHaluk
Ha [a, b], p ¥ ¢— QYHKIRH NOJOKATENALHO# M OTPHUATENLHOK BapHa-
mue dynxkuuu f, p; W g, — Bospactaloiide GyHKURH Ha {a, b] u
f=p1—¢q. Toraa V(p)<V (p) u V()<< V (q,), rae V oGosnauaer
noanyw BapHauukic uva e, b).

11. Tlyete g€ .2 na [a, b]. Tlosoxum

x

o= gwa

H gt()=max{g(t), 0), g ({}= —min{g(f), 0). Jokazarb, uTO f—
dyskuns orpaHHueH WOl BapHanuy Ha [a, ] H uTo ec pyHKuUMY Bapua-
B 32431I0TCH paBeHCTBAMH

v(x)=

-} ]

gl pm={gd, g={gwar

=3
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12. Tlyete [—dyukuns orpanduedHeOli BapHALUHH Ha CerMeHTe
(0. 2n] u f(2n)==f(0). [lokasaTb, UTO KaXAH1 HZ NHTETPaJOB

2x

2
' S f (x)cosnx dx, S f(x)sinnxdx
b

ie nperocxoput V (f)in no aGcomotHoft Beanuuue,

Yxaaanue. TlposepaTs, 410
Zn 2n in

n S f(x)cosnxdx= S f(x)d (sinnx)=: R sinnx df (x),
9 0 L

13. Tlyeth vy, ¥2v Y3— KpUBHIE B KOMNJIEKCHOH IVICCKOCTH, Olipe-
aencrupie Ha [0, 2m) paBencrBaMu

M=, waB)=eh,  ya(f)= ettt snam,

[MokazaTs, WTO 5TH TpH KPIBbHIE HMEKT OIHO M TO X MHOXECTBO
3HAYeHHHl, UTO Yy M Y COPAMIASEMbl, UTO ATMHA KPHBOI y, paBHa 2,
ANKHA KpUBOH vy, paBHA 4%, a KPHBas y; He COpAMJIAeMa.

14. Tlycts y,—%®prBasi B R*, 3ajaunas Ha [a, bl; myerb ¢ —
HelpepEIBHOE B32HMHO OJIO3HauHoe oOrofpaKeRHe cerMerTa (¢, dj
Ha cermentT [a, O], Taxoe, yto @ {c)=q. [ToJdoxkKuM, N0 ONPENCACHHIO,
vz {8) = v, (@ (5)). JloKazate, 4TO AYra y, -— OPOCTAs 3aMKRYTas CHPAM-
JNAeMas KPHBag TOTJa M TOJABKO TOTAA, KOTa TO iKe CAMOe BEPHO
B OTHOIDeHHHW ¥,. JloKasaTe, uTO Yy, H Y HMEOT OAHY H Ty Xe
XAnuny.

15. Tlycte o Bo3pacraer Ha {a, b), f 1 g — KOMRAEKCHbI® YHK-
ugn, npuuem f€.7 (o), g€ R (w) Ha la, b). loxazaTe HEPABEHCTRO
tllsapna

| §rede'< {1 ipda-{1gpda

Yrazanue, CliejoBaty HROKa3aTeAbCTsY TeopeMul 1.62. DBripecTn
AHAJIOTRYHL pesyNhTaT, NpeRuoiarag TOAbKO, HTO ¢ -— dyHKIHS
OrpaHuveHHOH# BapHalHH,

16. Ecan [ € % na [a. b] pnn moboro b > g # GHKCHPOBAaHHOTO @,

TO NOMOXHM
b

Sof(x>dx=bl_§n;§ (x)dx,

[
&

€CAF ATOT [pesea CylleCcTByeT, B 3TOM CAydae ME! GY.H.QM TOBOPHTh,
4T3 HHTETpPaA CXOAHTCA.
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Jlokasars Tax HasLBaeMBIft «HUTErpa/bHHIR MPHSHAKY CXORHMOCTH
panos: ecam f{x)>0 wn [ monoroHso yGwiBaeT mnpu x3>1, To

gof(x) dx

i

CXOOUTCS B TOM H TOJLKD B TOM c.uyqae, Koraa CcXolurcsa pﬂ}l
[ws)
> F(m).
n={

17. Tlycts ¢yHkumn f 1 g HenpepulBHH Ha [a, b] ¥ a—dQyRK-
g orpankdensofl sapHanuH Ha [a, b}, Tloaoxnm

B(x)= S Fdo  (a<x<h)
HokasaTts, uTO
b

{edp= | area

a

18. Ecan y— cnpamasieMast KpuBasg B KOMIJIGKCHOH NJIOCKOCTH,
3afanHas Ha [0, 1], ® ecam [ — KOMNNEKCHAs Henpepulseas QyHKIHS,
SaJ2HHAA HA MHOXECTBE 3HAueHHI KPHBOH y, TO NIOJOKHM, O ONpe-
JeJICHHIO,

i

{ t@rdz={ rvandv ).
¥

1

ITyete v(0) =4, y(l)= B. HoKkasaTe, uto

(n+1)§z"dz=3ﬂ+1—,4ﬂ+1 (n=0,1,2,3,...).

¥

Yxasauue. PaccMorpers caydalt A==0. Ilpg n=0 pesyanTar
Tpusdaned. HonycTuM, 970 OH BepeH NpH HeKoTOpoM 7. [lo/oxum

f=4" g=vy, a=y ¥ onpeleiud P, Kak B ynpaxuenmu 17,
Tlo npeAnoNOMeHHIO HEAYKUHH,

(n4 1} B (x) = 1y ()]
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TlpumennTe ynpakHende 17 # npOHHTErpHpOBATL N0  HACTHM.
19. TloaoxaM

x-}1
Flx) = S sin (#2) dt.

(@) Hokasats, uto |[(x)|<2/x npu x>0.

Vxazanue. TIONOWUTDL [2==y H BOCHOJML3OBATHCA BTOPOH TEOpe-
Moll 0 cpejneM 3HaueHHH.

(b) Haiitw pepxuufi ¥ HwKHui npegens! dynkuvm xf(x) nps
X— co.



FJAABA 7

NOCAEROBATENLHOCTH
H PSIAbI ¢YHKILHA

B sroil rsiape ME yACNHEM OCHOBHOE BWMMAHHE KOMIJIEKCHOSHAY~
HBIM (M TeM CaMBiM BEHICTDEHHO3HAYHLIM) (YHKUHAM, XOTH MHOTHE
TeOpeMbl H JOKasaTenbCcTBa (e3 TpyJAa NEPeHOCATCS Ha ciaydall Bek-
TOPHOZHUYHBLIX PYRKUKH I Aame orofpaxenuil B obliKe MeTprYecKHe
NPOCTPaHCTBA. Mul npepnounTaeM OrpaduyHTbC  Gollee  MPOCTHM
KhaccoM QYHKOHH AAS TOTO, 4TOOH CKOHUEHTPHPOBATh BHEMAHME HA
HauGo/lee BAKHBIX BOOPOCAX, BOSHHKAIOMHX NPN H3MEHEHHH NOPSAKA
npejelibHHX ITepeXo0B.

Broausie 3ameuanna

7.1. Onpenenenne. Tiyers {f,}, 2=1,2,3, ..., —nocre-
AoBaTeabHOCTL Qyuxuufl, oupeledeHHNX Ha MHOXecTBe £, H NycTh
UOCAEROBATENLROCTL uHced {f,(x)} cxoaurcs mpu Kamaom x¢E.
Torpa mut MoOXeM onpefendTs (PyHKEWO f, Nonaras

(1) flx)= }i{l}nfn (x} (x€E)

B nogofuuX caygasx M GyaeM roBOpHTH, YTO MOCAEA0BATEALHOCTD
{f»} cxognTcs Ha MmHOMecTBe E u ut0 f—npedes, umu npedessnan
dynikdus, nocacxosarensuoctH {f,}. Meoraa mm 6yzem rosopurh.
YTO MOCAEJIOBATENRHOCTD {fn} CXOmHTCH ¥ dyuxuuk [ nomouesno
Ha MHOKecTBe E, ec/H BHNOAHEHO ycaoske (1), ANajoruuHo, ecau
pif X fn (x) cxomurca npu mobom x€ E, To Mpl nosaraeM, no onpe-
JeJIeRnIo,

(2) f(x) =.§1 fa(x)  (x€E),

npudeM GYHKUHA [ HAsuwBaerca cymamod pafa 2 fa.

InaBiasn #H3 BOSOHKAIONIHX B CBfA3# C 3STHMH ONpelefIeHdAMH
npolAeM TAKOBA! BHIACHHUTH, COXPAHRIOTCA JH BaXKHeHMHe CROHCTBA
OyHKUMA NPy BENOMHEHWH NpefenbHHX onepauufl (1) k (2). Hanpu-
Mep, ecan ¢QyBRRuuH f, HeNpepwBHL, MIM IuddepeHIHPYeMbl, HIH
HHTErPHPYEMB, TO BEPHO JIM TO K€ CaMOe B OTHOILEHHH MpeAedbHON
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dyukuuH? KaxOBH COOTHOLIGRHA MeXAY, cxameM, fa #u [ nam
MEXJAY HHTerpasiaMu of fr W or f?
HenpepbiBrocTs GyHKUNE [ B TOUKe X O3Hauyaer, 410

limf ()= (x).

3HaunT, cnpdcu'rb, Gyzer JH mpejea nocAelCBATENLHOCTH Herpe-
puBHEX yHKumfi wHenpepunisnoft ¢yHxuueil, 3TO Bce paBHO, uTO
CHPOCHTb, BEPHO JH PABEHCTBO
lim lim (t)-— lim llm fa (6,

(3) E=X n—o0

T. €. BaeH a1 TNOPANCK, B KOTOPOM OCYUIECTBAAIOTCHA MNpelenbHhe
nepexoAnl. B Jjepoili wactH paseHcTBa (3) ™Mbl CHavana yCTpeMJAasneM
7K co, 3areM { K X; B [paBoil YacTH--cHayama f—>x, a 3aTeM
fl—> 00,

Mul nokameMm cefiwac Ha Ipumepax, 4TO, BooOlie FoOBOPH, ABA
npefeasGHEIX Iepexona HOAb3A TNCPECTABHTH Gea TOTO, qTO0H 370
He NOBJHAMO HA pe3yabTart. 3ateM MBI JOKaXeM, UTO NpPH HEeKOTO-
PHX YCJIOBHAX MOPAAOK, B KOTOPOM BRLITOJHSAIOTCH ONEpauuH npe-
AeJIBHOTO TIEpeXOfia, He HMeeT 3HadeHHA.

Haii nepemi#t u npocrefituuit NpHMep CBA3aH ¢ «ABOfHOA mnocie-
JOBATeNEHOCTRIO?.

7.2. Mipumep. Jna m=1,2,3, ..., n=1, 2,3, ... noaoxum

— m
Smyn = itn

Torpa npu KaxaoM QHKCHPOBAHHOM 7

lim sy, n=1,
M0

TaKk 410

(4) lim lim 84, ,=1!.

=00 MO0
C ppyrofi CTOpOHH, NPH KaXAoM $HKCHPOBAHHOM /M

lim 8p,» =0,

-+

Ta4K 4YTO
(5) lim limspy, == 0.

TH=C0 fi~s
7.3. lIpumep. Tiycrp

fa (x)=~(-r+Li§)-;‘— (x Bemectsenno, =0, 1, 2, ...),
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H TyCTh

(6) f(x)=2 falx)= E (l+x3)" .

ne={)

Tax kak f,(0)=0, 10 u f(O)—O. Pan (6) npeacrasaser cyuz’y
reOMETPHYCCKON Nporpeccud, W Npe £==0 sTa cyMMa paBHa 1
3Hauur,

0 (x=0),

® (9= 11a (oo,

TaK YTQ CXOAALipHcCH paj, COCTaBAeHHHI H3 HenpephBHHIX (PYyHKuUMi,
MOKET HMETh Pa3phiBHYI0 CYMMY.

74. llpumep. Ilpy m=1, 2, 3, ... nojgoxum
fm (¥} = lim (cos m! qx)**,
Tt oD

Ecnn mlx—uenoe uncao, 10 fn(r)=1. Jaa Bcex ocTaabHbX 3Ha-
yeHul X uMeeM [, (x)=0. Tenepp nosOXUM

f ()= tim o ().

Ecan x—uppauuoHaibHOe 9HCAO, TO [ (x) =0 npu Bcex s, SHAuHT,
F(x)}=0. H X— paHOHAJNbHOE WHCJO, CKaxXeM, x= p/g, TO npd
m> q npouspefeHue m!x—uenoe yucAo, Tak 4to f(x)=1. 3naynr,

{ 0 (x HppauHOHAJXBHO),
1 (x paunonanibHo).

Takum 0GpasoM, Mp! -MOAYYHAE BCIOAY DA3PHBHYIO TpejelbHYIo

GYHKUMIO, KOTOpad He uHTerpHpyeMa no Pamauy (yupamuenue 7,
ra. 6).

@) lim lim (cos m! nx)¥" =

=300 N0

7.5. Ipumep. Ilycrs
) fn (x).*:-?-iil_‘f_}{- {x Bemectsenno, n=1,2,3, ...)

H
F{xy=limf, (x)=0.
oo
Torza f'(x)=0, rO
fa{x)=V ncosnx,
12K 4ro. {fa} He cxomutes K §'. Hanpumep,

fa@=Va—>+

npH n—> oo, torga Kak [ (0)=0,
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7.6. Tipamep. Ilycrs
{10) fatx)=rtx(1—x3" (O<xg1, n=1,2 3, ...}

Ecam 0<x< 1, TO
lim fo(x)=0
Ao

no teopeme 3.20 (d). Bemay Toro uto f,(0)=-0 npu BcakoM n,
(11 lim fa(x)=0 (0 x<1).
oo .

Ipoctoe BLuMc/enHe NoXasnBaeT, uTo
i

!

e A =

Sx(l M dx = gore

L1

Takum o6Gpasom, necMoTps Ba (11),

1
2
Sﬂ fn(x)dx=§u—":-+—_—2—» oo
ApH n—> o,

Ecan B (10) samennts kosgduunent n® ma n, 10 (11) Bece eme
BBINOJIHAETCH, HO TENEPL

i
o § fn(x) dx TS R

b

TOrIA Kax
1

S [Lim f, (x)] dx=0.
] N=+

Taxum oGpasom, mpeaen HHTerpana ke off3aH COBI2AATh ¢ HHTe-
TpaloM OT npefe]a fake Torja, Korja ofa 5TH mpegesia KOHEYHH.

Tlocne sTHX npumepoB, noKaswBaiomMuX, uTo GessaborHas nepe-
CTAHOBKA MOPAAKA NPeRENLHEIX NIEPEXO0B MOKET NPUBECTH X ommHbKe,
MEl ORpelenMM HOBWIHA BHX CXOmHMOCTH, Gojlee CHABHHIN, uYeM
OOTOYeYHaR CXCJAHMOCTh, ONHCAHHAH B onpenedacHnH 7.1. DroT HOBHI
BUA CXOAHMOCTH MOSBONHT HaM MPHATH K NOROMKHTEALHHM pesyilb-
TaTaM.

PasHomepuas ¢XOZHMOCTB

1.7. Onpenrenenne, Mu 6yaenm TOBOPHTH, YTO NOCHEAOBATENL-
HocTe dyHknnk {fo}, n=1, 2, 3, ..., cxogutca pasnomepro ra Muo-
xKectee E Kk dynkumn f, ecam gam mooro e>>0 cymectByer nence
urcao N, Takoe, uto npH n > N uMeeM
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(12) [fa ()~ {2} ]<e
dan ecex xcE,

$lcHo, uTO KaWjas PABHOMEPHO CXOASINASCA WOCJ]eA0BATENBHOCTD
CXOAHTCH W NOTOYEHHO, PajnMia MeXEy 3THMH ABYMA ROHATHAMH
saxJodaercd B caeaylomeM. Ecan nocaenosateasnocTs {fn} cxoputes
notoyeyHo Ha E, To cymectByer dyHKuHd f, Takas, uro A awoboro
e>0 u Aaa motoro x¢C E cymectsyer nenoe yucno N, 3apHCsiee
or & 4 om x, Takoe, uro (12} BuinoaHaerca npH n> N; ecnu xe
{fa} cxoaurca papHoMepho Ha E, 10 MOXHO npH KaxjioM &>>0
HaflTH 00ro uenoe urcno N, Kotopoe GyHeT roauThes KpH scex x€ E,

Mu GyneM TOBOPHTb, 9TO PSiL D fn (%) CXOAHTCH paBHOMEpHO
Ha MHOxecTBe £, ec/H MOCHeOBATeLHOCTE {S.} YACTHHIX CyMM,
Ofipefie/IEHHBIX PaBeHCTBOM

Sa (%) = :§1 fi (),

PaBHOMEPHO CXOAHTCR Ha MHOWecTse E.
Chenyomas Teopema mpepcrasaser coboit kxputepuil Kowy pasio-
MEpPHOH CXOIHMOCTH.

7.8, Teopewma. Iocaedosamensrnocms Pynxyuld {fn}, onpedesen-
roix na E, cxodumes pasnomepno wo E moeda u moasko mozda,
ko2da Oan mobozo &>>0 cywecmayem yeaoe N, maxoe, wme npu
m>N, n>N, x€E umeen

(18) [Falx)—fm(¥)]<e.

Hokasarenwcrso. Honycrum, uto {f,} cXoantcs paBHOMepHO
Ha E, » nycts f—rnpefeavias ¢yAkuka. Toraa cymecTsyeT uenoe
uncno N, takoe, 510 H3 > N, x€ E caeayer HepaBencTRO

() —F ) <5,

TaK 4ro
1fn(x)""‘fm(x)l"glin(x)'_f(x)i+lf(x)”frn(x)f~€5»
ecnd n»N, m>=N, xcE.
O6paTho, nycTb BunosnsetrcA ycnoBHe Kowm. Tlo veopeme 3.11
nocjefoBateabHOCTE {f, (X)} cXoauTca HNpH KaXKAOM X K npeieny,
KOTOpHfi Mbl ofosHaunM uepes f(x). Mui posmub fnokasaTe, uTO

CXOJHMOCTL paBHOMEpHA.
TIyets sapaHo uucao & =0, BuGepem N Tak, 4uTOOH BHINOMHSA-

noch (13). Saduxcupyem n u ycrpeMuM m K <o B (13). Beuay roro
UTO fm {x)— f(x) 0pu m—> oo, nOAyHaeM
(14) () —f(x)|<e

npu qwoboM > N 1 mobou x€ E. JlokasaTenbeTBO 3aKOHYEHO,
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Hrorja noseseH Caefywilufl KpHrepsit.
7.9. Teopewma. fTycmo
lim fol)=f(x)  (*€E).

Hoaromum
My==sup| fu () —1 ()]

Toeda fn—>f paswomepro na E & mom u mosvko & most caydase,
knela M,— 0 npu n— oo,

MEl He npHBOZMM NOJApPOSHOTD JAOKasaTeNhCTBA, TAaK Xak 35TO
YTBEpHACHHE HeNoCpeCTBeHHO caelyeT H3 onpeaenehusa 7.7,

Befiepiutpaccy NpHHAAJENKHT OueHb YHROOHWH NPH3SHAK paBroMep-
HOH CXONHMOCTH PAAOB.

710, Teopema. Hycmo {f.}— nocaedosamenvrocmo pynuyuil,
onpedeseHubix Ha muoxcecmee E, u nycme

lin()|<Mn  (t€E,n=1,2,3,...).

Toeda pad X fn cxodumca pasomepuo wa E, ecau pad DM,
cxs0umes.

3amerum, uTo 0GpaTHOE He YTBEPKAAeTCA (M B AefiCTBHTENLHOCTH
HEBEPHO).

JJloxasatenscrB0. Ecan pag ZM,, CXOJHTCA, TO NpH Mobom
e=>0
m m
| Zhl< ZM<e  (x€E),

€CJIM TOJNBKO M1 H 11 AOCTATOMHO BCAHKH. Panﬂouepﬂaa CXOAHMOCTE
BHITCKaeT Tellepb H3 Teopemu 7.8,

PaBHoMepHas CXOAHMOCTb M HEMPEPHIBHOCTH

7.11. Teopema. ITyeme fo—>[ pasHomepno Ha ncOmnosice-
cmee E Hexomopozo mempuveckozo npocmpancmea. Ilycme x — npe-
desonan mouka mnoamecmea E, u nycmo

(15) Eimfn(t);—An (n=1,2,3,...).
Toeda nocaedosameavnocme {An} cxodumen u

(16) lim f (1) = lim An.

MHHMH CJloBaMH, B JaHHOM c.uyqae
(17 lim 1im [, {¢)== lim lim f, ().
Nron tx

X N-y00
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Dokasareabcerso. Ilyers e>0. B cany pasHoMepHOR ¢Xo-
EAMOCTH TnochefobatesvHocTd  {f.}, cyumecTByeT Takoe N, uTO
U3 n> N, m> N, 1€ E cneayer HepaBeHCTBO

(18) © =T <.
[onaras B (18) { — x, nonyuaem
'An'_'AmI‘gg

nps n>N, m>N, Tak uro {A,}—nocnenosareabnocts Koimm,
H moroMmy cxozutca. OGosnaunM ee npeges uepes A.
Hanee,

(19  FO-AIIFO—=Fa® |+ ()—Anj+ | An—A|.
BruiGepem cHavafla n TaK, 410
(20} | F(£)—fn (t)l-ﬁ-g-

gpH Bcex 7€ E (370 BO3MOXKHO B CHJY paBHOMEPHOH CXORHMOCTH)
H 470

21) |A—Al< 5

3aTeM ang sTOro 72 Mel noalepeM Takyl0 OKPECTHOCTH V TOUKH X,
ure u3 {CV, f5=x caeayer

(22) ifn(t)‘_‘qnlg“g'
[Mopcrapnsas nepasercrsa (20), (21 r (22) B (19), MB tOAYIHM
fF)y—Al<e

Ans Beex €V, {s=x. Ho 53To paBROCHNBHO paBeHCTRY (16).

7.12. Teopema. Ecau {fn}— nocacdosamervrocme ynxyudl,
Henpepolsuoix Ha muocecmee E, u ecau fa— [ pasnomepro na E,
mo u ynryus | Henpepviena na muoncecmee E.

SToT OueHb BaXKHEI pesyJsbTaT cpasy CAeRyeT M3 TeopeMsl 7.11.

O6paTtHoe HeBepHO, T. €. NOCACAOBATENLHOCTh HENpepuHBHLIX

YHKIHA MOXKET HEepPaBHOMEPHO CXOAHTLCH K HenpepHBHOR (yHKuWA.

QOTBETCTBYWINHA fpHUMep JdaeT nocAeposareiasHocTh (10) B3 . 7.6
{(aar Toro uroOmM YGeRHTbCA B TOM, UTO 3Ta NOCAEAOBATENBHOCTE
CXORHTCS HEPABHOMEPHO, ROCTATOUHO NpPUMEHMTE TeopeMy 7.9). Tem
Hé MeHee B HEKOTOPHX CJAYy4YasX MOXHO YTBep#Aath ofpatioe.
B "acTHOCTH, HMeeT MecTo cheAYioliad TeopeMa,

7.13. Teopema. Hycme mnomecmso E Komnaxmuo. Hycms
{fn} — nocaedosamesvrocmo Gynxyuid, Henpepotenvix na E, cxoda-
wancs Kk renpepvisnotd gywxyuu [ na E. Ecau [ (X) > fary (x) npu
n=1, 2, 3, ... u npu awbon x€E, mo fn—> | pasnomepro na E.
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HokasatenbcTpo. Ilonoxum gn{x)=f,(x)—F(x). Toraa
&n—HenpepusHag YHKUHA, g,—0 B gn3> greye MH JOMKHL
JA0Ka3aTs, 4To g,—>{) paBHOMepHO Ha E,

ITycte e>>0. Npu moGom x€E cywecTByeT UeAoe YHCAC Ay,
TaKoe, 4TO

O-Qg,,x(x)-g% .

B cuay menpepuisHOcTE GYRKIMA gy, W MOHOTOHHOCTH HOC/AERO-
BaTENbHOCTH {gn} CyImEecTBYeT OTKpHTOE MHONecTBO J (1), coaep-
Kaulee TOYKY X H TaKoe, HTO
(23) 0<gn ()<,
ecau (€ (x) U n>n,.

Iockoabky E — KOMIIaKTHOE MHOKECTBO, CYIECTBYET KOHeuHoe

MHOXeCTBO TOUEK Xg, ..., Xm, TAKBX, 9TO
(24) EcJ(x)U...UJ (xn)
Hoaarasa

N=max{f1x), Nugs .+ s Ramh
Ha OcHoBanHH (23) H (24) Mu 3axaOuaeM, 49TO
0< g (t)<e

nph Beex '€ E, ecan n> N. TeM caMEIM J0Ka3aHo, 9TO0 CXOAMMOCTb
PaBHOMEpHA.

OTMeTHM, uTO KOMNAKTHOCTh 3JASCh cyuecTBeHHa. Hanpumep,
ecan

(25) fn(x)=-n7’_|7 ©<r<l,n=1,2,3...),

TO fa(x)}— 0 MomoTOHHO Ha (0, 1), HO CXOAMMOCTb HepaBHOMepHA,

Pabnomepiian CXOAMMOCTE H HHTETPHPOBAHHE

7.14. Teopema. [Tycms a— sonomonno eospacmawuiasn ra [a, b}
Gynxyun. llyems fo€ R(a) na [a, b} npu n=1, 2, 3, ..., u nycme
fn—> [ pasnomgpro na {a. bl. Toeda fe.%?(u) Ha [a, b) u

(26) Sfdu— lim S fn dat.
(CymecrsoBande npeaena 8 (26) sapanee He npeanonaraercs.)

Hoxasateascrso. JloctaTouno Aokasarh TeopeMy RJS Belle-
ctBeHunix f,. Ilycers 3apano e > 0. Bubepem n > 0 TaK, 4TO

@7 nle ) —a (@< s -
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CyizecTsyer Takoe meJoe 1, uto
(28) lIn)—F ()| <n (a<x<gb),

TaK KaK CXOAHMOCThL PaBHOMEpHA,
3aduxcupyeM n H BhGepeM paaGuenue P cermenra [a, b] Tag,
qTo0B HMeTH

(29) U(P$ fru {l)—L(P, [m a)‘--<..'§_-

3o Bo3Momuo 1o TeopeMe 6.6.
[Mockoabry f(x) < fr(x}--1n, us (27) nanee BHTEKaET, UTO

(30) U(P$ fs G)QU(Pv fﬂs a)'Jl"g‘:
a Tax Kak f{x)>fa{x)—mn, 10

(31) L, f, @) L{P, fa, @) — 5 .
KomGusinpysa (29), (30) u (31), noayuaem

(32) U(P! f! G)—L(P, f! G)“-{E’

OTKYyAa cieayer, 410 f€.2{a) Ha [a, 6] (no Teopeme 6.6).

Adan  pokasatenncra paBeHcTBa (26) BHOepeM Takoe N, wrO
3 nz> N crenyer

I —Ff@<e  (asx<h).
Toraa nput n > N '

[{rdom{ e[ § 0= o] {1 1duc
Lela(b)—a{a)]

INockoanky >0 npoussoarHo, OTCioAa BhITeKaeT (26).
CnencrBue. Ecau [, €.%(e) ra fa, bl u ecau

f(x)mﬁfn(x) (@<r<h),

npudesm pad cxodumcs pasnomepno Ha la, bl, mo

§ fdo= i §f,,d(l.
@ n=1 a

HBbiME ca0BAMH, PAZ MOMHO HHTETPHPOBATL [OYACHRAO.
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l'lpﬂ H3yUYeHHH HOCJIE,I[OB&TGJIbHOCTeI?I HHTETPAMOB BHAA
b

Sfdg,, (n=1,23, ...),

a

rae GyHKons [ HenpephiBHa, a QYHKUHH g, — OrpaHHYEHHOH BapHa-
unx Ha {a, §], ofHapyuBaeTca, 4TO paBHOMEpPHAA CXOJHMOCThb NOCAG-
AOBATENBHOCTH {g,)} K g— yCJIoBHe, €llle HeJOCTATOUHO CHALHOE,
yT00R o6eCieunTh PaBeHCTBO

b b
lim S fdg,,:S fdg.

Tirp

7.15. TIpumep. Ilycts

(33) gn(x):‘l%“/-i‘;ﬁ O<x<2t,n=1,2,3,...)

H

(34) fR)= 3 —scosmix  (0<xg2m).
m=1

1Mo Teopeme 7.10 pag B (34) cxoauwTcda papiHOMEPHO, TaX UTO
dynkuua | HenpepoisHa Ha {0, 2r]). Kpome Toro, g,—»0 pasro-
mepHo Ha [0, 2nf. Tenepb 3ametuM, urO

Zn 2x 2
S fdgn= S fgndx=Vn S f (x) cos nx dx.
[¢] i) 0

TloaoxuM n == ps, rie p— nodoxuTeNbHOC nence. Paz (34), nounenso
YMHOKEHHBI Ha COSnx, TAaKXKe CXORAMTCA PABHOMEPHO, H Mbl MOMEM
NpPOHATErPHPOBATh ero No4YACHHO. HOCKOJIBKY

in
S cosnx-cosmxdx==0,
0 .
KaKOBE Obl HU OLIJIH DA3IHYHEIE NOJOKHTENALHES UHCJAA M, 12, HMEeM
2R an |
V'n S F (x) cos nx dx = p® E 7 ¢os® plxdx = pm,
9 0
TAX YTO MpH n=pb
2

§fdgn=nl7’5-
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2n

Takum ofpasoM, yncaa S fdgn - 13 VIOT HeorpasHYEHBYIO TI0CAE-
0
JIOBaTe/IbHOCTh, XOTH gy -+ 0 paBHOMepHO.

Tenepr MW chopMyaAHpyeM HMEOWHMACA 3Aech ROJOKHTEJbHBIH
peayJbTar.

7.18. Teopema. Ilygcme {g.}—nocaedosamessnocms Pynryud
ozparudennoid sapuauuu ra [a, bl, nputem gn(a)=0, u nycmo g—
makas gyrryus, amo

(35) limV (g—gu) =0

u g{ay=0. Tocda Oan mobod thynryuu f, nenpepoisrold na |a, b,
umeem

b b

(36) lim § rdgu={ fdg.
Kpome mozo, gn-> g pastomepro Ha [a, b].
3necy V, Kax OOuluHO, OGO3HAUAET TNOAHYIO BapHauMio Ha [a, b].
JdoxkaszareabcTBo. Beseacreue HepaBeHcTBa

V{gy<V(ga)+V(g—gn)

(Teopema 6.24) g— dyHKuMa orpanuueHHoR BapHauwu Ha |[a, b),

TaKk 4T0 BCe HHTerpaid B (36) cymecrByior. [lycrs |f{x)|<M
#Ha [a, b]. Torna

‘ § fdg— § fdg"lz'l § fd(g —ga) | <MV (g—gn),

H (36) caegyer u3 (35).
Kpome TOrO, gnh—> g PaBHOMEDHO, TAK KaK

g —gn () <V(g—gn) (e<x<Lb)

3ameTnM, %10 MpeAnONOXKeHHe g, (a)=g{a)=0 caeaaro ToNLKO
pamu yaoGersa. IlpnGaBuB NOCTOAHHHE ¢n K QYHKUHAM g,, MH He
H3MEHHM HHTETPANOB, 4 CXORHMOCTh NOCHENOBATENBHOCTH {gn (X))
BN OXHOTO 3HAUERUR x €[4, b], KaK JIerko noKasaTh, BACUET 3a cofol
PaBHOMEPHYIO CXOAMMOCTS.

3a JIpyrEMH OTHOCAIIUMHCS CIOJa Pe3yssTaTaMH MH OTCHIIaeM
K ynpaXHenusM 9 u 10.
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PaBHOMEpHAR CXOJMMOCTH H AHPPEPEHIHPORAHNE

Mbl yxe BuaesiH B npuMepe 7.5, WTO H3 PABHOMEpHON CXOAMMOCTR
noc/AefoBatTeNAbHOCTH {f,} He caelyeT Aaxe INOTOUEYHON CXORMMOCTH
nocnefosarenviocT {fn}. Taxkum oOpasoMm, myXEH GoNee cHAbHbIE
NpPeAnonoKenns, 9T06H 3aKAOIMTh, 4T0 [r,—> f npu f,—> f.

7.17. Teopema. Hycmo {f2} —nocaedosamessrocme Supdepen-
gupyennix yuxyud na |a, bl, maxasz, wmo nocredoeamesrsHocms
{Fn (x0)} cxo0umca npu nexomopom %€ |a, bl. Ecau nocaedosamens-
nocme {fn} cxodumes pastomepio na ia, bl, mo u nociedosamens-
rnocmo {fn} cxodumen pasnomepuo wa la, b] k nekomopolt dyukyuu f,
npuses

(87 Fo=limfo(x) (a<r<b)

JokasateabcTso. Ilyeth £>>0. BuGepem rtakoe N, uro
u3 n> N, m> N caepyer

(38) | fa (%) —Fm (o) | < 5
H
(39) =) <gp=p (@<SIKD).

Ecsmt Mbi mpuMeHMM TeopeMy 5.20 O cpefHeM 3HaueHHM K (YHKUHMH
fa—fm, 10, Kak nokasmBaer (39), MB noaAyuYHM

@0 1 n ()= fm (D —a )+ | <SPl <5

npy n00HX x H ¢ U3 [a, b] aaga n> N, m> N. I3 nepaBencrsa
{ Fr () — Fon (N | fo () — Fon (%) — Fn (%) + Frm (20} | | fn (0)— Frm (X0}
cneayer, B cany (38) u (40), uro
[fal)—Im{x}| <& (@a<x<Kh, n2 N, m>N),
a notoMy {fa} cxoanTCs paBHoMepHo Ha [a, D]. TlycTn
fo=limfa(x) (@<x<0).
3aduxcupyeM TOuXy X cerMenTa [a, b] B MOROXKMM
(1) N e =
apa a<<t<h, t==x. Torga
(42) 'l_lgi% (H=falx) (n=1,2,3. ...%
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Ilepsoe nepasenctBo B (40) nokasupaeT, 4TO
lon ()~ DI<55—5 @>N, m>N),

noaToMy {@.} CXOpHuTcs paBHOMepHO npH {5 x. Tlockoaeky {f.}
CXOANTCH K f, 10, B cuay (41),

(43) lim gn () = (1)

PaBHOMEDHO Ha MHOMKECTBE BCeX !, TakHX, 410 a<Ci<b, 15X,
TlpumMenas x nocneposatenbrocTH {@,) Teopemy 7.11, sakaiouaem
ta ocHoeaHuH (42) n (43}, uro

lim g (f) =1lim f, (x),
-rx n—+o

a 310, B cuay onpeaeieHus GyskuuH ¢ (f), u ectb (37).

3ameuanne. Ecan JONOMHHTENEHO NPEeRNOJIOXKHTb, YTO (YHK-
uHH f, HEOPEPHIBHEL, TO MOXHC DOAY$HTb Topasio Goaee Koporkoe
HoKasaTelbCTBO paseHcTBa (37), ommparomeeca Ha Teopemy 7.14
H Ha OCHOGHYIO TeOpeMY HHTErpafbHOr0o HCYHCIEHHA.

7.18. Teopema. Cpyecmsyem Geulecmeestan Henpepoinas
HQ eewjecmeennol npancti Qyrkyus, xomopas nu2de ne Ouppepen-

qupyema.
JdogasateaserTeo. [lonokum
x 0<x]),
(44) ‘P(x)‘:[2_x (ng-...<_2)
H AoonpefieauM ¢ (x) AJs BCeX OCTANIBHBLIX BeUIECTBEHHHIX X, NOJAras
¢{x+2)=¢(x).
Torma ¢yukuns ¢ HenpepuBra Ha R Ilyers

{45) 16 i (3 ) e,
n=0

INockoavky 0@ <1, To, Kax nokaabtBaeT TeopeMa 7.10, pan (45)
CXORHTCH paBHOMepHO Ha R, Tak uro &yHKuus f Henpepwera Ha R!
no teopeme 7.12.

3adurcHpyeM Tenepb BelieCTBEHHOE YHCAC X H MONOKHTeAbROC
nenoe . CymmecTsyer nenoe g, Takoe, 4To

(46) E<4™xgh 41,
IMonomum

47) U= 4Ry P4 (R 1)
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M paccMOTpRM uncaza 4", u 4%a,,. Ecad n>>m, T0 KX PA3HOCTH —
YeTHOE 1esioe; ecji¥ fi==/m, TO OHH lLiejible, a2 HX pasHOCTL paBHAa 1;
ecAy n<Im, TO MEXKIAYy HHMH HE JSKHT HH OJHO /o8 UYHCIO.
3Haunr,

0,
48 () — (@ un) |~ [ A
Coraacho (45) u (48),
FBm)—1 (@m) = % ()" 0@ 8m)—9 (4"an))
n=0

CJeA0BaTeJbHO,

L Bu)—F (om) | > (%)"‘~m§ (F) = (3"
n=0

ecau n»m,
, ©CJAH nsLm.

HIH
f(Bm)—F (@m) | Lt o am
(49) R el Bt S
Teopema 5.19 n nepasencrBo (49} noxasmsaior, uto yuKHHA f

He JndpepeHuupyeMa B TOYKE X, TAK KAK Un KX <P H Pu—0p — 0
Ipya 7t —» o,

PastiocTeneHso HenpepbiBHpie ceMmeficTea yHKIM

B Teopeme 3.6 Mul BHeaH, UTO KamJad OrpaHHYEHHAs TNOCHCA0-
BATEJbHOCTh KOMIVICKCHBIX YHCeN COAEP)KHT CXOASINyloca NOANo-
cefoBaTeNbHOCTE. Bo3HHKaeT Bompoc: BepHo Ju uTO-aHGO TMOROGHOE
At nocaejosateashoctell GyHKuHA? Urobul yTOUHHTE 3TOT BONpOC,
Mol ONIPEXeNiM ABa BHIA OrpaAHKYEHHOCTH.

7.19. Onpenenenne, Ilycts {f,} —nocaenosaTenbHOCTs PyHK-
Uk, onpenefeHHLIX Ha MHOXKecTee E.

Mu GyieM rosopHTb, HYTC ToCHefoBaTENbHOCTE {f,} nomovedno
oeparudena Ha E, ecan nocnejoBaresibHocTtb {f, (x)} orpanudeHa npu
KamaoM X€E, T. e. ecqH cymecTByeT KOHeYHO3HauHas QYHKLIHA ¢,
onpeaeneHHasa #wa E u Takad, 4T0

ifn(x):‘(‘P(x) (xEE! n=1,2,3, ...)

Mu roeopHM, uTO nociemoBarvenbHocTh {f.} paswomepro ozpanu-
4eHa Ha MHOXKecTBe E, ecau cyliecThyeT uHeno M, Takoe, uto

() <M  (x€E, n=1,2,3, ...)

Ecau nocnegoBarensuocTs {f;} NOTOWEHHO OrpasyueHa Ha MHOXKe-
crBe E, a E,—cueTHoe TIONMHOXECTBO MHOWKecTBa E, To Bcerga
MOXHO RalfiTH TonocAezoBaTebHOCTb {fn,}, TaKYIO, YTO MOC/TeAOBa-
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TeAbHOCTE {fpn, (X)) OyZer cxopmtscs npa kaxaoM x € E;. 31o Moxno
CASNATH ¢ MOMOWBIO AHAMOHAJILHOTO NPOLECC?, KOTOPHEA HCROAb3yercs
HH¥e TNpH JOKa3laTeAwncTse Teopemu 7.23.

OnHako Raxe B TOM CAyvae, Korza {f,}— paBHOMEPHO OrpaHH-
YeHHas NOCACAOBATEJLHOCT HENPEpPHBHEIX (YHKEMA HA KOMMAKTHOM
mHuoxecTse E, He 06:3aTelibHO CYIIECTBYET MOANOC/AEACBATENBHOCTD,
Cxopsawancs noTodeyHo Ha E. B NpHBOAHMOM HHKe NpHMepe OhJO Obi
SATPYAHRTEMLHO JIOKA3aTh 3TO C NOMOHIBIO CPEACTB, KOTODHMH
MBI pacnojiaraeM B HacTOAMHA MOMEHT, HO XOKa3aTeNbCTBO OKAashi-
BAETCA COBCEM TMPOCTHIM, €CNH COCAATBHCA HA TeopeMy u3 ru. 10.

7.20. [Ipumep. Ilyctn
fa(x}=sinnx 0<xg2n, n=1, 2, 3, ...)

JonycTuM, 4TO CYmECTBYET CTPOro BO3PACTAIOMAR NOC/AEAOBATENb-
HOCTh {73}, TaKas, WTO TNOCAENOBATEABHOCTH {SinAngx} cxogurcst npu
KaxpoM x€[0, 2rn). B sToM cayuae MBl HOAYUHM

lim (sin ngx— sin agx) =0 0 <2 2n);

RA=rc0
3HAYMT,
(50) iim {sinryx—sin Apx)2 =0 (0 < x < 2x),

Ilo Teopeme JleGera 06 HHTErpHPOBaHHE OFPAHHYEHHO CXOAALIAXCR
nocaexoparenbHocTel (reopema 10.32), n3 (50) caepopanc Ow, uTO
2

(&) iim s (sin ngx—sin npyx)t de =0,

OpnHako npocroe BHYKC/AEHHE JaeT
2n
5 {sin ngx—sin npy 2 dx = 2x,

4TO NpPOTHBOpeuHT pareHcTBY (51).

Lpyrofi Bonpoc Takop: BcsKadA JH CXOBAHAACH ROCAELOBATEAL-
HOCTh COJAEPKHT PaSHOMEPHO CXOAAMYIOCH TOANOCACHOBATENLHOCTL?
Caenyloinyit Ham mnpHMEp NOKAa3WBAeT, HTO 3T0 He oOA3aTE/ABHO
HMEET MeCTO JakKe B TOM CAydae, KOrja mnoc/eA0BarTesbHOCTb (Hermpe-
pHIBHEIX GyHKuHA) onpejleieHd HA KOMAZKTHOM MHOMKECTBE H PaBHO-
MepHO orpaduvena Ha HeM. ([IpuMep 7.6 nokasnBaer, uto nocaeno-
BaTeMbHOCTE OTPAHHYEHHMX ¢yHRUHHA MOKer OHTb cxomsuedics,
He OyRy4H PaBHOMEPHO OTPAHHYEHHOH; HO COBEpPIIEHHO OYEBHZHO, YTO
PABHOMEPHAR CXOAHMOCTD MNOCAENOBATENLHOCTH OrPAHHUEHHBIX (PYHK-
UMl BJeder 3a cobofi HX PaBHOMEpHYIO OrPaHHYEHHOCTD.)



Pasnocmenenno uenpepusntie cemeiiomea dyncyuid 175

7.21. ITpumMep. Ilycts

=gy O<#<ln=1,23, ...).

Toraa |fa(x)|<1, TagR wro nocyenoBaTeabHOCTb {fn} paBHOMEpHO
orpanuvesa Ha [0, 1]. Kpome Toro,

lim fr (x) =0 0xg 1),
HO

R(3)=1 (r=1,2,3 ...,

TAK UTO HHKAKad NOANOCJACKOBATEALHOCTh HE CXOMHTCH DABHOMEpPHO
Ha [0, 1].-

B 3Tofl cBAISH HaM NOHaROGHTCA MOHATHE PaBHOCTENEHHOR Henpe-
puiBHOCTH. OHO JAHO B CASAYIOWIEM OnpeleAeHHH.

7.22. Onpegenenue. Cemelicteo & obyrkumdt f, onpefenen-
HEIX Ha noAmHoxecTse £ merpmueckorc mpoctpauctBa X, HasHBaeTcs
passocmenenno Nenpepwisnsim wa E, ecnn pas moboro e>>0Q cyme-
crByet § >0, Takoe, uto | f(x)— f(y)|<e. Korza d(x. y)<6 X€E,
yCE, a fe . 3aece d o6o3HayaeT paccTofHHe B

flcso, uTo KaxAga dyHKNMSA, BXOAAMAS B cocTap PaBHOCTENEHHO
HENPepEIBHOTO ceMelcTBa, PaBHOMEPHO Hen_fepunaa

Hocnenopatensnocts {fa} B mpuMepe 7.21 He sABAAeTCA paBHO-
CTeNeHHO HenpepuBHOi.

PaBHocTeneHHasd HeNpPepHPHOCT: M PABHOMCPHAH CXONHMOCTH
HenpepuBHEX GyHKUMA TecHO CBA3AHE ApPYr ¢ APYroM.

7.23. Teopema. Hycmo K—rxomnaxmnoe MHONCECMSO.
(a) Ecau {f.}—pasnomepro cxodawanca nocaedosameskocms

¢yu§qud, nenpepontix na K, mo {f.} pastsocmenenne wnenpepbigna
HQ

(b) Ecau {fa} nomoseuro oepanusena i pasRoCMeEnenno Renpepuisnd
na K, mo {f,} codepowum paswomepro cxodawyiocs nodnocaedosa-
meabrocMme i paskomepro oepanuvena ra K.

Hoxasareawvctro. [lycts 8 >0, H nycts BHNOAHEHH Npes-
nonoxenus (a). Torga cywectsyior neaoe N u § >0, takue, uto

(52) ) —fn(0 <3  (*€K, a>N)
H

(53) h—f@I<F (<isN; dix <)
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B (53) Mum pocmodn3oBamHch TeM aKTOM, 9TO HENpEPHBHLE
QYHKIEY DABHOMEPHO HEMpPephiBHHL HA KOMMNAKTHLIX MHOMecTsax.
Ecmn xeK, yeK, d(x, ) <<S v n>N, 10

Vn (O —Fa D < () = I () 1+ I () — T (W) |3 P () — Fa () < e,

llocnexnee HepaBexcTBO M HepaseHcTBO (53) NOKAsHBAOT, UTO
yTBCPKleHHe (g) BHNOJHACTCS.

Hokaxem Teneps yreepxiaeHre {b). He orpamuuusas oSuiHOCTH,
Mbl MOJKEM TIPeMIIONIOKHTL, YTO KOMNakT K coAepkHT GecKOHEUHOE
YHCJO TOYeK.

CHauana srifepem B K cuetHoe noamHoxectso FE, takoe, utc E
naotHo B K (1. e. Takoe, uto K coBHajaeT ¢ 3aMLIKaHHEM Mi0-
#ecrsa £),

UroGul yOeruThCA B CYLIECTBOBAHHH TAKOFO MHOXKecTRa E, MOXHO
paccyxjate caenyiomum ofpasoM. Ilyers J(x, r} —MmHOXKecTBO Beex
Touek ¥ € K, una xoropuix d (x, y) << r. U3 KoMnakrHOCTH MHOMKecTBa K
CJeLYeT, YTO HpH KaKioM r>>0 yxe KOHEUHOE YHCJIO H3 HHX,
ckaweM, J(x,r), ..., J(x, r) nokpwsawor K. Tlonaras r=1,
1/2, 1/3, ..., Mbl nonyyaeM cyersyw Gasy npocrpasctsa K. (Onpe-
Jenenue Oasnl cM. B ynpaxHennd 1t K ra. 2) Ecan BeGpaTte
MO TOYKE H3 Ka¥IOro MHOXKECTBA 3TOH CueTHOH 6a3H, TO MNOJyYEHHOE
TakuM 00pa30M CHETHOe MHOMECTBO OKaMXKEeTCs MAOTHHM B K.

Ilycre {x:}, £==1, 2, 3, ..., —r1oukH Muomectsa E, pacnoao-
JKeHHbE B NOCAef0BaTeabHOCTS.

Beuay Toro uro mocaefoBarenbHocTe {f,(X,)} orpanndena,
CYU{ecTBYeT NOANOCACLOBATEAbHOCTD, KOTOPYIO Mbl O003iaYHM Yepes
{[1,x}, TaKasm, 4TO nocaenosateabHocth {fy x(X,)} cxoamTcs npm
k- 00,

PaccmoTpiM Tenepb nocaeposateAsHocTd S,, Sy, S, ..., KOTOpHE
MOMCHO DaclloAoXuTh B Talanny

Siifoa Fre Foa Tue -0
S'.‘!:f2,h fz,z, f2,30 fz,a,
Sstfaae faz Faee Faen oo

.
.

[lvcte onn obaapalor ciaelylILHMH cBoHcTBaMu:

(n) 8, —(0eckoHeuHan) NOAMOCACAOBATEALHOCTL HOCIEACBATE b=
HoeTH S, , nmpu n==2, 3, 4, ...

(8) {fn, 2 (x2)} cxoamtcst Mpu k— co (OTPaHHUEHHOCTH NOC.JIEA0BA-
TeabHOCTH {f,} TMo3BoAdeT BbidpaTh S, ¢ TAKHM CBOUCTBOM);

(V) nopdaaok, B KOTOPOM BLITHCHIBAIOTCH QYHKUUM, OJIHH H TOT XKe
BO BCEX MOCJEAOBATENLHOCTAN, T. €. €CAH OfHA M3 OyHKUME npej-
IeCTBYET Apyrofl B S;, TO OMH TaK JKe pacrnofiokeHe BO Bcex S,
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.o Tex mop, MOKa oJHa M3 3THX QyHKuMd He BhMepKuBaeTcs. TakuM
0bpas3oM, NepejBUrasich 43 KakOH-HHOYZbL CTPOKH TaGAHUB B CJe-

JYIOWYO CTPOKY BHH3, (YHKUHA MOUYT NePeMECTHTLCA BJEBO, HO
HAKOTJA He NepeMeInaloTCH BIpaso.

Teneps Mz CHYCTHMCH TIO JHaroHAAH ®Hawled Tabmunel, T. e
PACCMOT)PHM TIOCJEN0BATENMLHOCTh

{(54) S:fi Foo fae Fopenn -

CoraacHo (y) MoCaeA0BATEBHOCTL S (32 HCK/JIOHERHEEM, BO3MOIKHO,
gepeeix #—1 YJeHOB) — NOANOC/AJOBATENLHOCTE  TOCJACLOBATEMb-
HocTH S, npu n-==1,2,3, ... . 3Haunur, u3 (§) caeayer, uto nocse-
BOBATEABHOCTD {fn, n(¥:)} CXOZHTCE TIPH N —> co NpH KaAOM X;EE.

INycre £ >>0. Bsuxy Toro uto mocaegoBartesbHocTh {f,} paBHo-
CTETIEHHO HENpephiBHA. CymlectByer uuciao 02>0. Takoe, UTO
u3 d(x, y) <8 cnexyer, utO

a)—Fa(p) i< (n=1,2,3,...).
Iycrs J (¢, 8) uMeer TOT e cMblcs, 4TO B Hayalle JOKas3aTe/LCTBA,

CywectsyeT Koueusb#i Habop TOVEK Xy, ..., Xp MHOXecTRa E,
TaKko#t, 9TO

Kcd(x, 8)U... UJ{xp 8),

Tak XaKk E maoto B K, a K xommakrao. Brbepem N tak, "rofsl
HMETb

[ —Fmym (5 <3 (=1, ..., p),

ecat n=N, m>N.
Toraa npu moboM x€K cymlecTByer TOuUKa X;, TaKas, uTO
1<i<<p v xCJ(xy, 6); mosToMy u3 n=N, m>N creayer, uro

Efn,n(x)"—fm,m(xngi fmn(x)-—-fn,n(xi) E_!-Ef“'“(xi)_fm,m(xl)'l-!'
"}'ifm;ﬂ‘(xt)_fm,m(x)|<%—f—-§— +%=: .

Takum o6pasoM, nocnefoBaTeNbHOCTb ffn, ) CXORUTCH paBHO-
Mepuo Ha K.

Hrobnt AOKA3aTh PaBHOMEPHYK OrpPAHHUECHROCTE [OCAEAOBATEAL-
HocTH {fn} Ha MuOMecTBe K, NOAONKHM

(55) p(xy=suplfa(x)] {n=1,2,3,...).

3apae £>>0, BuiGepem 6>>0 rakum, uToObl H3 HEPaBEHCTBA
d{x, ) << 8§ caezorao

[l —fe()i<<e (n=1,2,3,...).
3admurcnpyeM e Toukd x H gy, K3 nepasenctsa
a ! <|fa(x)|+e
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CAeAyeT, uro

(56) ply)<e(x)+s,
a H? HEpABCHCTBA
[a(®)| < Fal®) ]|+

qyTo

(57) () <oy e
B cuny (56) » (67),
(o) —ox]<e,

ecan ToABKo d(x, y) << 8, Tak ut0 ¢ —(yHKUEA, HenpepuBHas Ha K.
OYHKUHA @ OrpaHH4YeH2, TaK KakK K — KOMNaKTHOE MHOXKECTRO.
Teopema poxasara.

Teopema CroHa — Beliepmirpacea

7.24. Teopema. Ecau f—renpepusnan xosmnaekcnan ynsuyus
Ka [a, bl, mo cyuecmeyem maxas NOCAeA0BAMELOHOCHIL MNO2OHAC-
Hoe P, uwmo

lim Py, (x) = f(x)

pasromepto Ha [a, b). Ecau Pyrkyus [ sewecmgenna, mo u mnoeo-
wnenpt P, MOMCHO 6bibpamb Beiecmeennbimu.

Hmenno B Takoii dopve 3Ta TeopeMa OHNA HEPBOHAYANBLHO
oTKpuITa Befiepmrpaccom,

Nokasatearctro. He orpannumsas ofmuoctTH, MBH MoxeM
CUHTaTh, 9TO [a, b] = [0, 1]. Byxem cunrars Takxke, uro f (0) = f (1) =0,
HeficTBHTeABHO, €C/IM TeOpeMa AOKa33aHA JUIA 3TOTO CAydYasi, TO pac-
CMOTPHM

g =) —fO—xIF(H—FO] (O<x<1).

3aece g(0)=g(1)=0, u ecau g npeacrasuma B BuAe npegena
PaBHOMEDHO CXOAsAMedcA NOCAeROBATENLHOCTH MHOTOWIEHOB, TO
TakoBa H f, TaK Kak f— g—MHorounen. Bygem cuurate, yro f (%) =0
Bue cermenta [0, 1). Torma dyukums f pasromepuo HenpeprIBHa
Ha Beeil BeNeCTBeHHOH NPAMOLL.

Tlonoxum

(58) Qn(x):cn(l_xa)ﬂ (n"—:ll2v 3: ---)!
rie ¢, BuiOpaHd TaK, uToO
{
(59) { Gdr=1  (n=1,2.3,...),
=i
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HaM HyXHL HEKOTOphi€ CBCACHHS O NOpALKe BeAHYHHH ;. Beuay
TOTO 4TO

1 1:¥n

1
S (1— 3 dx = 2 3 (1—xde>2 | (1—xtde>
—1 i) 1}
U]f;l 4 1
- — e - T —_—r
2 é (1 —nx®dx Vs VR

ns (59) caenyer, ure
(60) o<V n.

Hepapencteo (1 - x*)" 2> 1 —na®, KOTOPHIM MBI BOCHOJB30BAMHCH
BHilile, JIETKO npoeepseTcs. [N 3T0T0 HYXKHO paccMoTpeTs QyHKumio

(1—x2)" — | 4-na?,

KOTOpana pPaBHa HYJIO IpH X =0 H HMeeT HOAONKHTENbHYIO NPOH3BOA~
ayio B (0,1).
ITpu nobom § >0 us (60) caenyer, uro

(61) QLY (-8  (B<lx|<),

Tak 9T0 Q,->0 pasuomepro B cermente d<|x|CL
Ilonoxkum Tenepnb

1
(62) Pay={ TxtnQod O<x<1),
1

Hawr npeanonoxenus o GyHKIHH [ NOKaswBaloT (C MOMObIO
npocToil 3aMeHH NepeMeHHofl), uTo

{-x 1
Pa= § Fr+0Q@dt={ fO)Qut—n dt,

—3 1]

a TochiefHMA MHTErpat, OUYeBHANO, €cTh MHOTOWJeH fo x. Takum
obpasoM, {Pp}-—nocaeaoBaTeNbHOCTE MHOTOYJIEHOD, NpPHYEM Beme-

CTBEHHas, ecad BeulecTBenHa oyHkuna f. 3ajas £>>0, subepem
6>>0 Tak, yrobut H3 |y —x| <8 caenosaso

T —foi<t.
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Mycte M=sup|f(x)|. Henonssya (69), (61) m 7Tor daxr, uro
Qn{x) > 0, Mul BuauM, uTO TIpH O<x < 1
i

1Pan)— =] T ro—f@it.0d|<

1 .
<{ Fern—fwiod<
"o b !
<M { Qundt-5 § Quydi+2M | Qdr<
=1 -5 [

SAMYn(1—8)"4- 5 <e

nps BceX ROCTATOYHC Goawniax n. Teopema jJokasana.

IToyunrespno HatpocaTe Tpaguky HYRKUHH (p I48 HECKOJBKHX
3HayeHHH 7. OTMETHM ellle, YTO paBHOMEpHAs HeTpepHBHOCTL BYHK-
Hud | GLijla HaM HyXHa JUIH 10Ka3aTeIbCTBA PABHOMEDHOR CXOAu-
MOCTH mocaegoBaTebHocTH {Pp).

[Ips pokasatenbctae teopemm 7.30 maMm ue norpebyerca Teo-
pesa 7.24 B momiom o6beMe, a morpelyeTca TOABKO OflMH ee dacT-
HHill cayvadl, KOTOpHIA MBI cOPMy/HpyeM B BHHAe CAeACTBHA.

7.25. Cunepcreue. [Jan wmoboze cecmening |—a, a] cyuye-
cmeyem nocaedosameabHocnG etiecmaeHtotx muo2oqaenos Pr, muxasn,
ymo Pp(0)=0 u

lim Py (x)=1x|
=+

pasomepro na [—a, al.

HoxrasarteanctTso. [lo Teopeme 7.24 cyumecTsyer nociaeso-
Batenbhocte {PR} BemecTBeHHLIX MHOTOUJEHOB, CXOAfasca K x|
papuoMepHo Ha [—a, al. B wuacrnocts, PR(0)—>0 npu n-—co,
Muorovaens

Po(x)=Pi{x)—P3(0) (n=1,2,3,...)

06/1a1a10T HYKHBIMH CBOHCTBAMHU.
Teneph Mb BEJCHHM Te CBORCTBA MHOTOUJEHOB, HA KOTOPHIX
ocHoBana TeopeMa Befiepurtpacca.

7.26. Onmpepenenne. CoBokynuocrb S KOMOJAEKCHBIX GYyHK-
umii, onpenenenskix Ha MHOXecTBe E, HasuwBaeTcs aaceOpoid, ecan
(i) f+ges#, (i) fgesH, u (iii) cfeH npu Beex fcH, gecH
H BCEX KOMIIEKCHLIX NOCTOSHHBIX €. MubMit crosamu, MHOKecTS0 H
JAMKHYTO OTHOCHTENBHO CJOXKEHHHA, YMHOXKEHHA U YMHOXKEHHS
Ha CKajApHL
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Mpl GyaeM pacCMaTPUBATHL TakKe anrebphl BeWECTBOlAbIX (YyHK-
uufi; B sToM caywae B (iii) peyr HAer, KOHEUHO, OO YMHOXEHHH
JHWL Ha BelleCTBeHHbE C.

MuoxkectBo # ¢yHKOni, oGrajaioniee TeM CBOHCTBOM, uTO f € &,
ecnk fo€H (n=1,2,3,...) v fo—f pasﬂomepno na E, nasu-
BACTCH DAGHOMEPHO SAMKHYNIbIAL.

[Iycte % —MuoxecTro Beex dymxuui, Kowopue CAYHaT TIpefe-
NaxH PABHOMEPHO CXOARHIMXCS Ha MHOMKecTBe £ 10CAeZOBATeABHO-
crefl asemenToB MHOXecTBa A. Torna % RasmiBaeTcsl PAGHOMEPHONM
3aMUKUHUEM MIIOXKECTBA H.

Hanpasep, MHOXKECTBO BCCX MHOTOU/IEHOB —andrelpa, H TeopeMy
BeifiepimTpacca MOXHO CHOPMYIMPOBATL TAK: MHOIKECTBO BCeX (YHK-
HH, HENpepuBEHIX Ha [@, D], eCcTh paBHOMEPHGE 3aMbIKaHHE MHOMKe-
CTBA BCEX MHOrOWIeHOB Ha {a, b).

7.27. Teopewma. Hycnie & — pasromepnoe samoisanuc areebpu
cocmosell 43 ozpanudennvix  Qynrkyuii. Tocda F — pasnomepro
3aMKRYymMan aszedpa.

Jdorasarteaocrso. Ecm fEPL K g€ P, T0 CywecTsywor
PABHOMEPHO CXOAAIIHMECS NocAeloBaTeabHOCTH {fn}, {gn}, Taxme, yro
fn—F gn—>g n fncH, g.€F. Tloapsysich TeM, 4TO Mul HMeeM
ea0 ¢ OFpasHYCHIbIMH QYHKIUAME, Nerko NOKa3aTh, 4TO

fnt-g@n—>F--r8 [gn—fg cfn—cf,

The ¢— AGas 1HOCTOSHHAN, DPHYeM CXOAHMOCTD PABHGMEDHA BO BCEX
TPeX CAYYanx.

Buaunt, [--gCR, fg€H n of€FH, Tak uro H — airebpa.
ITyets {f.} — paBHOMEPHO CXOZHilAACH TUCAELOBATCADHOCTD 3aeMeH-
108 aarefpnt . CyiuiecTBYIOT QYHKUIM gne.ﬂ TaKHe, YTO

n(x)—gn(x)j<C "n“

Ecnyt Ju,—> | paBiCMepHO, TO #CHO, Y10 H g, —>[ PpaBHOMEpHO, TaK
uto f€# H F paBHOMEPHO 3aMKHYTO.

7.28. Onpeneaenune. [lycrs H —wmHoxkectBo yHKUHA,
onpefiesiennsix Ha MHowecTne E. Torza rosopar, uto # pa3sdessem
mouki MHOMKeCTBA F, ©CiH BIA KaXJAOH Maph pPa3niyHHX ToueK
Xy X9 € E maitpeTcs OYHKUMS [E€ S, 12Kas, uro f(x() 7= [ (xy).

Ecn EAa namaol Touku x € E Hajiaetca ¢yHKuMHA g€ #, Takas,
4ro g(x)5=0, 70 Mp 6ydeMm TOBOPHTL, uTO aareGpa # we ucdeaaem
HiL & 00Hoil mo4Ke mroocecnea E.

Asrefpa BceX MHOPOWICHOB OT OAHOR TNePeMeHnofl, OUeBHIHO,
ofnanaer sTumn ceoitctBaMu 1a R, IlpusepoM anreGpnl, He pasie-
Jslome#  TOUeK, CAYMKT MHOMKECTBO BCeX YeTHHIX MHOTOYJEHOB,
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paccMaTpHBaeMbiX, CKamkeM, Ha [—1,1], 1ak kKak f(—x)={f(x)
AR KaXAo# ueTHOA PyHwumu f.
Crepysooumas TeopeMa BANIOCTPHPYET S5TH MOHATHA.

7.29. Teopema. [Hyeme K —anzebpa pynxkyuld na Mmuoxce-
cmee E, I pasdeanem mo«xku u He ucuesdem Hu 8 00HOG mouke
muoocecmea E. fTycme x,, x3— pasauunsie mouxu muoxcecmea E
Uy Co— nocmoanmse  (getyecmeennsie, ecan ¥ — seujecnsennan
aazebpa). Tozda S codepwcum ynxywo f, maxyo, wmo

Fix)=0¢y, [lxg)=0cs.

JoxkazatTeabcTBo. Hamm npeanonoxennsa noKasmsaoT, 9to
COACPIKHT BYHKIBK g W h, Takue, 4To g(x1) =g (xz) W h{x) 0.
[Nonomxum

u=g+7hhs

TAe A — rocrosinHas, BHOpaHHAs CAeAYIOUIHM o6pa3oM: ecsH g (x,) =0,
10 A==0; ecmu g(x))=0, 10 g(xy) 0, ¥ cymecrsyer uncno A0,
Takoe, YTo

Al (xy) ~h(x2)] 5 g (xa).

Toraa uest W Bam BHOGOP A [OK23bIBAeT, uTO & {x,)s=u(Xs)
H ux,) 0. Ecm

a = u?(xy) —u (x1) 4 (x2),
10 a%=0; ecan
fl =q7 [uﬂ_ i (xZ) u];

10 f1€H, fi{x)=1, fi(x)=0.

IMonoGitiM Xe ofpasoM Mbl DPOBEPHM, UTO CYLIECTBYeT QYHKUHSA
f2€ &, rakas, 410 fo(x,) =0, fs(x,)=1. Torpa dyuxunz f=c,f,+
-+ Cof 2 OONanaeT HYXNKHBIME CBOACTBAMM.

Teneps Mu pokaxem Teopemy Crona, ofofmaromylo Teopemy
Befiepuyrpacea.

7.30. Teopema. IHHycmo H—ascebpa eewecmeennix Henpe-
poienblx  (ynxuuii Ha Komnaxmrom muoxcecrnee K, Ecau S pasde-
ARem mouxy mroxcecmea K u we ucuesaem nu 8 o0nod mouKe MHO-
acecmen K, mo paenomepHoe 3amvikanue F aseebpor F codepcum
gce PyHKyul, Henpepuisnoie Ha K.

Mu pascObeM j10K23aTeNbCTBO HA YeTHpe Luara.

MNepewi@ war. Ecau f€ #, mo |[{cH.

loxasateabctso. [lycts
(63) a=sup|f(x)]  (x€K),
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W mycTb 3agano yHeao & >0, Coranacho ciiexcreuio 7.25, CymecTByoT
BEMECTBeHHEIE YHCHA €4, ..., Cp, TAKHE, UTO

1}
(64) Ii§ciy‘—ly15<s (—a<gy<a).

n
Dynkuas g= ), c;f’ BXOMMT B cOCTaB MHOMecTBa %, TaK KaK
i

# -—aarebpa. Cornacno (63) u (64), Mul HMeeM
g —|f(x)i|<<e (x€K).

Iockoneky aareGpa # papHOMEPHO 3aMEHYTA, TO OTCIONa Cle-
nyet, uro jf|¢c #B. :
Bropo#t war. Ecau f€e® u ge®#, mo max(f,g)cF u
min(f, g)€ #.
Npu stom h=max {f, g} o3uauaer, 410
b I F, ecnn [(x)>g(x),
“latx), eam flx)<glx)

min(f, g) onpegesserca aHANOrKuyHO.

Hdokasateascreo. Hame yrpepXKpaeune cieiyer H3 JAOKa-
33HHOTO HA NEPBOM WIare U H3 TOXKHECTB

max (f, g)="F&+ 1L,
min(f, g) = {181zl

Pasymeercs, 3TOT pesyasTaT MOXKHO 1O HHAYKLEH pacmpocTpa-
HETb Ha JT060e KOHeuHOe MHOXeCTBO GyHKuMi: eci fy, ..., fa€F,
10 max(fy, ..., fa)€H w min(fy, ..., fa) EF.

Tpernit wiar. Hycme 3adanst sewjecmeennas Gynkyus f, nenpe-
poerar Aa K, moska xCK u e>>0. Toz0a naiidemca pynxyus
=€ %, maran, 4mo g.(x)=f(x) 4

(65) g)>fh—e  (tEK).

Hoxasatenncrso. INockoabky $ < # u # yAOBIeTBOpseT
yClioBHAM Teopemu 7.29, TO H % YAOBNETBOPAET 3ITHM YCIOBHSM.
3uauuT, 118 noboro y €K MoxHO HalTH QyHKUKIO iy, € F, TAKYIO, uTO

(66) hy(x)==F(x),  hy(y)=F(9)-

B cany wenpepnBHOCTH QyHKUMH Ry, CymecTByeT OTKpHTOE
MHOXECTBO J,, cOmepikailee TOUKY § H TaKoe, 4TO

(67) hy)>f)—e  (tedy.
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BBuay toro uro K—KOMNaKT, WMeeTCH KOHEYHOEe MHOMeCTBO
TOMEK Yy, ...y Yn, TAKHX, UTO

(68) KclyU... Uy,
Ioaoxnm
gx=max (hy, ..., &y ).

CorlacHO YCTAHOBJEHHOMY HA BTOPOM mare, g.€ %, a U3 COOTHO-
mennft (66)--(68) caexyer, uro g, 06NazaeT U OCTANBHLIMH HYXK-
HBEIMY CBOHCTBaMH.

Uerbeprutii war. [Tycme 3adansi eewjecmoennan pynxyus f,
nenpepuisnan wa K, u e=>0. Cywecmeyem Pynryus h€ F, maxasn, umo

(69) lh()—f(x)f<<e  (x€K).

D10 yTBepKAeHHe PABHOCHILHO YTBEPIKAEHHIO TEOPEMHl, TaK Kak %
PABHOMEPHO 3aMKHYTa.

BokasateabcTBo. Paccmorpum dyHKUHM g, TNOCTPOCHHHIE
Ha TpeTheM mare Ans Kaxaoro x€K. B cuny HenpepueBHOCTH
GyHKUHH g, CYMeCTBYET OTKpPHITOE MHOXecTBO V., conepwkamiee x
H TaKoe, 4TO

(70 gty <f(H)+e  (teVy)

Beuny Toro urto K XOMRAaKTHO, CYHIeCTBYeT KOHEUROE MHOKECTBO
TOUEK Xy, +..y Xpy» TAKHX, UTO

(1) KeVyU...UVs .

[onokuM h=min(gs, ..., g=,). Kax 6bi0 ycranonseno ha sTo-
poM ware, A€ F, 4 Az (65) cnpemyer, 4yro

(72} A)y>f)—e  (1EK).
C npyroit croponut, u3 {(70) u (71) cneayer, uro
(73) h{t)<f(H)+e  (LeK).

Ha (72) B (73) BuiTexaer (69).

Teopema 7.30 He BepHa JAAA DPOHSBOALHHX KOMIWIEKCHBIX
anreGp. KoHTpnpsMep JMar B ynpasuenud 21. Ouuako yreepxie-
HRE€ TEOPEMbl OCTACTCH BEPHHWIM NaXke H A KOMIVIEKCHHIX aarefp,
eWIH Ha J HaNOMMHTH €llie OJHO YCJIOBHE, a MMEHHO ecad norpelo-
BaTh, uTOOW S Onwa camoconpsycerMol. ITO o3HAY2eT, 4To AAs
Aa00oR QyRKuEM [ € KOMNNEKCHO-CONPAXKEHHAn ¢ Heli GyHxuHa |
TeXe NpHHAAIeRUT H; QymRKOHE [ onpepensercs paBeHCTBOM

@ =Fw.
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7.31. Teopema. [Tycme H-—camoconparxcenrnas ar2e6pa Komniex-
CHOIX Henpepoigubix thyrkyui Ha xoxnaxnrom muoxcecmse K. Hycme &
paadersem mouxu Mroxecmea K u ne ucdesaem wu 8 odmol mouke
mroncecmea K. Toeda pasHomepnoe 3ameikanue K areebpor S
codepacunt 8ce KOMNACKCRue Henpepoieniie na K ynryun.

Hoxasatenpctso. Ilycts $p— MHOMECTBO BCEX BellleCTBEH-
Hux dynkmal Ha K, npuHagmexammpx aarefpe #. Ecam feH
n f=u-ip, rEe u, v—BemiecTBeHHN, T0 2u=Ff-1f, a Tak Kkax
# — caMoconpsixenHas anre6pa, 10 u € Ag Ecam xy 5= x,, TO cyille-
creyer fedF, Takas, uro f(xg)=1, f(x)=0; snaumr, O0=1u(x) =
= u(x;) =1, oTkyfa caegyer, uT0 H5 pasiensieT TOIKH MHOXKecTBa K.
Ecmm x€K, 10 g{x)=0 1npu HeKoTopoM gCH M HMeeTCsT KOM-
NAeKcHOe YMCAD A, Takoe, 4to Ag(x)>0; ecanm f=Ag, f=u--iv,
TO GTCIAA  Cnepyer, uto u(x)>>0; sHauHT, Hg He HCUE3aeT
HH B OIBOH TOYKe MHOMecTBa K.

Taxnm ofpasoM, #p YHOBJETEOPAET YCJAOBHAM TeopeMul 7.30.
ChenoBaTeilbHO, KaXKHAAsl BellecTBeHHasi HenmpepwBHas Ha K dyHK-
LS OPRHAZAEKHT DABHOMEDHOMY 3aMuKaHWIO aarepm HFp, 1. €.
npanapnexuar F. Ecan f— kommnekcran wenpepoieHan #a K PysK-
uus, f=u-+iv, T0 L€F, vE F, 3naunT, M f€ F. JokazarenbvcrBo
3aKOHUEHO.

7.32. 3amevanua. [lyerp € (K) 06031auaeT MHOMNKECTBO BCeX
BELIECTBeHHBIX HeNpephiBHHX YHKUMA Ha KOMIOARTHOM NpPOCTpasH-
ctBe K. Onpegenum HopMy dyukuuil f ¢ B (K) paBencTBOM

(74 I li==sup {F (x)}]-
xEK

ITo teopeme 4.15 [fil<C oo nmpu kawkiom fc®(K). Ouesunuo,
yro Hfli=0 rojpko Torga, Korsa f(x)==0 npu Bcex x¢ K, 1. e
f=0, # HeTpyzZHO NpOBEpHTb, 4TO :

FiHgli<iifli-Hlgl (. geB&K)).

3HauuT, ecid ONpeReAUTh PACCTOSIHRE MEXAY [ U g Kak | f—gii,
TO akchoMa 2.17 148 pacCTOAHAA BBINOJHSETCA.

Hcnoneaya STy METpHKY, MW MOMeM ONpeResUTh TeNepb OTKpH-
Thie MHOMKECTBA, 3aMKHYThe MHOXECTBA, NpeieivHbie TOYKH, CXOAf-
mmecs nocaeioBarenbHoCTH H T. 4. B G (K) Paccrosuue B 6 (K)
onpelasieRe TAK, YTO MOCNEROBATENBHOCTL {f,} ¢XoauTCs K [ Torna
H TOJAbKO TOrja, Korga {f,} cxoautcs X [ paBromepHo na K
{f»} —nocaenoBareapnoctr Koun B ¥ (K) Toraa w Toaeko Torma,
xorpa {f.} cxopurca pasHoMepro Ha K. 3Hauur, s reopemn 7.12
crepyer, uro % (K)—noswoe MeTpHyecKoe NpoCTPaHCTBO.

Samkuymeote NOAMHONKECTBA MpocTpancTBa € (K) —3T0 B TOYHOCTH
TE CaMbleé MHOXKECTBA2, KOTOpHe B onpejeneHuH 7.26 ObtiM Ha3paHb
PABHOMEPHO SAMICHMbIMIL.
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Beakoe KommaktHoe mogmuoxectBe B ¥ (K)—oT0 paBHOMEpHO
OrpanHyeHHOE pPaBHOCTENEHHO HENpepPHBHOE MHOXKECTBO dyHKiuil.
OGpaTso, 3aMHKaHRe KaX[Or'0 PaBROMEPHO OIPAHEYEHHOIO pasHOCTE-
NEeHHO HenpephrIBHOro MHOXecTBa PyHKuMiA B3 6 (K) ecThb KoMnNaKTHGE
NOAMHOMKECTBO npocTpancTBa ¥ (K). D10 yTBepXKAeHHe, NO Cyule-
CTBY, -— niepeOpMyARPOBKa TeopeMu 7.23.

Teopema 7.30 (Teopema g'l?ona—-Beﬁemepacca) MOXeT OuTh
nepepopMyJHPOBaHA TaK: ecau H — nodaszebpa ¢ 6 (K), pasdessouian
mouxy muomecmea K u me ucwesaowan nu 8 o0woil mouke MNO-
acecnea K, mo aacebpa & naomna ¢ npocmpancmee 6 (K).

Bce aTH 3aMeyanHs IPHMEHHMH TaKXe H K NPOCTPAHCTBY BCex
komnaekcrolx QyRKUHA, HenpepuiBAKX Ha K; HO TOJNbBKO K YCHOBHSAM
Teopemst CrtoHa— Befiepmitpacca HyXHEO J00aBHTb CaMOCORpSXKEH-
HOCTb,

YapaKHeHHn

1. Hoxasarb, 4yT0 BCAKasA PpaBHOMEPHO CXOAAlEAsCA NOCAEACBA-
TeNBHOCTh OrPaHHYEHHBIX (GYHKHHH DaBHOMEPHO OrpaHHYEHA.

2. Tlyers nocaegopareapnocTd {fn} B {g.} cXOBATCA pPaBHOMEPHO
Ha E. Jloxasate, 9TO nocinegoBatenbHoCTh {fn+ 2.} CcXoaures
papHoMepro Ha E. Ilyerb, Kpome Toro, {fn} # {g.} —mnocnenosa-
TeNLHOCTH orpaHHYeHHHX ¢yHxuufi. dokazaTk, uT0 nocjefoBaTelb-
HOCTL {fagn} CXOMHTCA paBHOMepHO Ha E.

3. TlocTpouTh nocaenosateNbHOCTH {frn}, {Zn}, KOTOpPHE CXOASTCSH
pabHoMepHO Ha E, HO {fpgn} He cXoauTcs paBHOMepHO Ha E (pasy-
meeted, {fagn} cxommres Ha E).

4. PaccMoTpuM pax

fxy=> ﬁ
=i

Ilpu kaxHX 3HAYEHHAX X STOT pAA cXomuTcs abcomorHo? Ha kakux
CEerMeHTaXx O CXOZHTCS paBHoMepHo? Ha Kakux cerMeHTax oH mepe-
cTaeT OHTh paBHOMepHO cxoaAmuMcA? Henpepmsna au dynkuus f
B TEX TOYKaX, B KOTOpHX paj cxcamtcsa? Orpanmyena Ju f?

5. Ilyers
(0 (s<s)
fa(x)= sin’%(ﬁéxé%) s
0 (% <x> .
Tokasarb, 4TO nMOCAEROBaTENLHOCTH {fa} CXOAHTCH K HeNpepHBHOH
dyHKUMH, HO HepaBHOMEPHO. BOCNONb3OBATHCA PAROM X [ AN NOKA-
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3aTeJBCTBA TOrO, UTO abCOMIOTHAas CXOAMMOCTH (JaXke ecAH OHA
HMeeT MeCTC DpH BCeX X} He BJeueT 3a cOOG0H DAaBHOMEPHOR CXoO-
AHMOCTH.

6. Hoxasatb, uTO pAj

2 (= 2tn

CXOAMTCA pABHOMEPHO HA KaXKJAOM OTPaHHYEHHOM CETMEHTe, Ho
He CXOAHTCA aGCONIOTHO HH TPH OZHOM SHAUCHHH X.
7. Tonomas

fn(x)':'i":i_'in;f'

rie n=1, 2, 3, ..., x—seniecteenHoe uHcao. [lokasare, 970
nocaeopatesbEOCTh {f,} cXoAHTCA paBHOMepHO K ¢yHKUHH [ H uTO

paBeHCTBO
F ()= lim i (x)

BEpHO, echH x =0, 4 HeBepHO, echH x ={.
8. I'lycts

0 (x<0),
”“‘)=[1 (x> 0).

IMycte {xz} — nocaeaoBaTeALHOCTEL NONAPHO PAsAHYHBIX TOUEK HHTED-
sana (a, b), B nycTb pag 2 |c,| cxomares. Hokasats, uto psig

f(x)=“_2_‘.l Gl (x—x) (agx<h)

CXONHTCR paBHOMEpHO, 4TO QyHKUHA [ HenpepbiBHA NpPH JHOGOM X =& Xp
H uTo f— QYHKUMA OrpaHAYEHHONR BapHALHH.

9. Ilyers {ga} —riotaegoBa TENBHOCTD PyHKIMI OTpanntenofl BapHa-
1K Ha cerMeHTe [a, &), obnajaolas CASAYIOWHM CBOMCTBOM: AJf JI0-
6oro e >0 cymecTsyer Takoe uHcao N, uTo H3 HepaseHcTB 2> N, m > N
crenyer Hepapenctso V(g,— gm)<e. JHokasatk, 9TO CYHeCTBYeT
pyEKIHA g, uMewINas OrpaHHYeHHYIO BapHanmie Ha |a, bl U Takasg,
4TO V(%_l-—g)—»o NpH n — o,

10. flycth ¢yHxRuMA f HenpepsiBHa HA [a@, §], ¥ nycTh {gp}-——
nocAeS0BaTeNLHOCTL, AN KOTOpOi

(@) Vig)s<M (n=1,2,3,...),
(b) limg,()=g(x) (a<x<D)
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Hokasatb, uTO
b

b
lim { fdgn= fag.

3aMeTHM, YTO npeinoNOKeHHe 3aech csalee npeanoJaoKeHnil
TeopeMer 7.16.

¥kazanue. Cnauana nokasatb, u9r0 V(g)<M. [Hanee, pas
aoGoro pasduenns Pia=ixy<<x < ... < Xm=>b HMeeM
b

| § pdg— fdgnlgﬁ | § Fe—fendg)|+
3 [ i=1 24

3

-+ }: | F (2} |1 & (%)~ & (¥i_a) — gn (%) -+ gn (¥1) | +
i=1
m x;
+3 | § tre—fende.o).

i=1 x; ,

Tlepas ¥ TpeTbsl CYMMB MOTYT OWTb CHENAHE! CKOAbL YTOLHO
MaJLMH 3a cueT BwGopa i (P) 1 HenpepulBHOCTH $yHKIHH f. PUKCH-
pya P, nonydaem, yto BTOpas CyMMa CTPEMATCA K HYJUO BPH £~ €O,

11. Ecim dyaruus f Henpepmsua na [0, 1] u ecan

1
S Fx"dx=0 (n=0,1,2,...),
v

10 f{x)==0 na [0, 11.

¥xazanue. Vinrerpan ot npouspegennss ¢ynkumu [ na Jmoboi
MHOTOU/IeH paseH Hymi0. BocnonnsoBatbes Teopemoli Befiepmrpacca
i .

H {10K43aTh, 9TO 3 B{x)dx=0.
0

12. Ecau, nanpumep, f(x):x—% 2 gxy=x—x% 10

1
(75) \i@g@rde=0 @=0,1,2,...).
14

Haa kaxax Qynwuaii ¢ w3 yeaosus (75) caepyer, uto f(x)=0
npu scex x€[0, 1], ecan sapanee 3agaHo, 4ro f— HenpephiBHA?

13. Hycre {fn}, {gn}— nocaenosareNpHOCTH GYHKINE, onpene-
JeHHEIX Ha E, n :

(@) YacTHHe CYMMbl pHAA ) f, PABHOMEPHO OrDAHHHMEHSI;
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{6) g -0 paBHOoMepHO Ha E;
(€) g1(x)>g2(x)>gs{x)>... mpu mobom xckE.
Torga paa Q) fagn CXOAHTCS paBROMepHO Ha E.

¥xazanue. CpapHATH ¢ Teopemoit 3.42.

14. [Tycrs {f»} — paBHOMEPHO OrpanMMEHHAR NOCACAOBATENBHOCTD
byRkuult, yHTErpupyeMeix no Pumany ma [a, b]. ITonowuum

Fp ()= K fu () dt {asix < b).

Hoka3sats, 4TO CYWECTBYET NOANOC/ACHOBATENLHOCTD Frny, PABHOMEPHO
cxopsmasacs Ha {a, b].

15. Ilyers {f,} —nocireaoBaTesbHOCTD HeNPEPHIBHEIX (PYHKUHI,
cxonAancA PaBHOMEPHO Ha MHoxectBe £ K dymkuur f. Ioxasats,
70

}g‘; Fa (%) = f (x}

JAAs  Kampaol mocnelloBATeNLHOCTH Touek X,CFE, Ttakofi, u4rto
Xn — %, TAe x€ F. BepHo nm ofpathoe?

16. Ilycrs (x) oGozxauaer NpoGHYIO YacTh BEUIECTEEHHOINO 4HCMA X
(cM. onpeaedcHHe B ynpamHeHHE 2 K ra. 4). PacemoTpuM dvukuHio

o
f(x)= }J 1%?- (x-—BeleCTBEHHOE HHC10).
n==i

HaftH Bce TOuK# pasphiBa (YHKUHH f H NOKa3aTh, YTO MHOXECTBO
TAKHX TOYEK CYeTHO K BCIOAY nAoTHO. [lokasath, uro (TeM He MeHee)
GyHRuMs [ naTerpApyeMa mo Pumany Ha KamaoM orpanuue HHOM
cerMeHTe,

17. Myers  {f.}—nocnenosareNbHOCTE  (GYHKUHE, MOHOTOHHBX
na [a, b], u nycts {f.} norodeyno cxoaurca K GYHKNMH f, Henpe-
pustofi Ha {a, b]. Hokasars, 4To CXOAMMOCTD paBHOMEpHA Ha [a, b[.

i8. Ilycre {f,} - paBHOCTENEHHO HenpepLIBHAS [IOC/AEAORATEALHOCTD
dyHKuHi Ha KOMIAKTHOM MHOXectBe K, H nycrb {f,} cxomures
noroveyro Ha K. Jlokazats, UTO DOCMeROBATeNbHOCTH {fp} Cxomutcs
paBHoMepso Ha K.

19. [lokazarb yrtBepxienns o B (K), chopmyrnpoBaHHHe
s m 7.32.

20. Onpezeantb TOHATHA PABHOMEPHON CXOIWMOCTH H DABHO-
CTENERHCH HETTpPePHIBHOCTE ANA oTobpameHull B mofoe MeTpHYeCKOT
npocrpauctso. [loxasath, urc TeopeMnt 7.9 u 7.12 Bepun AAA
oToOpameHHit B J0f0e MeTpHYecKoe NPOCTPAHCTBO, YTO TEOPEME
7.8 u 7.11 pepHW Aas oToOpaskeHH#l B oGO MNOJNHOE METPHYECKOe
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npocTpaHCTBO M 4To Teopemul 7.10, 7.14, 7.17 u 7.23 BepHw aas
BEKTOPHO3HAUHLIX GyHKUME, T. €. Aaa oToGpaxenHd B moloe R*.

21. Ilycte K--epdHMYHAS OKPYXKHOCTh Ha KOMNJEKCHOR nJjo-
CKOCTH (T. € MHOXKEeCTBO BCe€X 2, TaKHX, 4io |z]=1), u nycTb
A — anreGpa Bcex dyukumi BHAA

N
Fe® = D) c,ein® (O BemmecTsento),
n=al

Torza # pasgenser TOUKE MHOXKecTBa K M He UCYe3aeT HH B ORHON
TOMKe MHOXecTBa K, HO TeM He MeHee CYIIECTBYIOT HeNpephIBHLE

Ha K QyHKuHH, He cofepxauuecs B PaBHOMEDHOM SaMHIKaHHH
aareper #.

¥xazanue. na moboli dynxuun fCH

in

{Flememdo=0, n=1.2 ..,
0

M 3TO OCTaeTCH BEpPHbIM ARA Kamuofl f, npuHaziemauledl 3saMHKAHHIO
anreGpu .

22. flycrh @— HenpepHBHas OrPaHHMEHHas BellecTBeHHas QyHK-
IM7, ofnpeiefeHHAs B noJoce, BHAeJfeMofi HepaseHcTBaMu 0<x <1,
— 00 < y < o0, JloKa3aTw, 9T0 3afada ¢ HaYANLHEIMH JaHHLMH

¥=0xy), y{0=c

HMeeT pemeHue. [3aMeTHM, UTO YCAOBHS 9TOH TeOpeMH CYLIeCTBOBa-
RHS MeHee OrpaHHIHTEHbHH, 9eM YCJOBHA COOTBETCTBYIOMefi Teopemus
eAWHCTBeHHOCTH (cM. ynpaxaenwe 17 ra. 5).]

Yxasanue. 3adurcupyem n. Ilomommm x;=i/n, i=0, ..., n.
fycts f,— nenpepuiBHas ¢yuxkuua Ha {0, 1], Takas, aro f,{0)=c,

n(®)=0(xs fa(x:)), ecom xp <t < Xiy,
H TIOJIOKHM

Y OES f;l O, fn (),

33 MCKJIOYEHHEM TovueK Xx;, rae A, (f)=0. Toraa
fr@=c+{ 10t f () + A (O 4L,
o

Bocnoassoearber Teopemoil 7.23 AAA JOKa3aTeNLCTB2 PaBHOMEPHOR
Ha [0, 1] cxOAMMOCTH HEKOTOPOH NOANOCASAOBATENBHOCTH MOCAENO-
BaTeNbHOCTH {fa} K OQYHREHM f, yAoBhAeTBOpSOMEH HHTETPAABHOMY
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YPaBHEHHIO

Fo=c+ (o fpat  O<x<).
0
Jra dyHxkuEa f B ecTh PelieHHe NaHHON 3ajgayu.

23. JlokasaTb aHAJIOTHYHYIO TEOpeMYy CYLIECTBOBAHM ANS 3ajaum
C HavYaJbHEIMH JAHHBIMH

Y=y, y(0)=c

rAe Tenept ¢ER", yER*, a ¢ —HenpepuBHOe OrpaHHYeHHOE OTOGPa-
WeHHe yacTH npoctpancyea R**\, suijgensemoii yeaosuamu 0<x <1,
YER", B npocrpancteo R*. (Cpasuuth ¢ ynpaxaensem 18 ria. 5.)

¥kasanue. Bocnoab3oBaThCA  ¢BEKTOPHO3HAYHEIMP  BAPHAHTOM
TeopeMul 7.23.
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JAJbHEAIME CBEAEHHS U3 TEOPHH PSJI0B

Crenennpie pazp

B 3ToM pasjiene Mbi H3yuHM HeKoTophle cBoficTBa (ymxuufl,
NpefCTaBAMBIX B BHJE CYMMH CTENEHHOTC pand, T. €. OVHKHHE
BHA

H f(x)= Eﬁ CaX™
uak, Gonee ofuip,
@) Fo)= 3} enlx—a)".

Takue QyRKUHH HA3HIBAIOTCS AHAMUTAYECKHMH.

Mur orpanKuuMcs BewlecTBenHbM 3Hauenusimit x. [TosTomy BMECTO
KPYroB cxojuMocT {cM. Teopemy 3.39) Me OyleM #MeTb Jedo
C MPOMEXYTKAMH CXORHMOCTH.

Ecau psag (1) cxoautes npH Beex x u3 Hurepsana (— R, R} aas
Hexortoporo R>>0 (R MOxeT paBHATBCH - o), TO Mbl GyjeMm roBo-
puTh, uTO GyHKuUHA f palnaraeTcd B CTENECHHOU PAA B OKPECTHOCTH
Toukd x = 0. AHanorauro, ecau pap (2) cxopures npu (x—a{<< R,
TO TOBOPAT, 4TO [ pasnaraeTc® B CTeNEHHOA pal B OKPECTHOCTH
TOYKH X==g. Jas ynobcrea mbl gacto Oyinem norarath a=0,
HE OrpaHHIHBag OGLIHOCTH.

8.1. Teopewma. Hycms pad

(3) 2, k"

cxodumesn npu | x| << R < o, u nycmsp

4) fo =2 e (x]<R).
n=

Tozda pad (3) cxodumcn pacromepro Ha ompeske | — R-i-e, R—g],
Kakoso Ool RU Dbiao  noaoxcumesvnoe 4ucro €< R. Pyuxyus |
Henpepoistia Ha (— R, R) u

G Fo= 2 nex™ (x| <R).
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Hoxasatennctso. Ilyete O0<Ce<CR. Ecam {¥x|<R-¢, T0

| k™ | < | en (R—2)7|,
a TaK Kak paA

Zea(R—e)

CXOANTCH abCoMOTHO (KaXAWH creneHHo#t pajx no npusHaky Komm
CXOOHTCH &BCOMIOTHO BHYTPH CBOETO IPOMEXYTKA CXOMHMOCTH), TO
u3 TeopeMbl 7.10 Clefiyer paBHOMepHas CXOZMMOCTh paga (3) Ha
otpeske [—R-+¢, R—el

"
Berxy Toro 410 ¢ a-»1 npu n— oo, HMeeM

lim Vnie. =tim Ve,
k. e~ =0
Tak uTO pREH (4) H (D) uMeoT ofwaAll HHTEPBANA CXOIHMOCTH.
Hockoabky (5)—cremeHuoll pajl, TO OH CXOAWTCA PABHOMEPHO
8 [—R-+e, R—¢e] npr KaxioM NOMOKHTEALNOM &< R H, clAehcBa-
TeAbHO, NpHMeHEMAa Teopema 7.17 (B GoOpMyAHPOBKe TeopeMH nocae-
AOBATEJILHOCTH MOXKHO 3aMeHHTh pspgama). TakuMm ofpasom, (5)
BHTONHAETCH, ecnd |x{<R —e,
Ho ans moGoro x, takoro, 4ro |xj<CR, MOMHO HaATH Takoe
uicqo e>>0, wro | x| < R—¢. 3uayut, (5) BHINOHACTCH, €CIH
| xl<<R.

HenpepuisrocTe dyHkiir [ chexyer u3 cymectsoBauus [
{reopema 5.2}

Cnencrsane. Ecau svinoanenst gcaoeus meopemst 8.1, mo |
umeem npouseodnse ecex nopadkos ¢ (—R, R), npuden
o0
(6) )= 2 n(a—1) ... (n—k-4- 1) cax".
) n=k
B qacmnocmy,

) fR (0 =Rley  (B=0,1,2, ...).

(3necy [ obosmagaer f, a ' k-0 npou3sofHyo dyaxunu |
npu k=1, 2, 3, ....)

doxasartenncteo. Papescrso (6) noayunrea, ecam mu
HOCAEA0BATENbHO NpUMeRHM TeopeMy 8.1 K f, satem k [/, x /" u 1. A.
Monaras B (6) x =0, Mo noayanum (7).

®opmyaa (7) ouens HHTepecHa. OHa AOKA3BIBAET, € OJHON CTODOKH,
uTO KOSPHHLHEHTH! CTENEHHOIO PA3JIOKEHHS! PYHKIHH [ onpenensioTcs
snavennsMd [ K ee MPOH3BOSHHIX B OAHOH-EAMHCTBEHRHON TOUKe.
C npyrofi cTOpoHH, €C/K JAaHbi KOMPOHUKEHTH, TO SRAYCHUA MPOU3-

BOAHHIX QYHKUMH [ B EHTPe HHTEPBaJa CXOAMMOCTR yCMATPHBAIOTCH
HEMOCPeACTBEHHO M3 CTENeHHOrO PpsfAa.
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3aMeTHM, OAHAKO, YTO ec/n faxe QyHKOMA [ MMEET NPOUSBOAHME
BCEX TOPHLKOB, TO PAA D) Cax™, KOSDHUUHEHTH KOTOPOTO BHIRHCACHH
no dopmyne (7), ne 0043aH CXOAATLCHA K f(X) HH TPH KakoM X 7= 0.
nocnenHeM ciyqae [ He MoxeT ObiThb Pas/oKEeHa B CTEneHHOH
pAalL B okpecTHocTH Toukd x¥=0. HeAcTBHTEALHO, €CcAH Gb! BHIMOA-

HAMOCH PABEHCTBO [ (X)== Y d,x", TO MBI HMEJH Gbl
nla, = f™ (0);

snalm-r,l a,=C,. llpuMep Taxofi curyauwn Oyaer LaE B ynpax-
HEeHHRH 1.

Ecan pax (3) cxofurcsd B KOHHE TIPOMEXYTKA CXOAHMOCTH,
CKaxeMm, B TOUKe x=R (H, pasymeercd, R < oo), To GyHKuUua f
HempepHisHa He TOMLKO B HHTepRade {—R, R), Ho H B TOUKe x =R,
3710 BhiTeKaeT H3 cAepyiomedl Teopemb! AGeds (MR NMPOCTOTH MH
noJjaraeM R=1).

8.2, Teopema. Mycms pad D¢, cxodumea. MMoroxuy

f(x):éocnx“ (—1<x<1).

Toz0a
(8) lim f (x) = 2 ¢n.
21 n=0
Hokasareavcrso. IlyeTs ss=co+ ... +Cas 8- =0. Torsa
m m . My
Z eni"= F (sn—sn-) 2" = (L= 2) 2} 508" + Sut™,

Myets [x|<C1 B m—> oo, Tak XaK s, OrpAHHAYEHH B COBOKYHOCTH,
TO MBI TIOMydaeM

(9) Flry=(1—x) X spx™

na=0
[Ipepnonoxkum, 410 §=lim s,. Ilycts & >> 0. BuGepem N, Takoe,
uto W3 n >N crenyer e
|S—'Sn|{%.
Torpa, BBHAY TOrO 4TG .- .
(1—» J =1 (x]<1),
Mol nonyyaem k3 (9) '

) —si=|(1—5) D (s—s) 2"
: h=0 '

=

N
SA=2) Y [sa—s||&P+5<e,
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ecid x>1—8, rae §—nwboe ROCTATOYHO MAJOE NOAOKHTENBHOES
yacno. Orcopa caepyer (8).

B rayecree nprJOKeHHA JoKakeM TeopeMy 3.51, Koropasa COCTOHT
B caeayiomeM. Ecau pRost D\ an, X ba, 2 Cn cXodamca coomeem-
cmeenno K A, B, C u ecan cp=apby+ ...+ abp, mo C=AB.
[Tonoxum

f (x) = “§0 apx”, gE(x)= n§0 bax™, h (x) = 20 L )

nph O0<Lx<). Ecan x<Cl, To 97TH pABH CXOAATCH AaBGCOAIOTHO,
H NOJTOMY HX MOXHO NEPEMHOXHTB B COOTBETCTBHH ¢ OnpeAefcHHeM
3.48; BLMONHHB YMHOMEHHe, MH' YBHAHM, UTO

(10) fx)-g)=h(x) (O<x<1).
Ilo reopeme 8.2
(11) f(x)— A, . gx)~B, hix)—C

npu x—> 1. K3 pasencts (10) u (11) caeayer, uro AB=C.
~ JHanee HaM mnonazobuTcs .chaepyoman TeopeMa o6 H3IMEHeRHNW
Nopsifka CYMMHDOBaHHSA ABOMHON NOC/ER0BATeIbHOCTH.

8.3; Teopema. [Tycms dawa Ocodnas nocaedosamessuocme
{ay), i=1,2,38, ..., j=1,2,3, ..., nycms :

(12) jz.“ilaulmb; (i=1.2,3,...).
u pad X 'by cxodumcr. Tozda _
(13) El Ela"‘%gi i—ia""

JoxasateabcTBO. Mul MOTVIH Ob YCTaHOBHTL paBencTho, (13)
HENOCPEACTBEHHO, NBOAOOHO TOMY KaK 5TO GHLIO CHAEAaHO B Teope-
Me 3.56 (XoT# B NARHOM cJydae STO HECKOJIbKO 60/ee CJAOXKHO).-
Onnako chaeaywoizuit MeTOX NpeACTaBAgercd O6ofiee  HATEPECHLIM.

Tlyctis E—cueTHoe MHOMKECTBO, COCTOSIIEE H3 MOMAPHO PasAHY-
HBIX TOYEK Xp, Xy, X2, +.., B NYCTh Xp—> Xy NpH n—> oo, [losoxum

(14) rl(x0)=ziail (i=l'2' 3, S B
(15) fl(xn)=§10u (i,n=1,238 ...),

(16) g‘(x)=§l fi(x) (x€E).
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Teneps, conocranaa (14) m (15) ¢ ycaosuem (12), Mw BHIHM,
yTo Kamaan H3 Oydakudit f; wenpepuisHa B Touke xy. [lockoabky
[fi{x)} << b npr x€E, pax (16) cxoaures pasHoMepuo na FE, Tax
uTo QYHKUHA g HempepuisHa B TOuKe ¥, (Teopema 7.11). Caepona-
TeALHO,

bvs

2 @y :Ei fi (xo)*g(xo)=i_iglg(1n)=

f=1 j-=1

== 1im §l fi(xn) == lim § i Qij =

vy i= w0 §om ] fu=i
n o ™M
: 2]
= |im z 2 a;;::Z 2 a;j.
n-so0 j==1 =1 i=1i=d

8.4. Teopema. flycms pad

2 k"

nu={
cxodumes npu |x]<<R u [{(x)—cymma smozo pada e usmepeaie
{(—R,R). Ecau—R<Ca<<R, mo ¢ynxyuio [ moxro pazroxcumo

8 cmenennol pad e oxkpecmuocmu mouku X ==a, cXodawufica npu
]x'—'a1<R'—laI! u

an  fo=3 2% e (x—al<R—|a).

=0

Dra TeopeMa spiserca obobmeHdeM Teopemu 5.17; owa MabecTHa
TaKKe Kak Teopema Tefinopa.

HBokasatenncreo. HMmeem

o

F)= cal(x—a)+a)"=

A=

mi cni (n)a " (x—ay*=

a=0 m=0
=SS (%)) x—am.
m=0{ n=m

310 H €CTb HYXKHOC HaM pPa3iOMEHHE B OKPECTHOCTH TOYKH
x==g. YrolH yGemuTLCA B €ro CHpaBefJUsOCTH, MH JOMKHE 000-
CHOBATb H3MEHEHHE NOpPSAKa cyMMHpoBaHuA. Teopema 8.3 nokasd-
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BacT, YTO OHO BO3IMOXHO, CCNH pAjA

(18) §, §, e (B) @™ x—a)

a=4m=>0

cxoaurca. Ho (18), oueBugHo, npuBOANTCA K BHAY
(19) 2 el x—alFial®,
n=0

a paa (19) cxopares, echn {x—alt|a|<<R.

Hakouen, dopmysa (17) ansi xosdebmumentos caenyer us (7).
HyxHo samerutb, 410 paf (l7) B AehCTBHTENLHOCTH MOXET CXO-
AEHTBCA B HHTepBaMe, Gofee HIHPOKOM, 9€M HHTepEaJ, OnpejesseMuil
HepaBeHCTEOM |x—al<C R—!a].

Ecan xBa crenensnix papga cxeastca B MHTepeane (—R, R)
K OIHOH R Tofi Xe GQYHKUMH, TO OHH TOXICCTBEHHH, T. €. HX K03(-
brumenTH ¢ OAMHAKOBBIMH HOMepamu paBuu. HuTepecho, uro TO XKe
BEPHO W B Gojee cAaGHIX NpeANoNOKEeHHX.

8.5. Teopema. Mycmo padot D anx™ u ) b,x" cxodsmca
¢ unmepease S = (R, R). [Tycmy E — mnoxwecmso ecex moses X€ S,
@ KOmopux

(20) 20 g x™ = 20 D™

Ecau E umeem npeQeavtyio mouky 8 S, mo a,=b, npu n=0, 1,
2, ... . 3nawum, (20} esinosnsemca u npu ecex x €8S.

HJoxasateascto. llyers ¢, =a,—b, 8

(21) f(x)= ..§o ex®  (x€8).

Toraa f(x)=0 na E. ]

[Tyeth A-~MHOMECTBO BCEX NPefeNbHBIX ToYeK MHOXKecTRa E,
cofiepxamuxes B S, a B—MHOXKECTBO BceX NpPOYHX TOYeK M3 S.
Ha onpepeserns npeaeabHOR TOUKH SICHO, YTO MHOXKECTBO B OTKpHTO,
HollycTHM, uTO HaM yaaloch A0Ka3aTh, 4T0 H A  OTKpHITO.
[lo ycnosnio A semycro.” Kpome toro, S=AyB, ANB=@ n 8
cs3HO (TeopeMma 2.47). U3 onpenenenns 2.45 caepyer, YTO B TaKoM
caysae B pomxno OuTb nycTsM M, 3Hausnt, A=3S. Ha Toro, uro
dyukuus [ HenpepwsHa Ha S, caemyer Ac E. Takum 06pasom,
E=S, a (7) noxasmBaer, uto ¢,=0 npu n=0,1,2, ..., uro
H coCcTaBaseT TpedyeMoe 3aKJIOMEHHE.
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Takus 06pa3oM, HaM BYXHO AOKasath, uT0 A otkpuro. Ecm
Xo €A, T0 Teopema 8.4 noxaswmaer, uToO

o
(22) fR=Fditxr—x)" (17— x| <R—[x).
Mu yteepxpaem, uto d, =0 npu Bcex n. [pexanonaras npoTHs-

foe, o003HAUHM 4Yepes Kk HaMMeHblllee H3 HEOTPHIATEABHBIX LEABX
SHCeR m, TaKHX, YTo dp==0. Torpa

(23) f=(x—x)"g(x) (x—%)<R—[%),
roe
(24) g(x)= m2=}° diem (X — o)™,

[Mockomsky dyHKuUMA g HenpepblBHA B TOUKE Xp H
g (xo) =dy 0,

10 cymecteyer 8>0, rakoe, uro g(x)+=0, ecau j x-—x0] << B
Us (23) caenyer, uro f(x)=0, ecou 0 <|x — x}<< 8. Ho 370 npo-
THBOPEUHT TOMY, UTO Xo—mpeielbHas Touka MHOXecrBa E.

Takum oOpasoM, d, =0 npu Beex n, TaK uTo f(x)=0 npu Beex x,
AN KOTOpPHX BuinodHgerca (22), T. €. B OKPECTHOCTE TOUKH Xo-
NOKashBaeT, 4T0 A OTKPHTO, H IOKa3aTeAbCTRO 3aKOHYEHO.

MoxasareabHan ® JAorapupmuveckas GYHKUHNR
TTonoxum, no onpefeNeRHIO,

o0

(25) E@= .

n=0

[Mpusuaxk danamGepa nokaswisaeT, UTO 3TOT PAA CXOARTCR MNpA
KaXAOM KOMIJICKCHOM z. Tlpumenas teopemy 3.50 006 yMHOXEHHR
abCoMIOTHO CXOAMMHUXCA PAJOB, NOJMYYaeM

EQE@=3 7 D a7 = Z_Mﬂozf(u_s)ﬁ

n=>0 me=
- (-] n o

1 AN & oak (z-+w)®
= —— i 2T
PEPIOL R

OTKYAA BLITeKaeT BaHAS TeopeMa CAOKEHHS
(26) E(z+w)=E()E(w) (2 w KoMRIeKcHHE).
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OpHO M3 ee C/EACTBHH TAKOBO: .
27) E@E(—2y=E(z—2)=E({0)=1 (z xoMnmaeKcHoe),

310 nokaseibaet, uTo E (2) 5= 0 npn Beex z. Corsacuo (25), £ (x) >0,
ecyn x>0; (27) nokasnsaer, wro E (x) >0 npr Bcex BemecTBek-
HHX x. B cuay (25), E(x)—+ oo npn x-— -+, a (27) nokask-
paer, 4ro E(x)—>0 nps x——oo BAOND BEMECTBEHHOA OCH.
B csay (25), n3 O0<<x<Cy caenyer, uto E{x)<<E(y); us (27)
cnepyer E(—y)<< E (—x); snaunt, Qyukuus E cTporo Boapacraer
Ha Becell BeMEeCTBEHHOA OCH.
Teopema ciomenHs NOKAa3hiBaeT TAKXKe, YTO

(28) limEEEA—E@ _ p ) im AL . E (g,
h=+0 . : hes0

nocAejlee PABEHCTBO CAeAyeT npsaMo us (25).

IMoatopsa (26), noayyaem
(29) E@x+...+2z)=E()...E(z)

[NoaoxuM s1eck 2y=...=2,=1. [lockoabky E(1)=e, rae e—.
9HC/0, BBEJCHHOE B onpeenchiy 3.30, To MM nonydaem
(30) E@n)=e" (n=1,2,3,...)

Ecnn p=ni/m, rae n, m-—nonoxnTenpHble UeJHe 9HCAA, TO
(31) 1E{pN" =E(mp) =E (n)=¢",
TaK 910 .
(32) E(p)y=e¢" (p>0, p paunonanbuo).

Hs (27) caepyer, uto E(—p)=e™, tae p-— NOJOKHTEALHOE
# pauHonaibhoe. Takum o6pasoM, (32) BHmOAHAETCH KRpH BCeX
PAUAOHAMBHEIX p. '

B ynmpaxsuennn 7 K ra1. 1 MH NpeAnoKWIM TaKoe onpeieNenue:

(33) XY = sup xP,
e BepXudAs rpaib Gepercsi NO BCeM PAIHOHANLHEIM p, TAKHM 4TO

p<y AAs Jdwboro BemecTBeHHOro ¥ # x>1. Ecnu MB  Takum
o0pasoM onpefesuM MpH NMoGoM BEWIECTBEHHOM X

(34) e* =supe® (p << x, p panuoHanLHO),

TO H3 HENPEPHBHOCTH H MOHOTOHHOCTH f$yukuum £, a Takxke H3
pasercTBa (32) noayaurcs

{35) E(x)=¢

TNpH BceX BemecTBeHHbx x. Paseucteo (35) obbacuser, novemy
GyHKkuuo £ Ha3bBaOT NOKa3aTeNbHON.
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Ha camom nene BMmecTo (34) BNOAHE MOMKHO BOCIOAbL30BATHCA
paseHctBoM (35) ana onpeienenna &%, pasedctso (35)—ropasioc
Gonee ynobnas oTHpaBHas TOYKA AJS HCCAEHOBaHHSI CBOMCTB yHK-
nun e*. Cefuac Mbl yBHANM, 970 H (33) MOmMHO samenHTh Goaee
yao0HbIM onpeneneHieM (cm. (43)).

Bepremes K ofblunoMy obo3Hauenuio e® BMecto E (x) M nomwito-
MHM TO, 9T0 OHIIO AOKA3aHO RO CHX TOP,

8.6. Teopema. Mycms e onpedessemca wa R pasencmsamu
(35) u (25). Tozda

(0} ynryun e* nenpepmsra w Oupdepenyupyena & 060k

GELECMBEHHOU MOuKe;

(b) (€Y =e*;

(c) e*—cmpoeo eo3pacmaiowian Pynukyua u ™ >0;

{d) ¥tV —=e*eV;

(&) e*~—>+ o npu x>+, -0 npu x—— oo;

(f) lm x"e*=-0 npu wobom n.

X

Mut yJﬁfZ JOKa3aaAM Bce yTBepXiaeHus oT (a) mo (e); (25) woka-
3bIBaeT, YTO
gl

x
€ >_TF:‘—|-})!

npd x>0, TaK yro

ng—=x +1)'

oTkyAa K caeayer (f). ¥YrBepxuenne (f) o3HayaeT, 410 €* CTpeMHTCH
K - oo mpH x— -+ oo «¢0blcTpees, ueM J0ban cTeneHe X.

dyukoua E, 6yayan ctporo sospactawueil B xaddepenunpyeMol
Ha RL, nmeer ofparnyio dynxuuio L, XoTopas T0XKe CTPOro Bospa-
craeT U puddepeHuupyema ¥ o6isacTh onpefencHMd KOTOpoH copna-
naetr ¢ E(R'Y), 1. e. ¢ MHBOoXecTBOM BCeX TIONOKHTEABHEIX YHCE.
Dyakuna L onpejenserca H3 paBeHCTBa

(36) ELy=y @=>0)
HWIH K3 paBencTsa
(37) L{(E{x))=x (x- BRIZEeCTBEHHO).

Junddepenwupys (37), noaywaem (cp. ¢ Teopemoit 5.5)
L'(Ex)-Ex=1

SanucwBast y = E (x), uMeem

(38) L'@=y @G>0
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Ioaaras B {37) x==0, Mpt BHAuM, uto L{1)==0. 3nauur, us (38}
caenyer
"

(39) L={%.
i

X

Osens yacTo paeedcTso (3%) NPHHAMAIOT 33 OTHPABHYIO TOYKY B TEOPHH

norapudma u noxasatennuoll Gyskuun, Honaras u = E (x), v=E (y),
noay4aem Hz (26)

L{w)=L(E(x)-E@W)=L(E(x~ g)=x-+y,

TAK 4TO
(40) Lun)=Lw)+L(® (4>0, v>0).

210 noxaszbipaer, ute L obGaajaer W3BECTHBIM CBOACTBOM, KOTO-
poe JjefiaeT JAorapudMbl CPeACTBOM, [l0€3HBIM JUIA BHMHCJASHHH.
OG6uunoe ofoanavenne ana L (x), koneyno, log x.

Yro kacaerca nopegeHuss ¢ysrumm logx npa x-—-4-oo0 H mpy
x—>0, 10 Teopema 8.6 (¢} moxasniBaeT, 4TO

log x —+ oo mpH x —> -+ o0,
logx—>—co pn x—>0. .
Jlerko BHAETDH, 4TO
(41) x*=E (nL{x)),

ecqn x>0, a n—nenoce. TlopoOHem e ob6paszoM, ecnw m—noido-
MUTENbROE NEeaoe, TO

(42) xtim s E (wL®),

TAK KakK Ramjaa H3 gacrefl paseHcTBa (42} nocjie BO3BeACHHAA B M-10
CTeneHb MpebPAMiZeTCA B COOTBCTCTBYIOLLYIO dacTh papeHcTBa {37).
O6begunan (41) d (42), nonyyaem

(43) 1%=F (aL (x)) - gt logx

npu JIO0OM PaIEOHAMLIOM .

OnpepenuM Tenepe x® npH Jio0or BeHleCTBEHHOM o R JiofoM
x>0 papercreoM (43). HempephiBHocTh M MOHOTOMHOCTB (PYHKUMi
E w L noxkasmaiorT, 910 3T0 ORpCAeJende NPABOXHT K TOMY Ke
pesyAbTaTy, 4TO HPeAJONKEHHOe paHee. YTHepKAeHus, chopMynnpo-
BalHbe B yOpaxHeHssx ¢ 4-ro 0o 7-e ri. 1 —TpuBHaNbHBE Ciex-
cTBHS paBeHcTBa (43).

Ilpoauddepenumponan (43), noayusem, no Teopeme 5.5,

(44) (%)’ = E (oL (x))- 3= ax®-t.

3aMeTHM, uTO paHblIe MH HCIOAb30BaNH (44) TOMBKO IA# LEsBHIX
3HaueHHN o, a B 5TOM caydae (44) nerko cieayer u3s Teopemnt 5.3 (b).
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Hoxaszate pasercTBo (44), HCXOAA HEMOCPEACTBEHHO H3 ONpejAescHHs
NPOHSBOAHOA, ecaH x® onpeAeneno, Kak B (33), BecbMa 3arpyaHu-
TENbHO.

Xopomo ®3pecTHasds ¢OpMyJsla HHTErpHPOBAHHS XA X% Ccrexyer

us (44}, econ az=—1, u H3 (38), ecat a—= —1. My xoTHM noxa-
sars elle ORHO CBOACTBO QYHKIHH log x, a HMEHHO
(45) [im x—¢logx=0

x-r-}00

npy Kaxaom o>>0. Huaue roeopa, logx— -+ oo npy x>+
aMeJNeHHeey, YeM Jobas NMOAOKHTE/AbHAH CTeNeHb X.
HeficteaTeqpHO, eciM O<Ze<<a, a x>1, 1O

x x
x—%logx=x—¢ S 1di < x—9 s £ dt =
1

=x—a.x‘;__l.<_x_:r::.

2 e °*

OTKyaa H crepyer (45). Mu Moras O rakXKe BOCNOJXb30BATHCH
TeopeMofi 8.6 (f) ana BLBOAa pasencrsa (45).

TprronoMeTpuueckue QYHKIHH
ITonoxnM, no ompepeferHIo,

(46) C)=FIE(@+E(—in)l, S(®)=(E(@x)—E(—ix)l.

Mol nokaxem, uro C(x) H S(x) coBnajawT c QYHKUHAMH COSX
¥ sinx, onpefieseHHe KOTOPHX OOBYHO OCHOBHBAETCH HA reoMerTpa-
ueckux paccMorperuax. Cornacho (25), E (2)==E (z). 3HauHT, Kax
noxasupaer (46), C(x) n S(x) BemecTBeHHH NPH BEMECTBEHHLIX X,
Kpome rtoro,

4nr E (ix)=C(x}+iS (x).

Takum obpasoM, C(x) m S(x) pasHH COOTBETCTBEHHO MHHMOA
# BeuiecTBeHHol wactH uucaa E (ix), ecau x Bemectsenno. Corsac-
Ho (27),

| E(fx) 2= E (ix) E(ix)=E (ix) E(—ix)=1,

TaK 4TO
{48) | E (ix) | =1 (x BeulecTBeHHO).

Hs (46) moxno ycmotpers, uwro C(0)=1, S(0)=0, a (28)
TOKasHIBaeT, 4T0
(49) C'{x)=—8(x), S (x)=C(x).
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Mer yrepkpaeM, uTO CYHIECTBYIOT HONOMKHTENLHHE UHCAA X,
Takue, 4T0 C(r)=0, JleficteuTessH0, nycts 370 He Tak. M3 toro,
aro C(0)=1, cneayer Toraa, uro C(x) >0 npu Bcex x > 0; snawur,
8’ (x) >0, cornacHo (49), n, 3naunt, pyHKumMa S CTPOro BO3pacraert,
a Tak Kak S(0)=0, 10 S(x)>0 pmpr x>0, 3uauur, ecnn
D<Zx=Zy, 10

¥
(50) SWw—n<{sod=Ccu—cu=<2

x

[Tocnesnee mepamencTso caepyer” u3 (48} w (47). Ho (50)
He MONKET BLMONHATHCHA NpH GoAbIUMX Y, Tak Kak S(x) >0, n M
fONYYHIM NPOTHBOPEUHe.

ITycTs xo— HauMeHbLIee M3 NOJSOXHTEAbHBX HMCEH X, TAKHX, YTO
C(x)=0. OHo cymecTBYeT, TaK KaKk MHOXECTBO Hynell HenpepwiB-
HOR (ydKkuun 3samruyro, a C(0)==0. Onpegenum yYucA0 7 papen-
CTBOM

(51) 7= 2xo.
Toraa C(n/2) =0 mu, xak nokasmbaer (48), S(n/2)=%1. Ho

TaK Xak C(x)>>0 B (0, #/2), r0 S Bospacraer B (0, n/2); anauur,
S.(7/2) == 1, TakumM 0OpasoM,

£ (3)

K TeopeMa CMOXeNHR NOXAa3HBaeT, 4T

(52) E@h=—1, E(@mi)=1;
3HAUHT, '
(53) E(z4+2ni)=E (2) (z — KOMOREKCHOR).

8.7. Teopema. (a) DPyuxyus E nepuodusuna ¢ nepuodom 2xi.
(b) Ppynxgyuu C u S nepuoduussr ¢ nepuodom 2m.
(¢) Ecau 0<E<2x, mo E (if) = 1.
- (d) Ecau z— komnaexcnoe wucao, a |2}=1, mo cywecmeyem
eduncmeennoe wucao t €10, 2x), maxoe, wmo E (it)=z.

HdoxkasareancTBO. YTsepkienue (a) caegyer us (53),
a yTeRepXjenne (b) crepyer u3 (a) u (46).

HMyers 0<Cf<<n/2, a E(it)y=x+iy, rie ¥ H y BeIlECTBEHHH.
Cgenannoe HaMH paHee noKaskiBaer, uro O<<x<Cl, O<<y<<l.
3aMetum, 4rO

E (4it) = (x+iy)* = ¥~ B2%y* -+ '+ dixy (" — 7).
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Ecnn E (4if) BenlecTBeHHO, TO X*— g# == 0, a Tak Kak, corjacho (48),
x+y?=1, 10 x’::y‘z—;—', anaunt, E (4it)==—1. Tem cammm (c)

JOKA3aHO,
Ecau 01, <y <20, TO

E (its) [E (i) = E (ity— ity) o 1,

coraaciio {¢). Tem caMelM AOKAa3aHO YTBEPKAECHHE O € IMHCTBEHHOCTH,
copepxameecs B (d).

Ilyets zy=x4iy, X -+yi=1, x>0, y>0. Ha [0, a2
pyuxuua C y6uBaer or 1 Ao 0; snauur. C(t;) =x, 0pH HeKoropom
t, va [0, n/2]. Wa 7oro, uro C*+8%=1, a S»0 na [0, n/2],
caenyer, 9to z; = E {ify).

Hagoneu, gonyctiM, uro 2:=x+ iy, |z|=1. Tonoxnm z, = — iz,
ecan x<20, y >0, Tonowum 2= —2z, ecdu x<<0, y<0
Tlonowum 2, =iz, ecau x » 0, y<<0, Toraa z, yHosneTBOpseT npeg-
NONOMEHHSAM TNpennaymero ab3aua, a TaKk Kak (= E (ni{/2), 10 Mu
BUORM, 4TO z=: E (i {{;'}+ n;2)) wam E (i {¢, -+ n)} wau E (@ (¢, + 3ny2)),
B 3ABHCHMOCTH OT TOrO, KaKOH M3 Tpex cCJAydHacB pacCMaTpHBaeTcCs,
Tem caMbiM BoKkasalo ytsepxkjenne (d), a ¢ HHM BCA TeopeMa.

Uz {d) u (48) caeayer, uTO KpUBas y, ONPEACACHHAsS PABEHCTBOM

(54) Y= E@) (0<t<2n),

--pOCTas 3aMKHYTAR KpHBASA, MHOXKECTBO 3WadYeHHH KoTopoH —
CAMNRYHAA OKPYRKHOCTb Ha DAoCKocTH. HJsmna Kpuso# ro Teopeme
6.35 papua

2x

\ [y (#)]dt =2n,

1]

Tak Kak ¥’ (f)=:iE (i), Takoro pesyibTata, KOHEUYHO, M CAECAOBAJNO
OKHAATL /i1l OKPYKHOCTH pajpuycd 1; oll NOKaswWBaeT, 4TO M, ONpe-
nenenHoe B (51), umeeT OOBIYHLIA TeOMETPHUECKHH CMLICH.

TarkuM e TouHO 0O6pasoM MB YBHAMM YTO NPH BO3PACTAlMH !
or 0 Ao {, Touka ¥ () onuChHBaeT ZYry, JAeKalOy) Ha OKPYXHOCTH
H UMEIOmYI0 JAHHY fp. PaccMoTpende TPeyrodpHHKA C BeEpIAUAMM

21=0, 2zg=7v(f), 23=C(t)

noxassiBaer, 4ro C({f) u S({{) Ba camoM Jene coBHARalOT ¢ cos!
H sin{, ecad 3Td NociepHue olipedeseHbl OOLMHBIM crocofoM  Kak
OTHOIUEHHA CTOPOH TPAMOYIOJLHOrO TPeyroAbHHKA.

CaesyeT MOAYEPKHYTb, YTO Mbl BHIBENH OCHOBHHIC CBOHCTB2 TpH-
TOHROMETpHYECKHX QYHKUHA u3 (46) u (25), He npHBJieKas TeoMerpu-
yecKOro TIOHSITHA Yr.ja.
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AnreGpanyecKas 3aMKMYTOCTh NOJA KOMONEKCHBEX HMCEN

Teneps MBI B COCTOHHHY RaTh NPOCTOE NOKA3aTeNLCTBO TOTO
daxTa, YTO mNOAE KOMOJNEKCHBIX yHcesA aArefpaHueckKH 3aMKHYTO,
T. €. YTO KaKABA OTJHIHLIA OT NOCTONHHOH MHOTOWIEH ¢ KOMILICKC-
HbIMH KOo3(dHUHEATAMH HMEET KOMILIEKCHHIH KOpeHb.

8.8. Teopema. [Tycms Qo ..., Gy~ KOMRAEKCHBIC  wUCAQ,
n

n>l, ay 50, P(2)= 2 axz". To2da cyuwjecmeyem maxoe Komuiexc-
. s
woe qucao z, wmo P(2)==0.

HogasateabctBo, He orpannuneaz oBUIHOCTH, IONYyCTHM,
uto @, =1. Tloaoxum

(55) p=inf|P(2)] {2 — KOMIJIEKCHOR).
Ecau |2|=R, 10

(56) iP@) >R 1 —|an4|RP—...~1a|R™].

[TpaBas uwacTes HepameHcTBa (56) cTpemutces K co, Korfa R — co.
3HauuT, cyuwecTByer Takce Ry, uto [P{2)|>pn, ecam [z{>R,.
Beugy toro uto dyHkuus }P| HenpephiBHa HAa 3aMKHYTOM KpyTe
C HEHTPOM B Hy/e papnyca R,, Mbl 3aK/Ji09a€M Ha OCHOBAHHE TEO-
peMbl 4.16, uto P (z) |=p npu HeROTOpOM 2,

Mur yTBepxaaeM, uro p=0.

P (242}

Ecan ato He Tak, 7O nonoxuMm Q(2)-— T Torpa Q-

MHOTOMACH, OT/AN4YHLEH OT moctosuHofl, Q{0)=1 u [Q(2)|>1 npu
Bcex 2. CylulecTByeT HAaEMeHbIIee Leloe W3 Beex uucen B, 1 <k <n,
TAKHX, YT0

(57) Q) =1+4brz* ... +bs2", bp~0.

Ofo3naynm 5T0 uHCAO uYepes Rg.
llo Teopeme 8.7 (d) cymecTsyer BemectBenuoe €, Takoe, uro

(58) ey, = — by, .

Torma {Q (re*®) | <1 —rko {[bpy| — 7| bpggr |~ ... —rH01 8,1}, ecnn

r>>0. Tlpn pocraTouHO MaNOM r BhpakeHHe B CKOOKAX MOJOMKH-

TENbHO, 3HAYUT, |Q (re'®)] <1, H MBIl NPHIK K NPOTHBOPEURIO.
Takum obpasom, k=0, 7. e. P(z,)=0.
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Paagn Pypre

8.9, Onpenenenue, TpusoHoMenpU4ecKUM MRO204ACHOM HA3bE-
BAETCA KOHEYHas CyMMa BHAA

N
59 f)=a+ 21 (@, cos nx+ by sinnx) {x BellecTBeHHO),

rae ag ..., Gy, By ..., by —KOMOJIEKCHBIE UKCAA. YUHTHIBAS) TOM~
npectBa (46), dyuxuuo (59) MOXBe sanucate B Buae

N
(60) flx)= Zvc,,e‘"x {x BeuleCTBEHHO),

KOTOpPRIA AN MHOTHX ueneli Oosee yaobeH. Scho, uTo Kaxanh
TPHTOHOMETpAYSCKHI MHOTOWIEeH — nepHofuieckan DYHKIHA C Mepuo-
ZoM 2m.

Ecian n-—ornnuHoe oT nyas uence yucio, To '™ -—npouspoi-
Han Gymkuun e'"/in, xoropad Toxe HMeer mepuonx 2n. Tlostomy

I, ecan n=0,

(61)
G, ecim n=41, +2,....

ln
tnx _
ﬁSe dx =

YmuoxuM (60) Ha ¢7*™*, rge m—ue/ce 4HCAO; KHTETPHPYA ITO
NPOH3BEeLeKHe, MOJNyMHUM Ha ocHosaHuH (61)
i
(62) Om= 5 S F(x) e dx
—K
npndm|<N. Ecau jmi> N, To murerpan s (62) paseH Hyawo.

3 paBencTB (60) u (62) BHAHO, YTO TPHrOHOMETPHUECKHR MHOTO-
une f, sapmaunbii papeHcreoM (60), okasniBaeTCsl BEMIECTBEHHHM
B TOM H TOAbKO B TOM CJydae, KOTAA C_p,=Cn NpH n==0, ..., N.

B cooteerctRaE ¢ (60} Mu onpeaelisieM mpuseHoMempuneckul
pAJ Kak paAx BHAa

o
(63) DN (x BewecrBeHHO);
-0

N-a wactnag cymma psiga (63) no onpegejeHH0 paBHa npasod
yacTH papencrtBa (60).

Ecnu f— dyHkuuA, HHTErpHpyeMmas #a [—m, n], TO QHCAA €,
3aJlaHELE paBeRCTBOM (B2} nas BceX HEALX  YHCEN i, HA3HRBAKTCS
xosgpuyuenmanu Pypoe dyaxunu f, a pan (63), cocraBrenHuili npu
noMOIM 3THX Koadpuunentos, — psdos Pypoe dynkuuu f. Tenepn
BO3HHKAET ECTECTBEHHHI BONPOC: CXOAMTCA Au pAf DPypoe yHK-
und f K f, wan, Gonee obwo, onpefeasercs Ak hyHknus [ cBOHM
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pagom @ypve. Muaue rosops, ecin Mbl 3HaeM Kosdphumentn Gyphe
GYRKUHH, TO MOXeM JIH MH HallTH 3Ty (YRKUMIO, H ecid MOXKeM,
TO Kak?

Vsyuenne Takux pgjaoB H, B YaCTHOCTH, NpoGieMa npeacTasse-
HHfl 3apafHON QYHKIMH TPHFOHOMETPRUECKHM psIlOM, HMEET CBOHM
MCTOYHHKOM TakHe pasiensl QU3HKH, KaK TeOpHst KOaeSaHHA H TeopHA
pacnpocTpaHelns Tenaa (xuura Pypbe «AHaJHTHYECKAA TeopuA
TEnNOThR Obla onyGankosana B 1822 r.). Muorourcaennsle TpyLame
H TOHKHe npobJeMb, BOSHAKLIHE IIPH STOM H3YYEHHH, BH3BaJK
OCHOBATC/IBHBEIA NepecMOTD M nepecTpofiky Beefl Teopum ¢YyHKIRH
BEIIeCTBEHHOH NepeMeHHOR. MHOrHe BHIA3IOMMECA MMeHA, H Cpead
Hux uMesa Pumana, Kantopa H Jlefera, Techo CBS3aHH € 37Ot
06/aCThI0, O KOTOPOR BNOHE MOXHO CKasaTb, 9TO B HAIM JHH
OHa BMeCTe CO BeemH ee 0006HICHHAMH W OTBETBACHHAMHM 3aHHMACT
UeHTPaibHOe NodOMKeHHe B aHalH3e,

Mpb OrpaHHYHMCA HEKOTOPHIMH OCHOBHBIMM TEODEMAMM, AAA JOKa-
34TeNLCTBA KOTOPHIX JOCTATOYHB METOAR, PasBHTHE B npeauiecT-
BylOMAX Taapax. s Gonee OCHOBATE/IBHOrO HCCACAOBAHHS €CTeCT-
BEHHHM M HeOOXOIHMbIM CPEACTBOM CAYIKHT HHTerpad JleGera.

Cnauana Mu! H3yunM Gosee oGmiHe cHeTeMbl QYHKuHR, o6Aaxaio-
mue csoficTBoM, aHajoruuHuM {61).

8.10. Onpenenenne. Ilyers {pn} (n=1, 2, 3, ...)—nocae-
AOBATEALHOCTh KOMNJAEKCHBIX GyHxumi Ha {a, b], Takas, uro
b L]
(64) S Gn (D) Pm D dx =0 (154 m).

Toraa {g,) nHaspBaeTcs opmoconaronod cucmemod pyrsyud ua la, b).
Ecnu, xpome Ttoro, : :
b

(65) (1m0 pax=1

a
npd Beex #7, TO cucTeMa {Q,} Ha3HBACTCA OPHIONOPMAALHON,
i
Hanpumep, pynxkuuu (2n) 2¢'™* 06pasyioT OpTOHOPMAALHYIO CHCTE-
My Ha [—mx, n]. TakosW XKe B BeilleCTBeHHbIE (PYHKOHH
1 cos X siny  cos2x sin 2x

Vo' Va' V' Va' Va'T

Ecas {g,} - oproHopMaNpHasi cHCTEMa Ha [a, b] u ecan
b

(66) c,.=Sf(t)q;,.'_(_t)d? (n=1, 2, 8,...),

a
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TO Ml GyfeM Ha3blBATh YHCHAO ¢, nA-M xoadduuuentoMm Oypoe PyHx-
uHd f OTHOCHTENbHO cHeTembl {§,}. Mu Gyaem mucathb

67) fx)~ ; Capn (%)

u OyneM Has3uBars 3TOT pad pagoM Dyphe dysxuuu f (oTHOCHTE b~
HO cHereMsl {@n}).

damerum, uto, yuorpebaaa B (67) cHMBOA ~, MK HHUETO
He TIPEANONAraeM O CXOAHMOCTH PAAa; 3TOT CHMBOJ O3HAYZET TOJALKO,
4T0 KOo3(pbUNHEHTH 3a0a0TCH paseHcrsaMu {66).

Crepyiomue TeopeMel TIOKA3HIBAIOT, YTO HAcTHHIE CyMMb psAa
dypbe PyHKUHR [ OOMAKAIOT HEKOTOPHIM CBOHCTBOM MHHHMAJbHOCTH.
Mt GygeM mpeanofaraTh 3/lech, KaK H Ha MPOTSKEHHH BCell 0CTalIb-
HOli ®WacTH rJaBu, uro f€.%, XOTH 3T0 ycAoBUe MOXKeT ObITh
ocnabaeHo.

8.11, Teopema. ITycmo cucmesa {9,} opmonopMarHU Ra
{a, b). Tycme

(68) (=3 mtn ()
ecme n-A 4ACMRAAR cymma pada Pypee pynkyuu f, u nycme
(69) tn () == m2_1 Vm@em (%)
Tozda
b b
(70) ViF—sapae< {17 —taleax,

U pasencmso usmeem mecmo mo2da u mosvko moeda, Koeda
(71) YmL_‘Cn; (m_—_"l, .oy n).

Wwnaue rosops, cpeau seex dyHkud f, PyHKUMA S, 1aeT HanAyy-
(lee CpeAHeKBajpaTHuHoe NpHOGMHKeHHe K (yHKumw [,

HokaszateawctBo. [Ilyers S o6osragaer HATErpat MO Cer-
Menty [a, b], O —cymmy ot 1 mo n. Torza

S f?n'“‘" S fz 'Fm@m""" Z cm&m
fIO ONpeReseHnio {Cm},

(1= o= 3 vuon S ama= B v,
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TaK Kak CHCTeMa {¢p} OPTOHOPMA/IBHA, H MOITOMY
Vif—tal={ 1= { oo (Pt § a2 =
= {1723 enfn— D Gt + 3, Y¥m =
= (17— S 1en Pt B lym— 5

nocJe\Hee BHPAKEHHE JOCTHTAET MHHUMYMa TOTJA M TOABKG TOTAY,
KOTAA ¥m == -
- Ecni B 5TOH BEIKNAIKE CHHTATD Y == Cpm, TO MBI NOJYYHM

n b

(72) Nienr< \ifmids,

1
TaK Kak Ejfut,,{’}[).

8.12. Teopema. Ecau {q";l}h—omeHop.uaﬁbuas cucmema  Ha
Ia, b u ecau

f(x) i Zi CuPn (x)r
mo "~
b
(73) 3 et <\ If@edx
B uacmuocmu, mt ‘
(74) lim ¢, == 0.

HokasateanwbcTro. [onaras B (72) 11—+ o0, MH HOAyuaeMm
nepapeHcTBo (73) — Tak HashBaemoe «HepaBeHeTeo bBeccesss.

JOns TpuronomeTpuueckoro paja Pypve, T. e. paa psaga (63),
KO3OUUNERTH KOTOPOro onpejensiores u3 (62), nepasenctso (73)
NPHHHMAET BHJA

(75) 3 lat<h {1rapas,

tt=—m0 -7
BRocnencTBHH Mii YBHINM, 4To Ha camoM Jede B (75) mMeer
MECTO PaBEHCTBO.

Tpa #3yueHAN TPHIOHOMETPUUECKHX PsAeB Pypue Mu BCTPETHMCA
¢ JBYMst TPHTOROMETPHUECKUMH MHOTOUJEHAMH:

n

(76) Dy (x) = 3 e, Ku() = B D ().

¢
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[leppetft u3 BuX HasolBaloT fapom JHpHXJe, a BTOPOH — AapOM
Geifiepa.

8.13. Teopema. HHpu n=0, 1, 2, ... umeem

: _sin(ny1/2) x
(77) Dn (x) _ sin (xle )

1 l—cos{nt1)x
(78) Kn(x)= nt+1 10i c:::s x '
. (79) o ﬁ Dy (x) de = S Kn (x)dx=1.
-= -3

Kpome mozo, Kn(x)>0 u

2
(80) Ka (x)ém':?o-ﬁ (0<<dL|xl ).

Hoxasareancrso. Coraacao (76),
(81) (8"‘—— 1) D, (x) = &' (vt g—inx,

Yrobut noayuute (77), yMHOXHM obOe uactn paBeHctBa (81)
na e~#*/2, Tloactasaas (81) B onpepesenne sigpa K,, moaydaem
(1) Ka (1) (@ = D (e =)= (e —1) 3 (et s—gmtn) =

-0 ei (n4-1) x_e-i (n+1) x'

otkyaa caepyer (78). 3waunt, K,>»0 H Bunoanserca (80); (79)
CcnefyeT HenocpefcTseRHO H3 (76).

Haunnas ¢ storo Mectra Mol GyleM HWMeTb JeJO TOJbKO C TPHFO-
womeTpuueckoll cuctemolt. Ilpexnonokum, uro dyuruus f, nepso-
RavafbHO onpejiefienxasd Ha [ —m, m), npoaomxeHa Ha R! Kak 2n;-
nepHoAHYECKas (QyHKIuS ).

Kosdpbuunentor Pyphe dyHkuud f 3aaalorcs pasetcTBoM (62);
3HAUNT, -9 YACTHAs CyMMa S, e€e paja Pypbe paBHa

n x

n
; 1
Sp (x) = 38n (f; x) == 2 Cpetit® = > 51 S f (t) g—imt dfgimx —
—n —~n -t
P n

o q i (x—1)
=g\ F) e dt.
-3 —n
1y Takoe npojomKelie 'HeBﬂﬁthN(HO, ect Mf{mn) = f(n), oanako Hyuk-
uug f, rakad, wro f()=f () (x€{—mn, 7)) u f(—a)=f(a)=0, yme momer
GLiTH NPOAC/KENA C IEPHOROM 21X HA BCIO OCb, 2 ee KOXpduillienTol PYPLE, KAK JETKo
BUAETS, PABHH COOTBETCTBYIOULHM Koapbuiedtan dyexlun f.—Tpus. nepes.
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Huume cacBamy,

a n
(32) s =gic { 1ODx—Hdt =5 { fx—nDu(yar.
-3 -5

Benepcrsue nepuomMuHOCTH BCeX Y4acTBYIONIHX B STOM DaBeHCTBe
GynKuHEA Ge3pasinyno, MO KaKOMy HHTepBaly Mbl Gylem HHTErpH-
poBaTh, ML OH ero AauHa Oblia paBHa 2n. Hmenno mnosTomy
¥ PaBHE HHTerpaist B (82).

8.14. Teopema. Ecau f€R na [—=x, nlu 0<<b<n, mo
) —&

(83) m(s +,S)f(x~—t)D,,(t)dt=0.

O6bMHO 9TO pPaBeHCTBO HASKBAIOT TEOPEMOR O JOKAMHSAIMH.
OrOo nNOKasHBaeT, uT0 NOBefehHe NOCAENOBATeNALHOCTH {sn (x)},
HOCKOMLKY pedb HAET O CXOZUMOCTH, 3aBHCHT TOJABKO OT SHAUGHMD
GYHKUEN [, NPHHAMAEMBIX B HEKOTOPOH (IIPOH3BONBLHO Manofi) okpe-
CTHOCTR TOWKH x. Takum ofpasom, Asa psga ®ypre MOTYT BeCTH
cCOfi OAMHAKOBO B ORHOM HHTEDBANE, a B HEKOTOPOM APYroM HHTep-
BaJle BeCTH ¢eGH COBEPIIEHHO NO-PA3HOMY. MBl CTaJKKBAacMCH sjech
C 3aMCYaTENBHLIM KOHTPACTOM MeXAy pAaamu ®Dypbe M CTeneHHBIMK
panaMu (Teopema 8.5).

HAokasaTenbcTBo. 3aduxcupyeM ¥, 4 mycts g(f)=0 npu
<8,
—¢ '
(34) g=LE)  pciticmy. o
Cornacne {77}, .
-b #n n 1
(S +S)ﬁ(x—t)D,,(t)dt=S g(t)sin(n+§)tdt=
a8 -

-

n
n F1 S
= S g{t)cos %sinnt dt4- S g sin—;—cos nidt.
-

-

O62a MOCAEAHHX HHTErpania CTPEMATCH K HYJIO NPH M—>00 COr-
JacHo (74), Tak Kak QyHrumn g(f)cos(/2) u g(t)sin(£/2) unrer-
papyemu. Orciofa u caenyer (83).

Takum oGpasoM, HSYUeHHE CXOAAMOCTS NOCAENOBATENBHOCTH
{sn (f; x)} CBOANTCA K M3Y4EHHIO MHTerpana

&
(85) zw § k= Da(tyat



212 Fa. 8. Jareneliutue cecdenun ua meopuy padoa

MIPH CKOJIb YroAHo MajoM & > 0. MI3pecTHE HECKONBKO AOCTATOUHBIX
YCHIOBHA CXORHMOCTH psifia Pyphe; A0Ka3aTeNLCTBA JBYX H3 HHX HaMe-
uyeHnl B ynpaxkuenuax 9 u 17. Hemwas, ouesupno, OXHAaTH, 4TO
paa Pypre moGoll (QYHKUMH OGYEeT CXOHNTHCS K SHAYCHHIO ITOH
byuxuun B o000t Toure. [leiicTBHTENBHO, €CAH 3HAaUeHHs JABYX
(QYHKUHHA OTMHYAIOTCA TOALKO B KOHEUHOM MHOMKECTBE TOUEK, TO
HHTerpajH, onpefeaawouiie HX xospduonentn Pypoe, GYAyT omH-
HaKOBLHIMH, M, 3HAYHT, TakHe (YHKUUM HMEIOT OAMH ¥ TOT Xe Ppafg
Dypre,

daecp vMeroTest TpyAnnle npoGaemsl, He mspectHo naxke, BepHo
ML HeT clefylolllee HEBHIHO 3Bydallee YTBepKAEHHE: «AAf JoGoH
HenpepeIBHOR QYNRUKEKE [ CYWIeCTRYeT TO4KA X, B KOTOpOR psp Pypue
dyrkHH [ cxommTcas. HMaBecTHO, UTO CYUMIECTBYIOT HenpepuiBHblE
$YHKIHH, D Pyphe KOTOPHIX PACXOIMTCH Ha HECUCTHOM MHOXKeCTBe
Touex. OFHAKO NONOXKEHHe BECHMA YAYUUIRETCH NPH PACCMOTDPEHHHU
BMECTO YACTHHX CYMM S, (X) HX CPefHHX apH(METHUECKHX

_ So{x)}--. . sp (X)
(86) 0n () == 2Lt k()

Caenymwomias Teopema npuHagnexut Peliepy.

8.15. Teopema. Ecau f nenpepwena (4, xouewno, nepuodusna
¢ nepugdom 2n) u ecau {0} — nocaedosamervrocmes CpedHux apudg-
memuueckux wacmubix cysmm pada Lypve dynkyuu f, mo

lim 6, (x)=f {x)

paeromepio Ha Rl

3aMeTHM RO 3TOMYy MOBOAY, 4T0 u3 TeopeMsl Crona — Befiep-
UITPACCa CJAenyeT CYMECTBORAIHE Hexkomopoid NOCAeA0BATEALHOCTH
TPHFOHOMETPHUIECKHX MHOTOUYJICHOB, PABHOMEPNIO cXofsawmedfica K f.
JeHCTBATEABHO, OTOKAECTBANSA TOYKH X H X -- 27, MB MOXEM CuH-
TaTb, YTO NEPHOAHYECKHE (DYHKUHR Onpeleettl Ba CARHHYBON OKpPYX-
uocTH K. TpHroHOMeTpHYSCKHE MHOTOMJIEHH, T. e. dhyHKurH Braa (60).
oGpasyloT aare6py Gbyukuuii Ha K, YAOBJICTBOPSIOLLYIO Npeinosoxe-
HHAM Teopemur 7.31.

HokasartenncrBo. Cornacho (86), (82) u (76), umeem
. n
1
(87) on (D)= 5z | Tr—O K,
e J
n notoMy H3 (79} cieayer, urto

(88) On () —F (1) =5 | Ulr——F (01 K (1.
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[yers pano e >>0. BuiGepem M tak, uto | f (x)| << M npu Bcex x.
Beray Toro uro $yHRIMA f DPABHOMEPHO HeTpepuHBHA, MBH MOXKEM
BHGpaTL O >0 Tak, uTO M3 |x—y| <2 b caepyer

(89) - @<y

Cornacno (80), Mbl Moxem 3artem Bubpars N Tak, aTofn K3
n> N n d|tj <t chenoBaio

(90) - Kn ()< 35 -
Ha (89) cneayer, vuto
] 41
(91) { |f(x~—f)—f(x)i|K,.(r)idt<%S K, (f)dt = ne
Y x

npu Bcex n, TaK xak K, (1)>»0, a us (90) noayuaem

(92) {\ +§} (e t) = () [ Kn ) dE <

L
-R

o

by 3
< f—'M S 2M di = ne,

-
KaK TOMbKO 1 3= N. Hakoueu, komGunupya (88), (91) u (92), noayuaem
(93) jon () —F(x)| e

npy BeeX x U Beex n» N. JlokasaTeAhcTBO 3aKoHY€HO,

3ameTsM, YTO ecsi Obl Mbl HOUMTAAHCh JO0KAa3aTh TO Ke Camoe
At S, (x) BMECTO O, (%), T. €. ecaH Gul Mol sameunan K, (f) supoM
12y (£), TO MBl cTOAKHYAUCL OBI C HHTErpPaNOM

b
(94) L=\ (Dato)]dt,
. -

KOTOpHlit CTPEMHTCR K <o UpH R—> co, (Ypamuenue 12.)
Fimenno 3THM cBofcTBOM sjep D, BH3BaHEl TPYAHOCTH, BCTpe-
udloIHecs B TEOPHH CXOJIHMOCTH pajoB Pypbe.

Caegpcreue 1. Ecau dee nenpepowsnowe 2n-nepuoduneckue Pyn-
quu [ u g umeom odun u mom e pad dypee, mo f(x)=g(x)
npu ecex X.

HeficTBHTENBHO, €CAN O, (¥) —cpefHee apHdMETHYECKOe AAA STOTO
paga Pypoe, TO 0, (x) — f(x), 6, (x)— g (x) NPH KaxioM X.
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CaencrBue 2. Ecau ¢ynxyus [ Henpepuisra u ecau
n
S f(x)e—mrdx =0
-3t

npu mobox yesom n, mo f(x)=10 npu scex x.
310 BHITeKaeT H3 cheAcTBHA 1, ecH NMoAOKHTL TaM g =0.

8.16. Teopema. MMycms ynxyuu | u g nenpepuienst {u nepuo~
Ouunti ¢ nepucdom 2m) u

(95) Fx) ~ __Ew cael™s, g {x) ~ §° Ya€'™

Ecau s, ecrmo n-n wacmuan cymma pada Pypve Pyuryuu f, mo

(96) lim S |f—sa[Pdxe=0,
+oo _-“ { L. g .

o7 N enta=5 | 0 EMdx,
-

(98) Sieat=g{ F@Pax

3ro YTYBEPHACHHE H3BECTHO KaK ToopeMa l'lapceaa.uﬂ.

Hokasatennctreo. [lyets sa2pano uneao e>>(. Teopema
Defiepa nokaskBaeT, 9To cymecTbyeT N, Takoe, uto | f (x)— o, (x) | <2
npH BceX x H npu peex n> N. Ho reopeme 8.11

n o
S [f—saPdr< S |F—0n [ dx < 2me?,
-t

-

ecau n> N, 1 TeM caMuM jJoxasano (96). Hanee,

n 1 n
99) 5| w@ZMd= oy | et gWdr=
- —n -

= E ck;k;

-1

H HepaBeHCTBO ].llaapu.a NOXa3aeIBaeT, 4TO

100) | § g~ { sz )< §17—stia< {§17—st { 1P}
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[Iponssenenne 8 (GUTYpHEIX CKOGKAX CTPEMATCH K HYJAK NpH
n—co, cormacHo {(96). Cpapmeeas (99) u (100), nomyuaem (97).
Haxoneu, (98) —s1o wacTHmi cayuail (f = g) pasencrtsa (97).

YcnoBde HeHpepLIBHOCTH B 3TOR TeopeMe MomeT ObiTh 3HaYH-
TeAbHO ocnabnexo. OxkonwaTensHwlfi BapuautT 7Teopembt 8.16 Gyger
aan B ra. 10.

YnpamseHus

1. Tlyers
e-li=t (xs40),

f(x)ﬂ[ 0 (x=0).

Hokasatb, 4TO [ HMeeT NpOM3BOZHBIC BCeX MODANKOB B TOUKE
x=0 49 uro f™M(0)=0 npu n=1, 2, 3, ....
2. Joxasath caepyloulue npeiesbHbE COOTHOHIGHMSA:

@ im%=lotogs  (6>0)

x40

(6) lim Uy,

20 * ’

(¢} lirrg (145 =g
(d) lim (1+-§-)“=e~.

3. Tlyers f(x)f(y)=F(x-+y) mpu Bcex BeWECTBEHHEIX X H Y
(@) Tlpennonaras, ure f auddepeHunpyeMa H OTIHYHA OT TOXK/je-
CTBEHHOr0 RYyJd, JOKAa3alb, MTO

f(x)=e=,

Tle ¢— HEKOTOpOE UMCJO. '
(&) Joxasars TO :xe camoe, NPeANONaras, 4To f TOALKO HenpephiBHa.

4. Tlycrts 0<x<%. Hokasate, uro

2 sinx
'?<T€l.

5. IlokazaTh, 4TO NpH BelleCTBeHHOM X H n==0, 1, 2, ...
Isinne|<n|sinx|.

3aMeTHM, ¥TO 3TO HEPABEHCTBO MONET OLITh HEBEpHHM AMAR JAPYTHX
sravenu®t n, Hanpumep,

s 1 1, ..
lsm-z—-u]>?|smni.



216 - Ta. 8. Haasueimue coedenus w3 meopuu proos

6. Ilycrs a;;—uncno, crosmee B -l cTpoxe H j-M crondue
TAOIHDB

—1 0 0 c...
1
- —1 0 0..
i 1
+ 5 —1 0.
1 1 1
s 7 ¥ —L
1k w0 00T ’
0 (<)
Qyj = —1 (i=j)!
2i—f (£>‘)

IlokasaTe, 11O

7. Ioxasath, uTo

22 au=2 —Z:;ﬂm
?

i

ecan ay; > 0 npn Beex § H j. (Cayuait -+ co == 4 oo HE HCKMOUAETCA,)
8. BruBectu Teopemy Beitepritpacca o paBHOMEPHOM NMPHOIMMKEHHH
MHOTOUJMEHAMR H3 Teopemul Pefiepa (paccMOTpeTh PA3fOMKEHRE TpPHIO-
HOMETPHUECKOTO MHOTOYEHa B CTEMCHHOA pag).
9, Bynem romopuTh, 4to f yRoBAeTBOpPsET YCAOBHIO JInmmHua
B TOUKEe ¥, eCJH cyumecTBYWOT uucna M u 6 >0, takwue, uto

T —Fflol<Mly—xi

npu |y-—x|<<d.
Hoxrasath, uto pal Pypbe ¢pynkuna f cxoaurcs x f(x) B Touke x,
ecsi [ YAOBNETBODAET YCJAOBHIO JIMAUIMIA B 9TOH TOUKe.

Vxasanue. @ynxumn (f (x— ) —f (x)] D, (f) paBHOMePHO oOFpaHH-
yeHol B HHTepBate (—©O, &)

10. Ecnn ynxuna [ andkepenunpyema B TOYKe %, TO OHA YAO-
BJIeTBOpseT ycaoBHIo Jlumunina B 3Tof Touke. 3HauMT, AuddepeHun-
pyeMocTh BRredeT 3a coboft cxoamMocTe psjga Pypee.

11. Tlycts rn-zl+-%+...+?——-logn. JoKasate, 4T0 mMoOCHe-

HoBaTenbHocTk {r,} cxoautrca. (Ee npeaen, wacro ofo3HavaeMuiit
6yKpo#t y, HasbiBaeTcs siJepopoit mocrosnHod, y=0,5772 ....)
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12, Nyers

n

Li=g{ IDOI&t  (r=1,23,...).
—x

Joxasate, uto cymwecTsyeT uhcao C >0, Taxoe, yTO

La>>Clogn  (n=1, 2, 3,...},
HAM, TOYHee, YTO TOC/EAOBATC/LHOCTD

{ Ln—% logn Jl
OTpaHHYeHaA.

13. Ecan | f (x} | <M npu Bcex x, ToH {0, (x} | <<M npu Bcex x u n.
14. Tlyets |nep |<M npu n=1, 2, 3, ...,

® Sn=CotCyt oot ny
G __SotS1... 5
e 141
HoKasats, 4TO
| 8p = 0p | <M,
. _o+20+... e,
Yraszanue: sy, — 0 = = .
15. Tlyere f—d¢yHKUHA orpaHnuennofl Bapuauuu Ha [—um=, =),

HokasaTe, YTO ecnu S, ecThb 7-f1 yacrBas cymma ®ypbe dynxkuun [,
TO NOCAENOBATENLHOCTD {S, (¥)} paBHOMEDHO OTpaHHYeHa.

¥kasanue. Bocnonb3oBaThCH ABYMS Npe/l6iAYIIHMH  pesybTaTaMu
H ynpaxHenHem 12 K ra. 6.
16. HokasaTh, uTO cyWlecTByeT mocroshumas M, Taxkad, uTo

£ 3

o sinmt
| 2' — |<M
m==1

¥raszanue. TIpHMEHHTD De3yasTaT ynpamﬂeﬂnﬂ 15 Kk pagy @ypoe
BYHKIHA

_ n—t npu te(0, 7,
f(t)“l —g--f npu {C(—mx,0).

17. Ilycte {—¢yHKOHA oOrpaHUuYeHHOH Bapuanum na |-, fj.
HoxasaTe, Y70 €CAH NPH HEKOTOPOM X

s=o[Fx+)+Fx—)N,

T0 pan Pypee dyHruun f cxoautTca B Touke x K S (ITa TeopeMa
npuHaanexutT [Jupuxae.)
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¥razanue., JlonycTHM, He orpanudHBad OGUHOCTH, YTO $5=0,
x=0u f-—ygernan (a1 HeverHoHl  nmodoxmM s, {f; 0)=0un f{0)=0).
Torza f wenmpepuisra B RyJse. BriGepem & >0 Tak, uyToGu noamas
BapHauus ¢yukunu f na (0, 8) Gbtna Mmana, npouHterprpyeM no
YacTAM H NpUMEeHdM YnpaXcHetiHe 16, uToOW yOSefHTECA B MAJIOCTH
HHTETpaNa

L3
\ [ () D (1)t
0

NPH BceX 7, & 3aTeM BOCHOJNb3YEMCH TEOPEMON © JIOKa/MM3alHK.
18. Hoxkasarb JoKanAbhbi BapnaHt TeopeMbi Peilepa: ecan f¢ R

H ecmu GyHKUMS [ HenpepuiBHA B TOUKE Xg, TO On{f; %o0) — f (xo)
npH R—> 0,

19, Tlyets ap=nt/2—1, a b,=logn/n. Hafitu

- a
lim -5-’3 .
Rargo VR

20. Tycre f-—¢yuxnus, HenpepnisHas Ha R, f(x+2n)=f(x)
H /% — HppauroHaAbHoe umcao. JlokasaThb, uTO

N «
. 1 1
]lin;wﬁ- Zi f (x - na) = Suf () dt
NpH Bcex x.

¥rasanue. CHayaia A0KasaTh 5T0 AJA [ (v} = &ik=,

21. CdopMyaHpoBaTh M HOKA3aTb TeopeMy O PaBHOMEPHOM MpH-
GnHxeHnd HenpephlBHOA GYHKIHU HHTErpafaMH BHAA

{Fe—teu@at,

KOTOpasi cojepxkana Ou Teopemm Beflepmrpacca (7.24) u Deliepa
(8.15) Kak uacTHRle c/IyvaH.
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$YHKIHH HECKOJIbKHX NEPEMEHHBIX

Jlunefinuvie npeofpa3oBanns

STy TAaBY Mbl HauHEeM ¢ DACCMOTPEHHS MHOMKECTR BEKTOPOB
B €BK/HJA0BOM HpocTpaucTBe R™. Hanaraembie 3zech anreSpanuecKue
Pakrn Oes H3MeHenMll NEPEHOCHATCH HA KOHEYHOMEpHblE BEKTOpHLIE
HpoCcTpaHCcTBa HAj, AIOOHIM NoneM ckangpor, OfHaXO AAs HAWHX Henek
Mbl BMOJIHE MOMKEM OCTABATHCE B MPHBLIYHEIX paMKaX €BKJAHAOBBIX
NpOCTpaHCTR

8.1. Onpenenennd. ' {(a) Muoxkecto X < R™ masbizaercs
SEKMOPHYUIM  npocmpancmeos, ecad X+ yYE€X H cx€X, KakoBW OH
HE ObH X€X, YEX B wucao c.

(o) Ecnuw %y, ..., Xx€R", a ¢, ..., Cx—HHCAA, TO BEKTOp
CiXy+ ... + CxXg HashBaeTca aunednol xomGumayued BEKTOPOR
Xiy -eny X5 EclH S R™ # ecsim E — MHOXeECTBO BCeX JHHEAHBIX

KOMOuHAUUA SheMenTOB S, TO MBl GYAeM TrOBOPHTb, UT0 E samanymo
Ha S wm aro E—oboaouxa S.

JaMeTHM, uTO Kakjzas 0GO/IOUKA €CTh BEKTODHOE NMPOCTPAHCTRO.

(¢} MuoxecTBo, cocTofillee H3 BEKTOPOB Xy, ..., Xz (OJI1 TAKOr'o
MHOXECTB2 MH OyaeM HCHONL30BaTh o0603HAuYeHHE {Xy, ..., Xa}),
HA3HIBAETCH HE3ASUCHMBM, ECAH H3 COOTHOLIEHHS ¢Xy + ... - CpXp=0
caelyer, 4To ¢y =...=cCx=0. B NpOTHBHOM CJy4ae 3TO MHOXECTBO
HA3BIBAETCA 3QAGUCUMBLM.

OTMernM, 9TO HE3aBHCHMOE MHOMECTEO HE MOXEeT COJepKaTh
HYJIEBOTO BeKTOpa.

(d) Ecan BexTopHOe npocTpaHcTBO X COAEPIKHT HE3ABHCHMOE MHO-
KECTBO, COCTOsUlee H3 r BEKTOPOB, HO HE COZEPIKAT HHKAKOro He3a-
BHCHMOrD MHOXKecTBa H3 s+ 1 BEKTOPOB, TO TOBOPAT, 4TO X HMeeT
passmeprocms r ¥ MEIYT dimX=r,

MuoxecTBo, cocrosiillee n3 ORHOTO 3eMenTa 0,— BEKTOpHOE npo-
CTPEHCTBO; PAsSMEpHOCTb €rQ PasHa HYJIO.

(¢) HesaBucuMoe noaMuoxecrso npocrpanctsa X, 060n09Ka KOTG-
poro parra X, HasHBaeTcsl 6a3ucosm NpocTpaHceTBa X.

3ametuM, uTo ecan B={x,, ..., x,}—06asuc npoctpanctea X, 10
KaKAbifl 2JeMeHT X €X AONYCKaeT e/jMHCTBEHHOE NpEeJICTaB/JeHHE BUAS
X= 2 ¢;X;. Takoe NpeACcTap/leHHe CYMIECTBYET, TaK Kak ‘X HATSHYTO
Ha B, B eAUHCTBEHHO, TAK Kak MHOXecTs0 B mesapucumo. Uucna
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€y + ..y €y HASHBAKTCHA KOOPOUHAMAMU BEKTOPA X TO OTHOLICHHIO
K Gasucy B.

HauGonee uspectTHbiM npHmepoM GasHca CJOYXKHT  MHOXKECTBO
{e;, ..., e;}, r1e ¢;,—BexTOp npocTpancTBa R, f-f KoopAuHata Koro-
poro paBka 1, a npoune KoOpAHHATH paBHbl uyaw. Ecam x gR™,
X=Xy o0ny Xp)y TO x=2xjej. Mo 6ygeM Ha3uBaTh MHOMKECTBO
{ei, ..., e;} cmanbapmnuom Gasucorm npocmparcmea R".

9.2. Teopema. ITycmo r—-nososumenvroe yesoe uucac. Ecau
8eKmoproe Rpocmpancmsg X HAMAHYMO KA MHONCECMB0, COCMOAL|ee
u3 r aekmopos, mo dim X <r,

HoxaszateabcTBo., ECAH 5To  HeBepHo, TO CyUIeCTBYeT
BEKTOPHOE MNPOCTPAHCTBO X, COZEpIKALUEe HE3ABHCHMOE MHOXKECTBO
Q={yy, ..., ¥rs4) H HATAHYTOE HA MHOXKECTBO S, COCTOAIIEE M3
r BEKTOPOB.

[yets 0<{é<Cr, U JMOMYCTHM, YTO HOCTPOEHO MHOKECTBO S;,
060MOUKOH KOTOpOro CAy¥HT NpocTpaHcTBO X H KOTOPOE COCTOMT
H3 BeKTOpoB y; ¢ ! <l j<i 0 H3 HeRoTOpOro Habopa r-—Ii BEKTOPOR
MHOMeCTBA S), CKaXeM Xy, ..., Xp—; (MHBIMH ChoBamu, S; nmony-
JaeTCA W3 MHOMKeCTBA S; 3aMeMoil { M3 €r0 3J1CMCHTOB WIEMEHTAMHU
MHOXKecTBa Q Ge3 usMeHenusa ofosoukd.) Ilockosbky X HaranyTto
Ha S;, T0 Y+ NPHRANJCIKAT 0G0OJIOUKE MHOXKECTBAa S;, 3HAUHT, Cylue-
CTBYIOT YHCAA dy, ..., Qtegs Pys +evy Bpoyy TAE Qipq = |, TAKHe, UTO

41 r—i
2: GJYH—RXI bpxp=0.
J: =

Ecan Ount Bce by OnAM paBHE! HYJiO, TO, B CHJY He3aBHCHMOCTH
MiOXKecTBa Q, M Bee a; Oblau Ou Byaamu. Ho g -=1. CnenoBatens-
H0, HEKOTOpHIA BEKTOp  Xx€S; ecTh JauHeiiHag KoMOMHAUHA APYrHX
saeMeHToB MHOXKecTBA Tj~= 8| {yu}. YAa1uM 3710T BekTOp X4 U3 T
H 0003HaYHM OCTaBlIeecs MHOXKeCTBO uepes S;y,. Torja ofiosnouka
MHOKECTB Sy M T3 paBHa X, Tak uto S;; oOAajaer TeMu Ke
CBOHCTBAMH, 9T0 M S; (TOABKO { HYXKHO 3aMEHHTs Ha i--1).

Hauwnas ¢ S;, M nocTpoMM TakHM OGpasoM MHOXKeCTBa
S84 ...y S, Tlocaegnee 83 RHX COCTOMT H3 ¥y, ..., ¥y, M Hame
NOCTPOEHHe MOKas3wBaeT, 4To ero obosouxa pasHa X. Ho muoxectso @
HE3aBHCHMO, 3HAYHT, ¥,;¢ HEe PHHAAACIKHT ODONONMKe MHOXecTBa S,
370 MPOTHBOPEYHE JI0KA3BBACT TEOPEMY.

Cunenacreue. dimR"=n.

HdoxasareanctBo. [IpocrtpancTBo R™ HATANYTO Ha MHOXe-
cT80 {ey, ..., &;}. TTosTOMy, Kax mOKasblBaeT TeopeMa,

dim R* < n.
Ho mroxectso {e, ..., e,} —Heaasucumoe, u noromy dimR"3> n,
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93. Teopewma, IHycme X—eexmopnoe npocmparcmeo
udimX=n.

(@) Ilpocmpancmeo X wamsanymo na muoxcecmso E, cocmoaugee
U3 N 8EKMOPO8, 8 MOM UL MOABKO 6 MOM CAydae, Ko20a mroncecmeo E
HE3a8UCUMD,

(6 X umeem Oasuc, u xaxdut Gasuc cocmoum u3 n sexmopos.

() Ecan 1<r<<nt u {yyy ..., ¥} —He3a8uCUMOE MEONcECED 8 X,
mo X umeem 06asuc, 8 cocmas KOmMopozo 6xodam &ce eekmopw

Yoo <o ¥

Hokasateapcrro. Ilyere E=={x ..., X,}. MuoxecTso
{X1, ..., Xp, ¥} 3aBHCHMO upH aoboM YEX, Tak kak dimX=n.
Ecnig E wHesaBHCHMO, TO y NpHHAAMEXHT o00ACuUKe MHOXKecTpa F;
svaunt, X Hatanyro Ha E£. O6paTHo, ecau MHOXecTso E 3aBHCHMO,
TO ONHH H3 €ro 3JEeMEHTOB MOXKHO YAAJHTb, He MEHSA 0GOMOYKH.
3uauut, X He MomeT OuiThb 060jQuKOH MHOXKecTBa E mo teopeme 9.2.
TeM caMuiM (@) HOKasaHO.

IMpoctpancTeo X conepXHT HE3aBHCHMOE MHOMKECTBO, COCTOALLEe
W3 n BekTopoB, TaKk Kak dimX=mn, a coraacuo (a), Kamnaoe Takoe
MHOMeCTBO ofpa3yer Oasuc npoctpanctBa X; Temepw (b) BhTexaer
u3 9.1 (d) m 9.2, _

Urobul nokasate {¢), AONYCTHM, 4TO {X;, ..., X,}—Oasuc upo-
crpanctea X. IlpocTpaneTBo X HATAHYTO Ha MHOXKECTBO

S={¥i . s ¥rs Xiy o0 sy Xn},

NpRUEM MHOXKECTBD S 3aBHCHMO, TaK KaK OHO COREPKHT GoJapiue,
ueM f1 BeKTOpoB. PaccysKAeHHe, HCIOAB30BAHHOE NPH ACKA3aTENLCTBE
TeopeMul 9.2, NMOKasEBaeT, UTO OJIHH A3 BEKTOPOB X; paBeH JAHHefHON
KOMOHHALHH OCTalbHLIX 9SAEMEHTOB MHOXeCTBa S. YjalAB 5T0T
BEKTOp X; H3 S, Mil TOAYTHM MHOXeCTBO, 00OMOYKa KOTOPOro Bee
eute copuagaer ¢ X. IloBropam =ToT mpouece r paz, Mbt HOAYHHM
Gaszuc npoctpanctsa X, copepxaimit BekTops {yy, ..., ¥,} coraac-
Ho (a).

9.4. Onpepenenne. Orofpaxkenne A BeKTOpHOTrO RPoOCTpal.-
crea X B BEKTOPHOE MPOCTPAHCTBO Y HASHIBAETCH AUHEHHBIM Rpe
obpaspsaniem, ecnm

A(Xy) 4-Xo) = Axy + AXp, A (€X) = cAX,

KakoBel Obl HH OWIAH X, X{, X2€X H 4HC/A0 c. 3aMeTHM, YTO YaCTO

nHwyT Ax BMecto A(x), ecau A— nuueiHoe npeo6pasobanue.
AMETHM ere, uT0 ecNK A-— JHHefiHoe npeotpaszosanne, To AQ =0,

Jlunefinse npeofpasopanust mpocTpanctsa X B X 4acTO Ha3BIBAIOT
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Aunednoimy onepamopary na X1). Ecan A— nuneitnsii oneparop Ha X,
KoTOpH (i) B3aUMHO ofHOo3madeH; (ii) oToGpaxkaer npocTpaHcTBO X
rna X, BHasuBaloT ofGpamumeiM. B aTOM cayuae Ha X MOXHO onpe-
Aennre- onepatop A*, noaoxus A (AX)==x npH Bcex X € X. Ouesun-
HO, 9T0 B 3TOM cayyae A(A*X)=x npu Bcex X€EX u A — nuneit-
HLIA onmeparop.

BaskHoe CBOHCTRO JHHEHHLIX ONEPATOPOE HA KOHEYHOMEPHBIX BEKTOP-
HBIX DPOCTPAHCTBAX COCTOHT B TOM, YTO Kaxjoe H3 ycJosmit (i) u (ii)
BagcYer sa cofofi apyroe.

9.5. Teopema. Jlunednoui onepamop A Ha KONedHOMEPpHOM
sexmoprom npocmparcmse X 63aUMHO OOHOSHAHEH 8 MOM U MOAbKO
8 moM cayuae, Koe0a MHOXECMSeo e20 3Hauenuld cosnadaem co scem X.

Hoxasareavctrso. [Ilyete {Xxy, ..., Xp}—0Ga3Hc mpocTpau-
ctBa X. U3 ceoficts anueiinocTH onepaTopa A cllegyer, UTO €r0 MHO-
KecTBO 3HAueHHR R (A) HaTANYTO HA MHOXKecTBO Q = {AX,, ..., AX,).
Hs teopemst 9.3 (@) ™Mbl 3akmouaeM, ut0 R(A)=X TOraa m TOALKO
TOrja, KOrAa () — HE3AaBHCHMOE MHOXKECTBO. MB JONKHLL TIOKa3ars,
9TO 3TO IPOHCXOAKT TOT A H TOJBKO TOrAa, KOTha onepaTtop A B3aHMHO
OXHO3HAYEH.

JonycTuM, 410 onepaTop A B3aUMHO OJHO3HAYEH U 4TO ) CidiX; = 0.
Torza A{D) c:x;}=0, anaunt, Y c;x;=0, 3HAUMT, €, =...=¢,=0,
K MB 3aKni04aeM, 4T0 MHOXKECTRO Q HE3ABHCHMO.

Tlycts, o6patso, Q nesasucumo 1 A{ X ¢ix;) = 0. Torza ) ciAx; =0,
SHAYHT, Cy==...=Cp==0, H Mbl 3aKkmoyaeM: Ax==0 ToabLKO TOTAA,
korfja x=10. Ecau Temepsr Ax=Ay, 10 A(x-—y)=Ax—Ay=0,
TaK 410 X—y==0, H notomy A B3aHMHO OAHO3HAYEH.

9.6. Onpepeacuue. (a). Ilycte L(X,Y)—MHOXKecTBO Beex
JIMEEHILIX oToBpaKeHHH BEKTOPHOrO npocTpaHcTBa X B BeKTOpHOE
npoctpaterso Y. Bmecto L (X, X) mm 6ygem mucats npocto L (X).
Ecan Ay, A€ L{X,Y) u ecan ¢;, c,—uucAa, 10 onpefenm orobpa-
xKenne ¢, Ay -+ cyAy PaBeHCTBOM

(CIA1+CQA2) X =C1Alx+02A2x (X EX).

SIcro, uto Torda ¢ A -+ A€ L (X, Y).
(6) Ecin X, Y, Z-—gextopenie mpoctpanctsa, AcL(X, Y)
u BelL(Y, Z), 10 Mul onpexennM npoussederue BA papeHcTBOM

(BA)x=B(Ax) (x¢cX).
Toraa BAcL(X, Z).
1) Cronp e 4acTo STOT TePMHH YIOTPeGASNKT NPHMEHHTEALNO K AHHCHHEIM

npeobpasoBaHuaAM MPOCTPAHCTBA X B OTIHYHOE OT HETO MpoCTPaucTBo Y.—— [pun.
nepes.
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3ameThm, uTO, BOOGmlEe roBopA, BA 4 AB jnaxe B ToM cayuae,
Koraa X =Y =71, . )

{c) Hopmod || A}l oneparopa A€ L(R", R™) HasulBaercs BepxXHad
rpaHb MHOMECTBA Bcex uHcea |Ax|, rae X npoGeraetT MHOMKECTBO
BCEX BeKTOpOB mpoctpadHcTea R, Takux, 4To |Xx|<l.

OTMeTHM, 4TO HepaBEeHCTBO

, | Ax <[ Al x|
spinoanseTcd NpH BeeX XER®. Kpome Toro, ecam A rakoso, 410
‘Ax!< A x| npu Bcex xX¢R®, 10 { Al <<A

9.7. Teopema. (a) Ecau ACL(R" R™), mo ||Aj<< o0 u A—
PasHOMEPHO Henpepbisroe omobpadcerue npocmparncmsa R® @ npo-
cmpancmso R™.

(b) Ecau A, B&L(R™, R™), a c—uucao, mo

A+ BI<NAI+ B, [cAl=]|c]fjA). ‘
Ecau paccmosnue mewdy A u B onpedeaums xax | A—Bl|, mo

L(R™, R™) cmanosumca Mempudeckum npocmpancmeom.
{c) Ecau A€L{R", R™ u BeL(R™, R*) mo

| BA||<|| Bl ([ A]l.
Hoxasateabcrtro. (a) Hycre {e, ..., &} —cranaapranp

6aamc B R™, u nyets X=D,ce, [X|<1, Tak uto |oj|<1 npa
i=1, ..., n Torna

[AX|=| X cAe | < 3 |cil| deg| < 3 | Aeyl,
TaK MTO

finvgs

lAf<

; [AB][{Q‘J

Mul BupuM, uTO oTOGpaxenue A DPaBHOMEPHO HENpPEpHIBHO, TaK
K¥aK |Ax—Ay| < ||AJi | x -y, ecau X, yE€R™
epasencTBo B (b) caenyer H3 TOrO, 4TO

[(A +B)x|=]Ax+ Bx|<|Ax|+| Bx | < (| Ali+ | Bi}}| x};
BTOpas uacTh yTBepKaenus (b) nposepsmercs TeM ke cnocoloM. Ecan
Al -B$ CEL(an Rm),

TG BBITOJHACTCA HEPABCHCTBO TPCYTO/JAbHHKA
|A—Cl|=i[(A—B)-+(B—=C)l|< )| A—Bl+}B—C},

¥ JIETKO MPOBepPHTb, 4TO || A— B|l obsajaeTr ocTaJbHEIMH CBOfICTBAMH
paccroanus {onpepenenue 2,17).
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Haxonen, (¢) caeayeT M3 HepaseHcTBa
|(BAYx [~ B (4x) [<|| B|| 1 Ax|<|| B | A | x.

Humesn B npocrpanctse L (R™, R™) MCTPHKY, MbI MOXKEM NEPEHECTH
HA 3TO NPOCTPAHCTBO TAKHE IIOHATHA, KAK HEHPCPLIBHOCTh, OTKPLITOE

MHOXKECTBO M T. 3. Hama chepywmas TeopeMa HCHOMb3yeT 3TH
NOHATHA.

9.8. Teopema. [Tycmo Q— mroocecmeo acex 06 pamusoy auket-
Hblx onepamopos Ha R®,
B (@) Ecau AcQ. |A ) <<Va, BEL(R") u iB—Ajl=p<a, mo
203

(b) Q-—omxpeimoe nodmuoncecmso npocmpancmea L (R™), u omo-
Opaxcenue A--> A7 nenpepuwsrno wa Q. (OHO, OYEBHAHO, B3aHMHO
01HO3RAYN0 OToOpaKaeT MuOXecTso L Ha cels U ABAAeTCH O6pATHLIM
K camoMmy cefe.)

Hoxasateaocrso. M3 toro uro ix|w | A Ax!LaiAx ! npn
Bcex XER™, caeayer, 4T0

(0= B) | X | < | Ax|— B x| <] AX |—i (B—A) x| <| Bx|
npu Beex XER™ Dro noxaﬁmnaer, 410 ohnepatop D B3aMMHuO OAHO-
spayen, 3HauuT, BCQ 1o teopeme 9.5. Ho sto Bepno npu mobom B,

Jaa Kotoporo || B— Al < a; nosTOMy MHOXECTEO § OTKPBITO.
poro j| i P

SaMensta B TPHBEAECHHOM BhllIE HEPABEHCTBE X BeKkTapoM By,
MOJAYHHM

(a—P)! By <| BBy 1yl
Tak yro I' B {a—p) L. Towectpo

Bl _ At B1(A--B)A™
v réopema 8.7 (¢) 1oxaspBaloT Teneph, 9Te

1B A B A—BY AT

g fa )

H TeM CamMbiM [OK23aHO YTBEKEEHHE O HEeNMpPepHBHOCTH, TaK KAk
g—0 npu B— A.

9.9. Marpuun. DOycre {x;, ..., %} ¥ {¥y, ..., ¥u)—Basucw

BEKTOpUHX npocTpancts X u Y coorsBercthenno. Torna moGomy rpe-
obGpasonannio A€ L (X, Y) coorseTcTyior yucsa a;;, TakWe, 4TO

(1) . Ax; = glaiji (l < j<n)
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Y a00HO mpefcTaBAaTh cefe STH WHCJIA PacniONIOIKEHHKIME B BpAMO-
YTObHYIO TaOAHIY M3 fm CTPOK M 12 CTOAONOB, HASLIBACMYIO MATPHIEH: -

Ay g .- @4y
. a sea

Qmy my ... O;n

3aMeTuM, MTO KOODAMHATH &;; BeKTOpa AX; (N0 OTHOMICHHIO
K Gasucy {¥i, ..., ¥m}) HaxoAsrTca B j-M cvonbue MarpHmmu [A].
Henonbsys 3Ty TEPMHHONOTHIO, MOXKHO CKa3aTh, UT0 MHOXeCTBO 3Haue-
Huli Tpeofpa3oBaHHs A HATAHYTO HA 8eKHIOPL-CmOoabyb: MaTphitk [A].

Ecu X= D|cjX;, T0, B CHAy JumefiHocTH mnpeoSpasoBanus A
H pasencTBa (1), noaydaem

@ Ax= i;; (E astJ) y:-

Takum ofpasoM, i-1 XoopAHHaTa Bexropa AX pakna ;ai e

3ameruM, yto B (1) cYMMHpOBaHHE HPOHIBOLUTCA N[O NEPBOMY HHAEKCY
37CMEHTA ¢;;, TOTA2a KaK, BLIYHCIAAA KOOPHMHATH, Mbi CYMMHpYeEM
10 BTOPOMY HHAEKCY.

flycTp Temepb MaHa MaTpHLa M3 m CTPOK H #n ¢TOA6HOB ¢ Beme-
CTREHHBIMH 3MEMEHTaMH &y;. Ecu oTobpaxeHHe A onpelesiHTh paBeH-
etBoM (2), To acuo, wro ACL(X,Y) n uto [A]—ncxonHas MarTpuua.
TaxuM 08pa3oM, HMeeTcs B3aHMHO OJHO3HAYHOE COOTBETCTBHE MEMIY
MmuoxecTBoM L({X,Y) #u MHOMeCTBOM BCeX BellCCTBEHHBLIX MaTPHI
H3 m cTpok ¥ n croabuos. IloguepxueMm, oxHako, uto [A] 3aBHCHT
HE TOABKO or A, Ho H or BwGopa Gasucos B X a8 Y. Onso u 10 Xe
fpeoSpasoBaiHe A DOPOKJaeT pPA3AUYRDIE MATPHLBI, €CJIH MEHATH
6a3uchl, U o6paTHO. MKl He CTaHeM PasBMBATH 3ITY MHICJAb, TaK KakK
MBI OBBIMHO GyJeM HMETh AEN0 ¢ QHKcHpoBaHHbMy Gasucamu. (Hekoro-
pHié 3aMewaHHH TIO STOMY NGBOAY MOKHO HafTtH B m. 9.26.)

Ecau Z— TpeTbe BeKTOpHOE NpocTpaHcTBo ¢ GasucoM {2y, ..., Zp},
ecnn A 3ajano paeencTBoM (1) H ecan

By; = g buiZa, (BA) x;= % CriZh

TO0
AcL(X,Y), BeL(Y,Z2), BAeL(X, Z),
H TAK Kak

B(Ax;) =8 (? aijyr) = g ay;By, —
T %} brizy = 2 (2 buars) 7,
i h i
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TO W3 HE3aBHCHMOCTH MHOKECTBA {Zj, ..., Zp} CJELYET, UTO
(3) ckjﬂgbkiaij (l1<k<sp 1<j<n)

D10 MoKasbBaeT, KaKk HaiTH marpuuy [BA] U3 p cTpoK K n cToas-
noB, 3Has MaTpuuel [B| u (A]. Eciu MW ompejeNuM DpoH3BeleHMe
{Bl{A) kak [BAj, 10 pasenctso (3) onHCHBaeT OGLMEOE TPasHJIO
nepeMHOXEHU MaTpHLL.

Hakonen, aonycrum, 9to {X;, ..., Xp} # {¥y, ..., ¥} — CTABR2PT-
Hele Gaswcel mpocrpancte R™ B R™ u uTo A 3ajaHo paseHcTBOM (2).
Hepagernctso Ilsaptia mokaspipaer, 4to

[ Ax I’=§(§aa¢3)s€2ﬂ(;aif§@)=§a§|xl’-
Takum obpasoM,
(4) A<l ;af;}"‘-

Tpumennas (4) k B—A smecro A, tae A, BEL{R", R™), mnl
BH/IUM, UTO €CJH 9JEMEHTH MaTPHUH a&;;— HelpephsHbe DYHKUHH
HEKOTOPOro mapaMeTpa, TO TO e RepHO B OTHomeHHd A. Touwee,
ecnn S — MeTpHUECKOoe NPOCTPAHCTBO, @y, ..., Ump— BEIHECTBEHHLIE
(YHKUHH, HenpepbiBHBE HA S, H €cAX NpH JMoboMm pES Ap— aHHeh-
HOe npec(pa3oBaHue NpoCTpaHcTBA R™ B npocTpaHCTBO R™, MaTpuua
KOTOPOTO COCTAB/ICHA H3 3AEMEHTOB &;; (), TO oTOGpaxenHe p-->A,—
HenpepuiBHOE 0TOBpaskeHHe NPocTpancTsa S B npocrpancreo L (R™, R™).

Rudspepenunpoeanne

9.10. Onpenenenue. Ilycts E—OTKpHTOE MHOXECTSO B R",
f —oroGpaxenne Muoxecrsa E B npoctpancTBo R™ u X€E.

Ecnu cyulecTsyer AuHefiHoe npeobpasosaune A npocrpaHcTBa R™
B mpocTpaHcTBo R™, Takoe, ¥TO

N —f (X AR ] _
®) o ] =0

T0 roBopAT, uto f AHpdepeHunpyeMo B TOUKE X, M THWYT
(6) ' (x)=A.

Ecnn otoGpaxensne f auddepenunpyemo B Kaxpaofi Touke x¢ E,
To ropopar, uto f dugdepenyupyemo na muoscecmee E.

Crefywiine KOMMEHTADHH NPHUBOAATCA ANA DA3BACHEHRA H MOTH-
BHPOBKH 5TOTO ONpejelieHus.

(@) B (5), Xoueuxo, HMeeTcda B BuAy, uto hER", a noromy ecan
HopMa |h| mocrarouHo Mana, ¢ x4-heE, rak Kak E —oTkphiToe
MHOXXeCTBO. TaxaM ofpasoM, f(x-+h) umeer cmpica, f(x-+h)EcR™,
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# 13K KaKk ACL(R", R™), 10 Ahc R™, Takum obpasom,
f(x+h)—§(x)—AheR™.
Hopma, Qurypupylomas B gacanrene aApobu (3), —s10 HOopMa npo-
cTpancTa R™, a B 3raMenareje— R™-HopMa Bexropa h.
() B caysae n=1 HoBOE onpejeNeHHe TPOHIBOAHON CBOAMTCA
K npexueMy (cm. onpepenexune 5.1 w n. 5.16), [Ipoussoguas 1 (x)

ONpejenfijack Kak BEKTOp YER™ (ecdH TOABKO OH CYLIECTBYET),
IAs KOTOpOrg

. Ix+m—f(x) _
(7) ,IL'L‘ {m,, y} =0.

Ho BcsikoMy BexTOpy Y€ R™ MOXHO (B3aHMHO OHO3HAYHO) COMNO-

CTapuTh JuHeHnoe npeobpasosanne Ty npoctparcrea R B R™ no dop-
myne Tyh=hy. 3ameTnM, uro xamdoe TCL(R', R™ umeer BuA
TmTrTnFH HEeKOTOpOM ¥ (HYXKHO mpocTo B3ATh ¥ =T1). Ilpu atom
|y!=|Tyl :
(©) l'ivyc'rb fu E—~re xe, uro 8 onpestenenne 9.10, u nycrn 1
naddepenunpyenmo Ha E. Ilpm xaxpnom dukcuporaHHoM XCBE
f"(x)=A ectb nunefinoe npeoGpasoBanue mnpocTpanctea R" B R™,
T. €. (QYHKUHA, CONMOCTABJIAIOINAR KamIOMy Bektopy h€R™ Bextop
' {(x)h=AhcR™ C napyrot cTOpoHH, MOCKOABKY oTOOpamenue f
audepeHuHpyeMO B KaxkAOH Toyke MHOXectsa E, To KaXpaok TOuke
3TOT0 MHOXECTBA coOTBeTcTBYeT oflepatop f'(x)=A. Tem camum
Anddepenuupyemoe orobpaxerne I munyuupyer oroGpamenne (GyHk-
unio) ¥’ ra E co sHavesmsmu 8 L{R", R™).

{d) CooTnomenne (5) MOXHO Nepenucath B BHAL

(8) fx+h)=fx)+ ¥ (x)h+r(h),
rjae ocTaTok r(h) Man B TOM cMHCAe, YTO

N L O]
@ lim a7 =0

Moxno uctonKoBath (8) Tak: nmpr (HKCHPOBAHHOM X H MaxoM h
passocTh

f(x+h) —E(x)

npubanxeyHo papHa I’ (x)h, T. €. paBHa 3HaueHHIO JHHeiHOH (QyHK-
UHH B Touke h.

Jocratouso BarasHyTb Ha paBedcTBO (8), urobnl yGepuTheR
B HenpepuiBHOCTH otobpamennsa | B moBofi Touke, B KOTOpof oHO
onpepeHTHPYEMO,

(e) Tlpoussopuyio, onpesenennyc B (5) rau B (8), wacto HasH-
BalOT noanoild npoussoduori otoGpaxenna T B Touke X, HaH Oughge-
peryuason orobpamennsa f 8 Touke x.
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Tenepb MBI pettnM BORpPOC O eAHHCTBEHHOCTH, KOTOPHH, BOSMOXKHO,
YKe BO3HHK Y YHTATENA.

9.11. Teopema. llyemv E u f—me one, wno ¢ onpedesenun
9.10, X€EE u (B) ewnoansemcn ¢ A=A, u ¢ A=A, 2de
A€ L(R™ R™ (i=1, 2). Toeda A=A,

HoxasateabctBo. Ecin B=A,— A, 10 HepapencTso

| Bhj<i f(x+h) —T(x)—Ah| i f (x-+h) —F(x) ~ Ah|

noKasusaer, yro {Bhl/| hL—aO npn h— 0. Orcwpa caeayer, 4rO
OpH (PHKCHpOBaHHOM h =%
(10) %ﬂ?l——-—b{) npu { —> 0,
Beupgy Ttoro uwro B auueitno, Jesas uacth B {10) He saBucuT
or {. Iloaromy Bh=0 npu scex h€R". Teopema Aoxasanua.
[ipasuno puddepentinposanns cnokBofk GyHKumrH (CM. Teopemy 5.5)
JIEFKO PAcHpOCTPaHACTCH HA AaHHYIO CHTyauuw. U ¢opmyanposka,
M J0Ka3aTeJIbCTBO COBEPUICHHO TaKKe e, KaK B ONHOMEPHOM Cayuae.

9.12. Teopewma. flyeme E—omxpwmoe muoxecmeo e npocm-
parcmse R", 1 —omobpamenue mnoxecrmsa E ¢ npocmpancmeo R™,
ducpchepenyupyemoe 8 mouke Xo€E, g—omobGpancenue Nexomopozo
omKkpormoe  Muoxcecmsa, codeprcawezo §(E), e npocmpancmso R,
npudem g Ouphepenyupyemo 6 mouse i(xy). Tozda omobpaxcernue F
mromecmsa E & npocmpancmeo R®, onpedesenroe pasencmsos

F(x)=g(t(x)),
Jughheperyupyeso 6 mouxe Xy, U
(11 F’ (xo) = g (T (x0))- " (x0).

B npasoft wactu paBenctBa (11) CTORT mpoH3Bejensue ABYX MHHel-
HHIX fIpecOpa3epaHuil, onpejejennoe B pasjene 9.6,

Hokasateanctso. [lycte yo=1T(xy)}, A=1 (xg), B=g’ (yo),
¥ NYyCTh .
u(x)=1(x) —f (xp) — A (x— xy),

vy} =g () —2¥)—~B{y—yoh
r (x) = F (x) —F (xg) — BA (x —x,).
Mut A0THH AoKa3aTb, uTo F' (%0} = B4, 1. e. w10
(12) 1r®_ 0 npa x— x,.

| X—xp i
Vi3 onpenenennii otoGpaxenns F u ocTatka r umeeM
r(x) =g (F(x)) —g (o) — B (F(x) —yo} + B (T (x) — F-(xg) — A (x — x,)),
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TaK uTO
(13) r(x)=+ v ( (%)) 4 Bu (x).
Ecau >0, 10 w3 onpepeaenns npeoGpazosanult A u B caeayer,
yto cymectsyoT M>0 u 6§ >0, takue, uro
lv(yi<ely—vol,
el 'y —Yo| <<, U
HE)—Fx)l<<n  [u(x)[<eix—x]
MpH | X~ X, | << 6. 3Hauut,
14y |[vE@EDI<efx)—T(x)|=eju(x}+A(x—x)|<
<X =X -2 | Al x—%o!
H
(15) |Bu(x)|< | Biiiu(x)|<.e]| BI'| x—Xo},
CCAH | X —Xo| << &,
~ Teneps (12) caeayer u3 (13), (14) u (15).

9.13. Yactune npounssoguse Ilyete f oroGpaxkaer oTKpwI-
Toc MHOMecTBO E < R™ B npoctpaHcTBO R™ M HMEET KOMIOHENTH
fir -+ Fm, onpepenernste 8 Teopeme 4.10. Ilyerb f{er, ..., e} —
CTAaHAZPTHHA Oashc npoctpanctpa R". OmnpepennM Ha maokecrse E
tdyukund D,f, paBeHcTBaMH

(16) Djft (x) e lfil’l‘} frix "i‘fej)_fi (x} ,

CCAH, KOHEYHO, 3TOT Mpefienl cydiecTByeT. 3anHcwBas f;(X) B BHAE
Fixq, ..., Xn), MBI BHAHM, uTO D;f; ecTb npousBoaHas (QYHKUHM f;
no x; NpU (RKCHPOBAHHOM 3HAYEHHH OCTAIbHHIX NepeMeHHbX. ITo-
TOMY HacTO HCNoJAb3yeTcsl ofo3HaueHue
O

(a7 s
smecto Dyf;.

Ecau orobpamxentie T anpdepenunpyemo B Touke X, TO onpege-
neHue nponsBoaHoil ' (X) nokasmBaer, urTo

(18) lim S@EM—I® _ gy,
t-+10 {

Iepexossi Kk KoopamHaTaM BeKTOpoB, cTosmux B (18), ¢ h==e;,
MBI BHARM, 4TO ecau | Juipgbepenyupyeno & mouke X, mo ace uwacm-
note npouseodnsie (D;f;) (X} cipyecmsyiom.

OGparroe, Boobuie roBOPA, HEBEPHO Aaxe B TOM C/iyyae, Koraa
YACTHLIE NPOUIBOAHBIE CYMIECTBYIOT BO BCeX TOYKaxX MHoxecrsa E
(ynpaxseune 9); €csH, ONHAKO, YacTHBIE NPOMBBOMHBIE K TOMY XKe
HeTipepsiBHbl, TO ofpaTHoe BepHO (CM. rTeopemy 9.16).
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OrmeTuym, uto {7 (X) €;— 3870 j-fi cToaben Marpuum [i’ (x)]. Takum
ogp(as)om, (D;f:) (x) HaxoauTes B i-f CTPOKe H j-M cToAbHe MarpHnw
it (x)].

9.14. IIpumep. Ilycre §— guddepenmmpyeMoe orobpamenne
uHTeppana {a, b) — R' B oTkpritoe MuHORkecTBO E — R™, mycte g-—
Anbdeperndpyemasn petlecTBedHan GYHKIHA, onpeaenerHas 8 E
(r. e. g--guddepennupyeMoe oroﬁgameane muoxectsa £ 8 npo-
crparctBo RY). llosoxuM A(f)=g(I({)) npn a<<t<b. Coraacio
npaspay auadxpepeHuHpoBanna CA0KHOR (yHKIAK,

B()=g AT (e<i<d).
flco, uto A’ (f}—nunefnnth onepatop Ha R, Tak xak I (f)¢€
€L(R', R" u g’ (F1{t)) €L (R*, RY). Eciu paccMarpusate A’ (I) Kak
BEUIECTBEHROE YHCAO, TO ONEpParop, O KOTOPOM KAeT peyb,-— 3ITO
oneparop yMmHoxeHus Ha A’ (£); cp. ¢ 9.10 (b).

0 OTHOLIEHKIO K CTaHAapPTHOMY Oasucy npocrpadcrea R® [V ()] —
3TO MaTpuUia W3 B cTpok H | croabna (sofHocToAlLOBaz MaTpHlAr),
B i-i cTpoke Koropoii crour fi(f), rme fy, ..., fr— KOMNOHEHTH
orobpaxenns f, u npu Kaxuom x€E {[g’ (x)]-—marpuna u3s 1 cTpoxn
H 1t cTONGLOB («OAHOCTPOYRAS MATPHLAR), B f-M cTON6LE KOTOPOH CTOHT
(D;g) (x}. 3uaunr, [A’(f)] —Matpaua H3 ofuofi CTPOKH M OAHOTO
crosbua, efHHCTBEHHLIM SJIGMEHTOM KOTOpOll CJYXHT BeINeCTBeHHOe
THCIIO

W)= 2 (D) TN Fi ().

Hanucannoe paseHcTBo —wacTo BCTpeuaomufics caydail npasuaa gud-
¢depenIMpoBanng CI0XKHOH DYHKLMH.

9.15. Onpepenenune. [udpdeperitupyemoe orobpamenne f or-
KpoiToro MHoxecTBa £ — R"™ B npocTpaHcTBo R™ HasbiBaeTcs wenpe-
poisno Judppepenyupyemors Ha E, ecan i — HenpephBHoe oTOGpaR -
HHe Muomectsa E B mpocrpascreo L (R®, R™).

ToBops Goaee oT4eTaMBO, B 3TOM onpefaeneHHH Tpebyercs, 4Tobhl
anga motoro XEE B Joboro &>>0 cymecTsoBano uncno 8>>0,
Takoe, ute {|1' (y)— ¥ (x)[|<<e, ecan yCE u |y—x]<C0d.

Ecay 3710 smnoanserca, To Mul Oyem rosopurb, uto I sBaserca
$'-oto0pakenueM na E wmu uro f€6 (E).

9.16. Teopewma. Tycms T omobpaxcaem omxpbimoe MHONECMED
ExR™ 8 npocmpancmeo R™. Tozda §¢@ (E) ¢ mom u mossko
6 mom cayuge, Koz0a uacmnwie npoussodnwe Dyf; cyugeemsyiom
u nenpepuisust Ha E npu l<i<m, 1<jgn.

Hokasarensncrso, Ecau €% (E), To HepapeucTBO
19 (¥) e;— 1 (x) &; [ < T (y) — ' (0}
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B couetauunu ¢ (16) u (18) mokaswiBaer, YTo Kaxjaa 4acrTHas Hpous-
pofnaa D;f; — Henpepsienad ¢yukuus na E.

Has rokasatenncrBa o6parTHOro ROCTATOYHO PAcCMOTPeTh <ayuad
m==1 (noyemy?}. 3apukcupyeM X E ¥ &>>0. Beuny Toro 4o Mso-
XecTB0 £ OTKpHTO, CYIECTBYeT OTKPHTHH tap S ¢ UEHTPOM B TOU-
Ke X H pajiMycoM r, NeJHKoM npunajpnexamwini E. V3 Hempepwie-
Hoctn yuxkuuit D;f caeayer, uro r MOMHO BHIGPATb CTOMIb MAaJLM,
49T00b HMETh :

(19) [(Dsf) (Y)—(D;f)(x)i{{f; (€S, 1<j<n)

Ilyets h=2hse;, [h|<r, myets vp=0 B Vi=he,+... +lex
upr 1 <Ck<n. Toraa

(20) f(X-I-h)"f(X)%g}ilf(X+V:)—f(X+Vf.1)l-

Benay toro uro |vi|<<r mpu 1< k< n, a MHOKeCTBO S BBINYKIO,
OTpesKH ¢ KoHmamu Xx-tv;, # x-4v; Jexkar B S. [lo-
CROJIbKY Vj==V;_4--hse; 10 110 Teopeme 5.10 o cpemneM suaucHuu
j-e caaraemoe B (20) papHO

(21) By (Dsf) (x--vy_g-+0;h5e))

npu sexoropoM ©;€(0,1), u moroMy oHo B cuay (19) orsuuaercs
ot h; (Dyf} (x) menee, gem na | h;le/n. Coraaco (20), orcioza che-
AyeT, 4To

[fx+m—1 =3 m @D w|<t 5 inte<ine

np scex h, Takmx, uro |h|<r.

310 osnauaer, uto dynxuna [ audxpepenuypyeMa B TONKE X H 4TO
[’ (x) — nuueitvas ¢QyHKUMA, KOTOpas CTABAT B COOTBETCTBHE YHCJO
2 ki (Dyf) {x) Bextopy h= ) h;e;. Matpuua |’ (x)] COCTONT B3 CTPOKE
(Dyf) (x}s « « -, {Dnf) (X), a 1aK Kax ¢ynxum Dyf, . .., D,f HenpepbBHbL
Ha E, To, Kak MNOKa3hiBaeT S3aKJJOUHTeJbHOe 3aMeuaHHe n. 9.9,

f &€ (E).

Teopema 06 obparnoli yHKUMH

D1a Teopema yTBepaaer, rpy6o roBopd, YTO HenpepHBHO AHG-
¢epenunpyemoe otobpaxenne | o6paTHMO B OKPECTHOCTH JHOGOM
TOYKH X, B Koropoll ofpaTHMo JuHefinoe npeoGpasosanue ¥’ (x).

9.17. Teopema. Ilyemv § ecme ©’'-omobpascenue omxpoimozo
mroocecmsa E < R™ 8 npocmpancmeo R™, nycme omoGpancenue §' (a)
obpamumo npu nexomoporm acE, u nycms bh=1(a). Tozda
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(@) cyuecmeyrom omrpmme muowcecmsa U u V e npocmpancmee
R", maxue, wmo acl, beV, f szaumno odnossauno na U u i ({U) =V,

(b) ecau g—omobpascenue, ofpamuoe K § [omo cygecmeyem
cozracro (a)], sadannce ¢ V pasencmasom

g(x)=x (xeV},
mo g€®’ (V).

ANUCHIBAsl PAaBEHCTBO ¥ = f (X) ¢ MOMOUIbIO KOMNOHEHT, MBI NpH-
XOAMM K CJAeRYIOULel RHTEPIPETAMH 3aKIIOHEHHN TeOopeMbl; PABEHCTEA

yi=fi(xy, oo X)) (1Kign)
ONPEeXENRIOT B3AHMHO OHHO3HAYHOE COOTBETCTBHE MEMJAY AOCTATOYHO
MANBIMH OKPECTHOCTAMM TOueK a H D; npu 3ToM xy. ..., X, ABJAAIOTCH
Henpephisio AnddepeniupyeMuMd QYHKUHAMH OT ¢y, .. ., Un-

Jdokazareancrso. Ilycte 1" (a)—=A. Bubepem A Tax, uroloi
47| A =2 1. Bougy Ttoro uto §€€ (E), cymecrsyer Taxofi OTKpHI-
Thii wap U- ¢ uenTpoM B TOUKe a, 4TO

(22) IV (x)—Ali<<2h (xel).
Honyerum, gto x €U u x-hel). TTonomum
F{)=T(x+th)—tdh (O<gILI).

BesegerBue BHIMYKAOCTH MuOXecTBa U, x+4-thel npu 0 1,
B H3 (22) chAepyer, uTO

[P ()] =¥ (x+ thyh— Ah | < 27 [h]< 5~ | 4R,
nOCJ]e,lIHee HepaBEHCTBO BHINOAHACTCH IOTOMY, HTO
2M b= 24| APAh| < 24 [ A} Ab|= | AR |,
8 cuny BuGopa uncaa A. M3 teopemst 5.20 caegyer Tenepsb, 4to
[F (1) —F (0)| < 5| Ah},

HMA

(23) [T (x+h)—f(x)—Ahl<—[4h].
Orcloga caegyer, uTo

(24) (x4 1) =1 (x)| >3- 1 Ah{> 24 ).

Tloguepknem, 4To nepapencrtea (23) u (24} BHNOAHSIOTCH, €CIM TOJb-
ko x€U # x--hel/. B yactooern, uz (24) caeayer, uro omobpa-
acbnue § esaumno oOnosnawto na U.
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3admxcupyem Xo €U M paccMOTPHM OTKPHITHIA Wap S ¢ LEHTpoM

B TOYKe X, paguyca r>>0, 3aMbiKaHHe KoToporo S Jexut B U. Mu
RokaxkeM, 410 §(S) COMEepKUT OTKPHTEIE AP C LEHTPOM B TOYKe
§(x¢) pamuyca Ar.

Uto6H cenath 3To, 3apuKCHpYeM Takoi BeKTop ¥, 4To |y — 1 {Xp) | <<
< AF, H NOJOXKHM

e =:|y—F(x)| (x€3).
Ecom | x—x,| =7, T0, K4K NOKA3HBaET (24),
2hr <L F(x)— T (%) | <<p(X) + (X)) < @p(X) Ar.
Taxum ofpasoM,
(25) ¢ X)<<Ar<<p(x) (IX—Xo|=7)

Benay Toro yro ¢ — HenpepbiBHad ¢yukilud, a S— KoMnakTtHoe
MHOMKeCTBO, cyillecTByeT X*€£S, Takofl, uto ¢ (X*)<¢(X) nps Bcex
x€8. Coraacuo (25), x*£ 3.

Monokum w=-y—f(x*). Tlockonbky A o6paTuM, cymecTsyer
pekTop h€R™, Ttakoit, uto Ah=w. Buibepem uncno £€(0, 1), cTone
sMajoe, uro x*-theS. Torna

(26) [ (x*)—y+ Ath] (1 —1) | w],
H, Kak nokasmpaer (23),
@7 1 (x* 4- 1) —§ (x*) — Ath | < - { tw .

INockoabky ¢ (x* - k) -~ HopMa CYMMBI BEKTOPOB, (QHrypupyOMIHX
B JIeBBIX 4YacTAX papencrtsa (26) W sepapencrBa (27), M TaKk Kak
W= @), 10

28) gix*+ < (1—5 ) g (x".

Takum obpaaom, ¢ (x*)=0, 1. e. T{(x*)=y1).

Tem caMmuiM HOKasaHC, 4TO Kaxkpgasd Touka MHokectsa f(U) nmeer
oKpecTHOCTb, cojepxaimyiocs B f(U). Tloatomy T(U)— oTkpritoe
NOAMHOXKeCTBO HpocTpaHcTBa R™ Tlomaras V-=f(U), mu BuznM,
YTO yTBEpHUEHUE (a) TeopeMbi AOKA3AHO.

Yrobul gokasats (b), BuiGepem yEV, y-+-k €V u nosoxum x = g (y),

h=g(y-+k)—g(y).

ly 91y dacTs JOKABATCALUTBA MWHHY el UEMHOTO COKPATHTh: [eiicTsi-
TeabBo, GyHKmiH @ (X) - | y— [ (X)}? gocTuraeT MMUNMYMA B TOMKe x¥, HpHAAj-
aesamedt 8. HooroMy gacTase upowssogume PynKniE ¢ (x) B vroii Touwe obpa-
maloTeH B ayas, Orewoga caepyer, uro B(y—f(x*))=:0, rme B¢ L (A, R"),
[B] — MaTpstna, TpancnoHupopauHas K [F (X*¥)| 1 HDorudy ofparHMad, Jnagwr,
y=k(x*). -—puxn. nepes.
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Coraacio teopeme 9.8 (a), Hepasencty (22) ¥ Hawemy BHIGOpY

uhcaa A, onepatop ' (X} mMeer o6patTHRIff, KOTOPLIA Mb OG03HAYHM
yepes B. lpumensa B k pasencRy

k=1 (x 2 h)—F (x) =¥ (x) h4- ¢ (),
rae ie(h)/|hj—0 npu h—0, My nonyuam Bk=h4 Br(h), uan
(29) g(y+ k) —g{y)=Bk—B(r(h)).

Coraacno (24), 2A|h|<|k|. Takum o6pasom, h-->0 npn k-—0

(470 OAHOBDEMEHHO JOKA3HBAET HENPEPHIBHOCTL OTOBpaXenus g
B TOUKE ¥) H

. [B(e())| . 1Bl {r()l
{30) & <5 8] —0 npp k—0.

Cpapuenne (30) m (29) noxaswisaer, uto g AndpepeHHUpyEMO
B ToYKe ¥ H uT0 g’ (y)=2B. Hueimn caoBamu,

(31) gy=eEeyn?t (yev).

Kpome Toro, g-— HempepriBHoe oToOpaxenne muoxectsa V na U,
' — nenpepriBHoe oToOpasmeHne mHOxectTsa U B MHOXecTBO 2 BCex
ofpaTHMLIX 37eMeHTOB MHOXKecTBa L (R™), a nepexox K oGpaTHoMy—
HenpepriBHOE 0TOGpaXeHHe MHOXecTsa £ Ha Maoxkectao & {mo Teo-
me 9.8 (b)]. Hcnoawaya stu daxtel ® paBenctso (31), Ml nonysaem,
uto g€ 6’ (V). '

Teopema aokazawna.

Caenyiolllee YyTBEPXK/ACHHE BHITEKAET HENOCPEACTBEHIIO H3 TEOPEMA
[wactL (a)]:

Caeacrsue. Ecau T ecme B -omobpaxcene omgpnoimozo MHo-
acecmea E < R™ & npocmpancmeo R™ u ecau onepamop ¥ (X) o6pamum
npu aw0bom X€E, mo ©{W)—omxpoumoe nodmuoscecmeo npocmpan-
cmsa R®, raxoeo ot xu 6Golao omrpwimoe muoscecmeo W < E.

Wupivu caosami, F— omipoemoe omobpascenie Muoxectsa E B mpo-
cTpaHcTBO R™,

Tlpeanonoesns, cASJAHHBE B ITOM CACHCTBHH, 06eCNeYHBAIOT
AR KOKA0H TOYKH X € E cylwlecTBOBanHe TaKoH OKPECTHOCTH, Ha KOTO-
poit otoOpakenue f BsauMHO OAHO3Hauno. MoxHo ckasath, uro f
AOKOA6HO B3aMMHO OfRo3Hauno, Opnako [ He ofA3aHo npH 3ToM GITH
83aHMHO O0JHO3HAYHWM Ha BceM MHoXectBe E. Ilpumep npusepeu
B yupamxueHHn 12.

Teopema o HeasHol PyHKHMH

Ecm x=(x;, ..., %)€R* ¥ y=(y, ..., Ym) ER™, TO uepes
(x, ¥) Mbt 6yneM 0003HauaTh TOYKY {UIK BEKTOp) :

(xl? ooy Xny yh ey ym) e Rn+m.
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B sToM paspese nepBLIi 2/€MEHT B (X, ¥) HJM B NOJ0GHOM CHMBOJE
Beerja Gyxet o6o3HAYaTHL BEKTOp NPOCTPaHCTBA R™, a BTOPO — BEKTOp
npocrpaHctTea R™,

Tycte A€ L(R"™, R™), B nycTh

(32} A(h, 0)=0 skeusanentHo h=0.

3avernM, uT0 no Teopeme 9.5 ortobpaxenne h— A(h, 0) ecrs
JIHHefiHoe BlaMMHC OAHO3HauHOoe oToOpamenne R™ na ceba. Hanee,
npu BeakoM k€ R™ n b€ R" ypaBHeHne A (X, K)==b HMeeT egnHCcTBeH-
#oe pemenne, JeHCTBHTEABHO, CylllecTByeT Takoe X, uto A(x, 0)=-
=b—A0, k), 1. e. A(Xk)=b, a ecan A(x;, k)=A(xs k),
T0 A(Xy— %3, 0)=0 U, B cuay (32), x,=xs.

B uwacTHocTH, ecant A ydossemeopsem yeaosuio (32), me ypasHernue

(33) A (X, y) =0

umeem npu xamdom YER™ 0duo u moaeko 0dHo pewerue X¢€R™.

Teopema o HeaBHO! YHKUMUN YTBEPKAAET, YUTO NMOAOOHOE 3aK/IIOYE-
HHE CNPABEIJIHBO H B OTHOLIEHHH HEKOTOpHIX (He 0083aTesibHO JIHHE!-
Ibix) denpepuisHo AH(depeHunpyembix ortolipamennii. Ilpexje uem
copMyaupoBaT: €e, 3aMeTHM, 4To ecan [A]—MaTpuua (M3 n CTpoK
B n-+m croabuos) otofpaxeHus A NO OTHOWIEHHIO K CTaHAAPTHLIM
GazucaM, To (32) OsSHayaeT B TOUHOCTH, IO BeKMOPH, CIMOALYILE
8 nepebix n cmoabyax mampuyer [A], aupefino desaBHCHMH, [Todib-
3yACh 3THM KpHTEpHEM, MOIKHO INpOBepsATh, BbIOJAHAETCA JH (32),

9.18. Teopema. Hycmo I ecmv € -omoGparncenue omxpuimozo
muoscecmea E — R™™ ¢ npocmpancmeo R*. Jonycmum,umo(a, b)€ E,
f(a,b)==0, A=1"(a, b} u A ydosaemsopaem ycaosurw (32). Tozda
cyuecmsyrom oxpecmuocme W mowxu b (W o R™ u eduncmeennan
Pynryun g€ (W) co snonenuamuy ¢ R™, maxue, amo g{b)=a u

(34) fHg(yhv)=0 (yeW)

OyHRLMS ¢ OnpefeNieHa HeABHO paBeHCTBOM (34), oTClOZa H Has-
Banue TeopeMil. Ee MoxHO chopMyaHpoBaTe B TEPMHHAX, OTHOCAIUXCH
K CHCTeMe 7 YpaBHeHHH ¢ ri+-m HeH3BeCTHLIMH:

Foe ooy Xny #15 «ooy Ym) =0, .
(35) :
FaXe «oov Xns By o ey ) =0.

Haue npeanosnoxenne o6 A Teneph osHayaeT, YTO KBajApaTHas
MaTpHild M3 272 CTPOK B n cronlioB, Takas, 4To Ha NepecedeHdH ee
i-B crpoxu d j-ro' croafma CTOMT g% (a, b), Hmeer HesaBHCHMBIE
ctoabupl. Ecay 910 BHINOJIHAETCA ¥ €CJH X =2, ¥ = b yioBaeTBOpsiorT
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ypasreHHo {35), To (3D) MOKHO Pa3peIlINTL OTHOCHTENBHO Xy, ..., Xy
NPH KamxaoM y, ZocTatouno Gmi3skoMm K b.

HoxasareanctBo. Ilycib F—oTobpaskenne, cTaBamee B COOT~
BETCTBHE Touke (X, y)€ E Touky (z, w) € R"*™, onpesedeHHYIO paBeH-~
CTBOM
(36) z=f(x, y), wWuny,

Toraa F¢ €' (E). ockoapky f(a, b)=0, 10

f(a-+-h, b--k) =Ah, k)-i-r(h, k),
rae r-—OCTaToK, ydacTeylommit B onpexenrenws §'. Ha Toro uro
F(a-i-h, b-4-k)—F(a, b)=(f ({(a-- h), b-+ k), k),

caetyer, uto F' (a, b)— nuneinnl omepatop Ha R™™, Koropni
Bektopy (h, k) craBut B cooTBercTBHe Bektop (A (h, k}, k). Ecau npn
TakoM oTofpakeHHH oBpaz Kakoro-HHGYIMbL BeKTOopa paseH HYMIo,
0 A(h,k) =0 1 k=0, a notromy A(h, 8)=0 u us (32) caeayer,
yto h—0. 310 3sauur, yro onepatop F’(a, b} B3anMHO OHO3Hawen
H, CXel0BaTeNbHO, ofpaTHM (TeopeMa 9.5).

[Tosromy x F npuMennma TeopeMa of ofpatHofi yHKUHH: Cylue-
CTBYIOT OTKpbiThie MHOXectBa U ¥ V B R™™, cojnepxamue (a, b)
u (0, b) 1 rakme, yto F B3anMHO 0fHO3HAuHO oTOOpaxaer U Ha V;
cornacHo (36), m‘oﬁpameune, obparhoe X F, uMeer Baj

(37) X~ gz, w), y=w ((z,w)eV),
rae @€ 6 (V). Uuumu cnopamu,
(38) fHe@ wh,wi=z ((z,WeV).

Ecau Mul Tentepb 0Go3HauHM dYepes W Takyl OKpeCTHOCTb TOUKH b,
uro (0, w)EV npy weW, H nonoxuMm g(y)=¢(0,y) npu yeWw,
1o npy z:=0 B (38) mn noayunm (34).

SicHo, uro g(b)-=a, Tak kak @ (0, b)=a. ExnncrseRHocTs GyHK-
LUHH g clefyeT H3 TOTO, uTO OToGpa)kenHe F B3aNMHO ONHO3HANHO:
ecan (x, V)€U, (x%, Y)€U, a H(x, y)=1(x*, y), 10 F(x, y) == F(x*, y),
a notoMy Xx*=x.

Teopema o paure

HasoseM parzos nunefivoro npeoGpasoBaHHs pa3MepHOCTD €rQ MHO-
WecTBa 3HaveHufi. Cnepyiomas Teopeua CAYKHT TOATOTOBHTENLHOK
K Teopeme 9.20.

9.19. Tecopema. Hycme p, q, r—neompuyameavrbie yeivie
wucaa, X u Y — sexmopnvie npocmpancmea, dimX ==r--p, dimY =
= r-t-q, A— aunetinoe npeod pazoaanue npocmparcmea X 6 npocmpan -
cmeo Y panea r. To2da cyujecmayiom sexmoproie npocmparcmea X;,
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X, codeprcauquecs ¢ X, u npocmpancmea Y, Y, codepxcaytiecs
¢ Y, makue, wmo
(@) reowdedt x € X eduncmeenrnvim 00pasom npedcmacum & sude
X=Xy Xo, 20 X;€ Xy, X3€ Xo;
. (b) kawOsti yeY eBuncmeennom 00paszom npedcmasum & sude
Y=Y+ ¥ 20¢ YI€Yy, Y€V
(¢) Axp==0 npu Kamoom X, € X,
(d) cymenue npeobpasosanus A wa X, — 3aUMHO OOHOBHA4NOE
omob paxcerue npocmparcmsa X, Ha npocmparcmso Y,
{e) dimX,=dimY, =r.

Hoxkasateabctso. o Teopeme 9.3 (¢) npocrpancrso Y umeer

Gasuc {v,, ..., V,iq}, Takoil, uro {v,, ..., v,]— Gaskc MHOKeCTBa
3HaYeHuft Y, npeoGpasopanpna A. Ilycte Y,—ob6osoyka MHOMXKeCTBa
{Vrstr + ooy Veng) (SaMeTnM, uTO eciM ¢-=10, 70 Y; COCTOAT H3 OLHOrO

JHilib HyJesoro BekTopa. HexoTopule yTBepIKAeHHS, BHICKa3aHHbIE
B X0jle »TOTC JI0KA3aTeNRCTBA H B Teopeme 9.20, pomxHb OHITH HCTOX-
KOBaHL AHAJOMHMHO, eCAH OJHO MAH 007ee M3 uyuced p, ¢, r PaBHH
HyA10. Mbl mpejlocTaBjaneM YHTATENIO0 NOANPABHTb STH YTBEPKAEHHS
¥ HCTOJIKOBATH HX.)

BriGepem BexTopB Wy, ..., #.€X, TakHe, 4T0 Au;=v; (1 j ).
Toraza {u,, ..., u,} —He3aBUCHMOE MHOKECTBO; HATAHEM HA HEro mpo-
crpaHeTeo Xy, [Tycte X,— MBOKecTBO Beex X € X, Takux, uto Ax =0,

$icHo, uTO yrBepweHHs oT (b) 10 () Bmnoaunsiotca. Ecan x€ X,

T

10 AX=eN;, A€ € ..., Cp— HeKOTOpule uHcaa. [lonoxmm
‘

\
|

Xy = 2 €, Xa==X—X;. Torza x,€X,, A%,=Ax; sHauur, AXy==0,
1

AaA Xz € X, Cormacho (¢) u (d), X; 7 X uMEIOT TOABKO OZHK 061 Hi
BeKTop — Hynesol. [losToMy npegcTaBienHe X := X, -i- X3 €1HHCTBEHHO,
H {(a) nokasaHo.

Crepyloiiaa TeopeMa emle pa3 WINOCTPUPYeT OOGWIMI TPHHIKI,
COCTOAIINA B TOM, 4TO Henpephieno AuddeperunpyeMoe orobpaxenne F
BOJN3H TOYKH X BeleT cebd NMPUMEPHO TAK e, KaK NuHeHHOE npe-
ofpazopanre F’ (x).

9.20. Teopema. MHycme X=R™P, Y-=R*, F ectno ¥ -omo-
Opaxcenue omrpoimoso  muoxcecmea E <X 8 npocmpancmeo Y
. F' (X)—aunednoe npeobpasosanue panza r npu mobom XEE.

3agpuncupyesm mouky a€ E, noromcum A=F' (a). enbepenm X,, X,,
Yi, Yo, kux 6 meopeme 9.19, u onpedeaum F, u Fy pasencmeonm

(39) F(x)=F;(x) 5 F2(x) (€ E),
20¢ F (x)€Yy, Fa(x)€Y,.
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Tozda cyuwecmeyem omxpeimoe suoxecmso U e npocmpancmee X,
maroe, umo aclU, UcC E u

(a) ¥ (U)— omkpoimoe mruomecmeo ¢ Yy;

(b) 0an moGoeo yEFy (U) cyujecmeyem posro o0ur y;€Ys,, maxol,

Hmio
yi+y:EF({U).

leoMerphueckuft cumblcq yrBepixaenus (b) rakoB: F(U)—ar0
«r-MepHas NOBEPXHOCTbY B Y, NpHYeM «Hal» KaXAofl TOYKOH MHO-
#ecrBa F, (U) nexur poBHO oana Touxka 5TOf nosepXHoCTH. Mut
COBETYEM MKTATeNO HabpocaTh 4epreXX AN CAy4Yaes, KOTRA YucAa p,
G, r NPUHUMAOT OfHO W3 3Hauewnuii 0, I, 2.

Hokazareanctno. [lyere T—cysxenue orobpaxennn 4 ua X,.
Coraacro 9.19 (d), T — annefiroe B32NMHO OAHO3HAYHOE Npeobpa3oBa~
HHe npoctpanctea X, Ha Y,, a ofparHoe npeoGpasosanue 7' oTO-
Gpaxaer Y,; na X,. Ilycte P — aunefinniit oneparop na X, onpefenaen-
HBIf Tak: PX=X,, €CAH X=1X;-+ Xz X{€X;, X2€X, (Takoro poza
ONEpaTOP HA3LIBAKT NPOEKMOPOM), H TYCTh

(40) f (x) = TF, (x) 4- Px (x € E).
CornacHo npasusy AHQQeperuHpOBAHNA CAOKHON GYHKUHM, -
{41) ‘ ' (a) = T™F, (a) 4 P.

Mpn i=1, 2 MHOMKecTBO 3Hauenuhi oroSpaxenus F; cogepmurca
B Y;. [Nockoabky Y;— 3aMKHyTOE NOATPOCTPAKHCTBO NpOCTpaHcTea Y,
0 u3 (18) acuo wro Fi{a)heY; npu Bcex he€ X. Coraacho (39),
A=F;(a)+F,(a); a Tak KaK MHOKEeCTBO 3HaueHHit oTOOpameHus A
copnajaer ¢ Y, To, no Teopeme 9.19 (b), A=F;(a), u 9.19 (¢
nokasupaet, uto dh=Abh;, ecna h=h,+-hy, h, € X,, he € X;. Taxum
obpasomM,

¥ (a)h=T-14h-} Ph=T"1Ah, + hy=th, -+ hy=h.

S10 3uauur, uto I’ (a)— ToXKAecTBeHHOe oToGpaxkenue Ha X. [ToaTomy
#3 TeopeMul 06 o0paTHOA QYHKIMHE CREIYeT, YTO CYMEeCTBYIOT OTKPBITHE
maokectsa U v V B X, raxkue, wro acl/, Uc E u f—s3anmno
oauo3nauHoe otobpamenne MuoxkectBa U ma V. Boaee Toro (3amenss,
ecnn motpebyerca, U u V Hairexkamumi MHOKECTBAMH), MOMXHO
nobuthest, 4robul V Gbino BHOYKAEIM. [lycThb g —oTOOpameHnHe MHO-
wectea V wa U, ofpatnoe x f. Ilomomum

42) - ®@)=F{E(@) (zcV).
HUs toro, 9ro AP =0, caeayer, uto Af=AT'F,=F,, TaKk uTtO
F,(g(z))= Al (g(z)) =Az= Az,.
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Tarum obpasom,
(43) ®(z)=Az+o(2) (zeV)

rae ©{2) €Y, z=2,-L2,, 2,6 X,, 25€ X,.

Coraacuo (42) n (43), F, (U)—sT10 MuOXecTBO Bcex Touek Az,
rge z€V. Tlockonbky V oTkphiTo, a Y- MHOXKECTBO SHAUEHHH OTO-
Opamenns A, TO yTBep:KAeHHE (2) TEOPEMB! HOKA34HO.

Yrobal goxasaTh (b), A0CTaTONEO MpoBepHTh, uT0 @ (Z) 2aBHCHT
TOMLKC OT Zy.

3aguxcupyem z€ V. Coraacro (42) u (43),

(44) O (z)=F (g(z) g () =419 (2).

Beuay roro uro g’ (z)—oGparumbift JuHefinLA onepatop Ha X,
a F’ (g (z)) — oTobpaxenye panra r, MHOXECTBO SHaueHul R oTobpaxke-
ska @' (z) —BeKTOpHOE MpocTpaHcTBe pasmepuoctd r. [ycth Q—
npoexTop npocrpaHcTBa Y Ha npoctparcTBo Y. T1OCKOMLKY MHOMECTRBO
3HauYeHH¥ OTOOpaKenws @' (z) cogepkutes B Vs, To (44) nokasnipaer,
uro A=Q®’ (z). Takmu obpasoM, Q oTolpaxaer npocrpaHcTBo R
Ha Y,, 2 TaK KaK pasMepHOCTh OGOOMX STHX NPOCTPAHCTB paBHA r,
10 Q B3auMHO 0AN03HAYHO HA R. Takum ofpasoM,

{45) uz Ah=0 caeayer, yto @' (z)h=0.
Econ tenepp z€V, z4+he €V, hy€ X5, 10 nodoxum
(46) AD)=0(z+Mh) (0<LIL]).

INockonbky V BHEOYEAD, 3TO ONpefefieHHe MMEET CMBEICH, a 7aK
Kak Ah,=0, 10 3 (45) u (46) crepyer, uTO

(A7) ABH=0 E+ith)=0 (O<I<]).

Taknm ofpasom, A (1)=A(0), Tak uro ®(z-4-h)=®(2) u ()
YCTaHOBJIEHO.

TeopemMa 0 PasAOMEHHH

[lyevs f—orofpaxenne oTkpuToro muoxectea £Ec— R® & npo-
cTpaHcTBo R™, d NyCTh CYIUECTBYET Taxoe Hedaoe f, uto e;-f (x)=e¢;-x
npy Beex is=f, x€E. Takum obpasoM, x u f(x) HMeloT pasnue
i~ KOOpRMHATH NPpH is=f, T. €. oroSpaxkenHe | MoKerT H3MEHATL
TONLKO j-10 KOOpAMHATY. Mbl OyZieM Ha3hiBaTh TAKHE OTOGPAIKEHHS
npocmsiMmiL.

9.21. Teopema. [Tycme 1 ecmo € -omoGpaxcenue omgpumozo
muoxcecrea E = R™ 8 npocmpancmeo R®, 0cE, 1(0)=0,q ¥ (0)—
obpamunoe npeobpascsanue. To20a cytyecnayem maxas okpecmuocms
Hyan 8 R, 6 komopoil umeem mecmo npedcmaesenue

§ (x) = gn (Bn (gn=1 (- - « (g1 (Byx))).
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3dece Kamdoe g — npocmoe €' -omobpadcenue Hekomopor OKpecm-
nocmu mouku 0, g (0)=0, a kamdoe Bj,— auneirnoe omobpancenue
Ha R®, npuuem aubo moxcOecmeennoe, aubo Mewsiowiee mecmamu
xakgio-rubyde odny napy xuvopdusam.

Hoxasateasctbo, [Mosoxam f==1,, ¥ nycre 1 <m < n. Tipr-
MeM clelyiollee HHAYKTHBHOe NPeRNONOXeHHe (OUEeBHIHO, CNpaBej-
aupoe npy m=1): f,, oToGpaxkaeT OKpecTHOCTb TOUKK O MpOCTpak-
ctea R™ B npocrpancrao R", I, —orolpaxenune xiaacca €', npeobpa-
aoBanne A, =, (0) obpaTumo n

48y e fu{Xx)=e-x (1 <i<<m).

IMonoxum ;;=e;- Ape;. M3 (48) creayer, uto @;;=0, ecam
i<m Hu j>m. Ecau Obl, KpoMe TOre, NpH BCeX | > i BHIIOABAACCH

PABEHCTBO Gn; =0, TO H3 NpPeACTaBACHHRN Ape;== D 0);€; CACAOBAJIO

T
Oul, yto -+ m—1 He3aBHCHMBIX BeKTOPOB A€, ..., Am€a TNPHHAA-
AeKaT 0GOJNOUKE 72— BEKTOPOR €4y, . . ., €, BONPEKH Teopenme 9. 2,
Takum 06pazoM, CYIUECTBYET TaKoe j, UTO M [N H Upy550.
Onpegeaum onepatopbi Pp, B, €L (R™) pasencrBamu: P.e;==e,
eCyIH {54 m, Ppe,=0; B,e, ~e; B,e;=e,, B,e e zaa Bcex
npouux i. Ilosoxum

(49) g (X) =Ppx + {em b (Bmx)} -

Torna g, 04eBHIAHO, NPocToe oTeSpamente, [Jockoanky (T.8.,:) (0)=
== AnBn, TO

(50} g;ﬂ {0) h = th ' | : {em. - AmBmh} €n (h E Rr&).

Ecnu g, (0}h=0, 1o, xaKk nokasmsaer (50), P, ,h=0, TaK uro
h=le,. fg'l , KpoMe TOTO, €, AnBnh=0, T. e, Auy;=0 no onpe-
jgenedno By, [IoCKOAbKY ;== 0, Mbl BHIuM, uTo A=0, 3Hauur,
h-=0,

Tem camblM Joka3aHo, uTO g.(0) - B3aHMHO OAHO3NAMHOE OTO-
6pamende. CTaao ObiThb, OHO O0PAaTHAMO, H H3 TEOPEMhl 06 OOpaTHOM
oToGpakeHdH caefyeT, YTO g, B3aHMHO OZRO3HAMHO B HEKOTOpOi
okpectHocTH U, Touka O U 410 gy (Un) =V, — OTKpHITOE MHOKECTBO
g R™ Uomoxnm

(1) Fine (¥) = b (Bugier (¥) (YEV)
Eean yeVy, y=gu(Xx), X€U,, T0, Kak noxassisaer (49),
(62) em‘y:em‘fm (By x), Cry=¢-X (i <<mj}.

Teneps n3 (48) W onpeneaenns B,, caeryer, urto

€-fney (Y)'Jei'Bmxmel'x“‘ei'Ys
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ecnan { < m; us (52), Kpome TOrO, CAPAYET, YTO
Cm- im+i (Y) =g fn (Bmx) =€m-Y.

CJ]GILOB&TE.?IbHD, me YAOBACTRODACT NPEAIIONOKCHHW UNHYKIEHH
¢ m--1 BMecTe m, H MOCTPOEHHE MOXHO HPOAOKHTL. [lepenmcer-
pasi (51) B BHIe

(53) fn (X) = Tty (g'n (Bmx)’

rpH m=1, ..., n H sameuas, uto I,y — TOMAECTBEHHOE OTOOpaxNe-
HHE, Mbl [0AyYaeM

Iy (x) =3 (g, (Bx)) =T, (g2 (Bog (Bix)) = ... .,

HTO H COCTABAACT HYXKHOE 3aKJINYLHHE,

Onpegeauresm

9.22, Onpepeaenue. Ecaa {(f;. ..., ja)— YIOPAROICHHLIN
Balop UeABIX YHCEN, TO MOJOMHM

(54) S(jh ----fn)-‘-‘-!gqsgn(fq"fp),

rae sgnx=1, eca x>>0, sgnx=—1, ecau x<<0, sgnx =0, ecsn
x=0, Torga s(fi, ..., fa)=1, —1 wau O H Menger 3Hax, ecau
Kaxne-HRGYAb JBA M3 YHCEJ [ MEHAIOTCA MeCTaMH.

ITycrs (A} —matpuna Jmmeiinoro onepatopa A na R™ no orHomwe-
HHIO K CTaHpapTHOMY Oasucy {e,, ..., &,}; Ha Nepeceuenny i-fi crpoky

H. j-ro croafua marpHusl |A] crour wncno a(i, j). Onpedesumerem
MaTpuibl [A] HA3LBAETCA HHCHO

(65)  det{Al=2s(i1, ..., f)all, j)a(2 jo) ... an, ju).

Cymmupopantie B (55) NpOH3BOAMTCA TO BCEM  YIOPSIROYEHHLIM
Haopam nedasiX udHcen (fy, ..., fa}, TakaM, uto 1<j < n.
BexTopyl, kotophie cayXar crondnaMu MarTpHiu [A], TakosbI:

n

(56) x;:—-_zia(i. e (1<ji<n)

1=

Yaobrno npexcraBiste ceGe det[4] kak dyHKmMo crToatnos
Marpuunl [A}. Ecan Mo sanmines

det (x;, v ., ¥ =det[A),

10 Teneph def— BemecTBennan GYHKUUA, ONpejeNeHHAm Ha MHOMe-

CTBE BCeX YHOPAHOMEHHBIX HaGOPOB, COCTOAUINX H3 RN BEXTOpPOB
npocTpadcTsa R™,
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9.23. Teopewma. (a) Ecsu [-—moxdecmsennsi onepamop
na R™, mo
det[f]=det (e, ..., e;)= 1.
(b) det — aunednan ynxyus no xancdomy us cmoabyos Xy, ecau
OCTAAbHYE DUKCLLPOBANDL.
{¢) Ecau 1A}, noayuaemcsa u3 |A] nepecmanogkoil 0gyx cmoabyos,
mo det [A], = — det [A).
(d) Ecau mampuya [A) umeem dea pasroix cmoabuya, mo det [A] =0.
HdoxasareascTBo. Ecaw A=I, 1o a{l, i)=1, a(i, j)=0
OpH {4 f. 3HauuT,
det[f1=5(1,2, ..., n)=1,
H (a) roxasaro. Coraacho (54), s{fy, ..., ja) =0, ecnH Kakue-nuGy L
Apa u3 uncesa j pabHel. Kaxnoe wu3 nl ocTaNbHEIX NpoH3BeenHil,
yuacTByiomHx B (55), COMEPIKHT POBHO NO OAHOMY MHOMKHTENO U3
Kaxporo croafna. Tem cambiM aokasano (b). YTeepxpeuune (c)

HeMEVICHAO CJleyeT H3 TOrO, 4YTO S(fi, ..., ju) MEHACT 2HAK, €CJH
Kakne-HHOYAb ABA H3 4Hcea j paBHbl, a (d) caepyer w3 (c).

9.24, Teopema.+ llyeme [A] u [Bl—mampuyw onepamopos,
dedcmeyowiux 8 R". Toeda del ({B] [A]) = det [B] . det [4].

HoxaaareascrBo., Ecau X, ..., Xa—cToA6us MaTpuust {A],
TO NOJOKHM

(57) Ap(Xis «- -, Xa) = A [A] = det ({B] [4]).

Cronbum matpunut [B][A}— o710 Bekrops Bx, ..., BxX,.
Takum opasom,

(58) Bp (Xgy o ovy Xp)=det (Bxy, ..., Bx,).

Cornacuo {58) u Teopeme 9.23, ¢pyHRuus Ap Takme obaagaer
csoficteamu (9.23) (b}, (c), (d). Coraacuo (k) u (56),

AB[A]=A.B(ga(it ‘)ei! Xzp c0vs xn)=ga(i! I)A_B(ehxh---sxn)-

HOBTOpKﬂ oty NpONEAYPY C Xz, « oy Xie Mbl IOAYTAEM
(59) AB [A] = Za(iit l)a (iﬂ‘.s 2) e a(‘-m “) AB (efp LR e’ln)s

TAe CYMMHPOBAHHE PACTpOCTPaHACTCA Ha BCe YNODAAOUYeHHHE HaGOphI
4y +- s in) € 1<i. < n. Cornacyo (¢) n {d),

(60) Ap(es, oo g;,,)zt(ii. seerin)Apley, ..., 8),
rae f==1, 0 unmu —1,- a Tak Kak {B] [I] ={8], 1o ns (57) caeayer, utO
(61) : Ap(ey, ..., e,)=det[B]
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[loacrasaaa (61) u (60) 8 (5Y9), My monyyaem

det (B [AN =1 a(iy, 1) ... @ (in, 0} (Eyy - .., a)} det[B],
Kakosb! Gbt ni Ouintn matpuust [A] u [B). [Tonaraa B=1, mol sBujaum,
4TO CyMMa B QHIyDHBIX cKobGxax pasua det[Ad]. Teopema nokasaHa.

9.25. Teopewma. Juneinnii onepamop A na R" ofpamum mozda
U MoALKD moz2da, koeda det([A4)s%0.

JoxasatenwncTro. Ecad A ofipathM, T0, KaK NOKA3RIBAET
TeopeMa 9.24,

det [A] det [A] = det (A4 ] =det[[] =1,

Tak uto det{A4]=+0. \
Ecmi A He ofpataM, To cTONOUM X, ..., X, MaTpruw [A] 3asn-

cHMel (TeopeMa 9.B) M, caefopaTtenbho, HMeeTcH crosbell, CKameM,
Xi, Takoh, uto

(62) X -1 2 CiXy= 0,
Jibh

rae ¢;—uexoropsie yucna. Cornmacuo 9.23 (b)) u (d), cronGew x,
MOXKHO 3aMEHHTb CTOAOUOM X €;X;, HE MCHAS ONPEACIHTENdA, €CIN
j= k. Orciofa cheayet, uTo cronben, X, COXpaHsis 3HAYeHHe Ofpe-
JBONHTEJNIA, MOXHO 3aMEHHTb CTOAOLOM, cTosiuinM caesa B (62), T. e,
cronbuom uyseit. Ho Marpuua, umeioman O ofHHM H3 CBOEX CTOMIS-
110B, HMeeT Hyaesofi onpexeautean. ITostomy det[A]==0.

8.26. 3amevanne. Ilyers {e;, ..., e} 1 {u,, ..., u,} —0Gasucu
B R*. Kaxpomy nnanefinomy onepatopy 8 R" 0TBeualor MaTPHLLB!
Al u [Aly ¢ aneMenTaMi @y K Gy B COOTBETCTBHH C paseHCTBaMd

3
Aey = ; aijei, ‘Au_;= 2 o ;.
Ecnu uy=Be;= D biser, 10 Bektop Au; paBeH BeKTOpY
DayBey = X vay 2 bine; == 2 (3 bunan, Y e,
% % T ®
a TaKKe BEKTODY
ABe,:A% byjen = ; (%}a;;bu) e:.
TakuM 06pasoM, D) Dw@n;= 2 Giabrs, HAHM
(63} [B] [Aly = Al {B].

Ilockonsky onepatop B obpatum, To det[B]=+0. KomGirnpys
(63) ¢ reopemoil 9.24, nosnyvaeM

(64) det [Aly = det [A].
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ITosToMy onpegeanreab MaTPHIH JHHEHHOTO ONEPATOPA HE 3ABHCHT
OT GasuCa, KOTOPHIH Obli HCHOJAb30BaH JJSI NOCTPOCHHH MaTpHllbl.
Takum obpasom, umeem cmoica 2080pume o0 onpedeaumere Auned-
HO20 onepamopa, He UMes npu 3NMom & suay Hukarkoze basuca.

9.27. Axobkanwm, [Tycts f otvobpamaeT OFKPHITOC MHONKECTRO
E <« R* 8 npocrpancrso R*. Ecmn T qugdepenunpyemo B Touke X € E,
TO OnpefeNuTeNb Juncinoro oneparopa f' (X) HasbiBaercA AKOGUAHOM
oroSpaxenus | B Touke X. koOHan oroGpamenna f B Touke X ofo-
SHavyaeTcH CHMBOJIOM Jp (X}, TaK uro

(65) Ji(x) == dett’ (x).
Mu Gynem umcrionbzoBath AAf Jy (X) Takike oOo3HaueHHe

M, <oy Ur)
(66) I AL
€CHE {1, oo vy ta) =T (X0 « ooy Xn)-

Hcnoabsya nowsThe AKOGHana, OCHOBHOE yCIOBHE TeopeMbi of of-
paThOW (YHKLHH MOXKHO 3auMcaTbe Tak: Je{a)s=0 (cp. c Teope-
Mot 9.25). Ecaw TeopeMy o HeasHOfi ¢(yHKUHH cHopMyIHpoOBaThH
B tepmuHax &yukuuit (35), To ycaosHe sTOR TeopeMu! CBOAHTCH
X HepaBeHCTHY

LI AR
Iy ..oy x,,)z’(: *
Hurerpuposanne
9.28. Onpepgenenne Hasonem k-knerroft (HAH k-mepHoit KieT-
KOR) MHOMECTBO [* = R*, cocrosmulee H3 TOUGK X=(¥4, -.., Xa),
JJis1 KOTOpLIX
(67) Q< X< by (B=1,.... %)

Mycts f— senpepuipras pemecreerkan ¢ynknua na J*.  Tlosoxum
fa=[, u nycts

b
L]
Frmg=Facs (510 s 1) = § P G o a1 it
a
R

U3 papuomeproit menpephiBiocth Gynkuua f, na I* caeayer, urto
f-1— HENpepwBHas GyHKIMS Ha MHOXKecTBe 571, T. e. (B — l)-KaeTke
B npoctpascTee R'1, onpepensieMofi nepsuiMH k--1 HepasencTBaMmu
#3 (67). TosToMy MM MOXeEM NPOACAKHTH Hpouecc. B pesynnTaTte
A Kaxkporo j, 1<j<k, MBIl NOJYYRM HeNpepuBHylo PYyHKIMIO f;
#a knetke I’ C RY, upuueM f;., eCTb HHTEIPAN OT [; OTHOCHTENLHO Xj
no cermeHty [a; b;}. Hakonen, npowdTerpHpoBaB f,, Ml MOJy4uM
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wtca0 fo, KOTOPOE Ra3blBACTCH UMMeeparom Pynkyun f no k-xiemse I*
H 33IHCHIBAETCR B BUAe

(68) &f(x) dx wuim \' I
1 "

Ha nepsmii B3rA8A 5TO OHpPeA/NCHHE WATErPaja 3aBUCHT OT NOPAJKA,
B KOTOpOM IMPONSBOAATCA R ORKHOKpaTHEHX uHTerpupopamufi. Oanaxeo
3TO TONBKO KaXYIIAACH 3aBHCHMOCTL. Utolbl J0Kasath 5TO, BBELeM
BpeseHHO ofozuawenne L (f) nas warerpana (68) u L’ {f) — ana unre.
rpana, BO3HMKAOIE!D B Pe3yJbTate X HHTErpHpOBaluil, Npou3BeAeH-
HHIX B KaKOM-JHO0O HHOM NOpAXKe.

0.20. Teopema. Kaxosa 66t wu Guara ynryua [EB(IY),
usees L(f)==L"(f).

I{oxasa*re.nbc-rno. Ecau & (x)=h, (%) ... by {x3), rHE
h; €€ ({as, 1), T

hg (Jfg) dx, me L (h)

h
-
Lt—y

Ecan $ —MHOKeCTBO BCeX KOHEUHBLIX CYMM Taxkux (yHKLEA A,
10 L{g)=L"(g) npH Beex g €. Kpome Toro, $ — aarcbpa (pyukunﬁ
na wmuowecrse [*, K Kotopoii DpumennMa Teopema Croia— Beflep-
nrrpacea.

k
[Moaoxnm V-—:“ b;—a,). Ecan f€ € (I*), a ¢ >0, 1o cymecTyer

dyukuus g € ¥, ‘raKaﬂ uToO || f-—gllc‘:er re || fif=max|f(x) [ (x€I*).
Toraa 'L(f——g)'{s, ]L’(f g) |<<e, B TaK Kak

LH-L'H=L{—-g)+L" (g—1)

T0 VL(F)—L"{f};<<2¢. Tem campimt Teopema JloKasaHa.
C 3TuM 1yHKTOM CBS3aHO ynpauesue 19.

9.30. Onpeacacune. Hocumeresm (DelleCTBEHHNN HJAH KOM-
afekcHol) dyukusy [, onpemnemmn Ha R®, HasbiBaeTcs 3aMhlKanue
MHOMKeCTBA BeeX Tourk x € R", B kotopuix f (x) =% 0. Ecau f-— nenpe-
phiBHaf QYHKUMS ¢ KOMOAKTHHIM DOCHTeJaCM, a [*— Kakafn-HuGyAb
k-KNIETKA, COJAEPKAWAA NOCHTEdb PYUKUHH f, TO TOJIOKHM

JS" - 1g" i

Tax onpe,m;lelmmu HIITET Pa.T, O4EBKAHO, 1€ 3aBHCHT oT BuiGopa J*,
amib 6ol Kaetka fR copepxana nocuteNn Gymnkuuu f,
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MoxeT MoKasaTLCA 3aMAHYHBLIM PACHPOCTPAHKTL STO ONpEAcAeHHe
HHTErpaja mo mpocTpascTBY RP Ha DYHKUMH, KOTOpHE COYX4T npe-
JefiaMH (B HEKOTOPOM CMHCJie) HenpephBHEIX QYHKMUA C KOMNAKT-
HbIME HOCHTEJNAMH. Mul He XoTHM O6CYAaTb YCJAOBHSA, NPH KOTOPHMX
3TO MOMHO CHENATB; ITOT BOMPOC YMECTHO pellaTh C IMOMOLIBID HHTE-
rpaaa JleGera, Mnt JHWEL onumeM OJHH OYeHb MPOCTOR NpHMED,
KOTOpHIi OyleT HMCNONb30BAH NMPH A0KasaTeibeTBe TeopeMbl (CTokca.

9.31. Ipumep. llyets Q* ecTb k-cHMMIIERC, COCTOANIMA K3 BeeX
TOYEK X =(xy, ..., X4) NPOCTpaHCcTBa R¥, TakuxX, 410 X;+4 ...+ x|
B x>0 oph i=1, ...,k Ecm k=3, HanpuMep, To Q*—3t0
Terpasap c Bepwuunamu 0, e, €, e;. Ecan f€ € (Q%), To npoaocaxuM
dyHkumio [ 10 QyHKumH, onpefeseHHofi Ha eAHHHUHOM KyGe [*,
nosaras f(x)=0 Buae Q"

Ecau nmonyvyesHas B pesyabTaTe NPOAOHNKeHns GYHKIAS OKaXKETCS
HENpPepLIBHOA, TO €CTECTBEHHO IOJCKHTL

(69) Vi=n

Qt IR

NpHYeM HHTErpad crnpaBa B 5T0H opryde onpefelReTci B COOTBET-
CTBHH ¢ m. 9.28. ’ '

Opuako B obmem cayvae npojo/ketHan ¢ynxuua 6yLReT paspbiB-
Hoii Ha I*, W Ham caepyer onpedesums npasylc uyacte B (69).
Mu cefivac noxaKeM, KaKk 3TO MOMXHO cfeaaTb. KoneyHO, Mbl MOXKEM
AeficTBOBATh TAaK Ke, Kax B 1. 9.28, u B 3TOM cayuae HeoOXOAHMO
YCTAHOBHTh, 4TO HMHTErpajl He 3aBHCHT OT NOPAJIKA, B KOTOPOM
BHNOAHAOTCA R ORHOKpaTHBIX HHTerpupopaHuii. [lpupogrMoe HuXe
PACCYKACHHE 34CLHO COAEPHHT AOKA3aTeJbCTBO M ITOTO dakra.

HonoxaM y=(xy, ..., X3¢}, X=(y, xz). OnpefeauM QyHKUHIO
g:8(x)=f(x) npu x€Q*, g(x)=F(x/t), ecnu x4+ ...+ xa=1t>1,
H TIONOKHM

Ay)=max {0, l—x,— ... —xzy) (¥ E€I*Y),
JleficTsysi B COOTBETCTBHHM ¢ onpeienenneM 9.28, moayumm
1 C Ay
) . haW={70wdn={ g du
[i} 0

TMockoasky g€B(I*), a Acg ("), 10 u3 (70) caeayer, yTO
fr-g €€ (I*"1). BHaunT, NOCACAYIOMHME HHTETPHPOBAHUA HE COCTABJARIOT
npobaeMH.

Femn 0<<e<<1, 10 nonowum ¢(f)=1 npn t<<l—s, ¢(f)=
=(l—1t)/e Ha cermedTe [l——¢, 1], @ (f}=0 npu {>1, H nyems

Fx)=o@+... +a)f(x) (xel*).
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Toraa | Faey (¥)—f2-1 (y)|<el|F|| mpr Beex y €I, tak yto
) |§ #=n |<ellfil.
!

OrmetuM, uyTto HepaBencTBo {71) crpaBefidBO BHE 3aBHCHMOCTH
OT TOPAARA, B KOTOPOM HPOH3BOAATCA R OAHOKPATHHIX HRTETpPHPOBa-

HAR; BBHLY TOrO 9TO FE%(J"), Ha HHTerpaie \ F He cKasmBaeTcs
HHKAKOE H3MeHeHHe 3Toro mopsaaxa; (71) noxasmBaer, 4TO TO XKe
BEPHO M B OTHOLIGHUH S f.

Hama cneaywomas TecpeMa NOKaskiBaer, Kak XeficTByeT Ha HATe-
TPas 3aMeHa nepeMeHHLIX. [ing NpoCTOTH MLl OrpaHHuHMCs Henpe-
PHIBHEIME QYHKIHAMH ¢ KOMIAKTHHM HOCHTEJIEM.

9.32, Teopema. fHycme T — s3aumno odxosnaunoe €' -omobpaxce-
Hue omkpmmozo muoxcecmsa E < Rt 8 npocmpancmso RR, maxoe,
umo Jp(x) 5% 0 npu ecex X€E. Ecau f— nenpepoisras gynkyus na R*
C KOMNAKMKOM Hocumearem, codeproauumcs 8 T (E), mo

(72) { Fody={ 1@ 0137001 ax.

Rt R™

HanomsuM, uto J;— axo6uan oro6pakennsi T. Tax kax Jp(x) 0,
TO no reopeme 06 ob6pathof dynKuHH oTOoGpaxenne T1 HenpepolBHO
Ha MuoxectBe T(E), M TeM caMhM TNOAHHTErpajJbHas (QYHKIHA
B NPaBoil YacTH paBeHCTBa (72) HMeeT KOMMAaKTHHHA HOCHTENb, COmEp-
Kawufica 8 E (teopema 4.14). '

IToscaum nossaenne abcoswomotl sestqunts AKoGaaHa Jo{x) B (72).
ycrs k==1.IIpeanoaoxum, ure T-—p3auMio oAHo3HAUHOE 6'-0TOGpA-
wenne npocrpakcrBa R! ua RY. Toraa Jr(x) =T"(x). Ecau T eospacma-
ent, TO, coracHo TeopeMam 6.33 ¥ 6.17, KaxoBa Gb HH Ohla HenpepuiB-
Has PyHKUHA f ¢ KOMOAKTHHM HOCHTEJEM,

(73) { Hdy={ 1T DT (ndx.

Rl Rl

(3neck moxHO ofofituck ¥ Teopemolt 6.16, Tak Kak dymnkuma T
Henpepuiea.) Ho ecns T yOuisaer, 1o T’ (x) << 0, u ecan dyskunus f
NOAGKHKTENbHA HA BHYTPEHHOCTH CBOENO HOCHTEJ, TO MpaRad uacThb
paBeHcrBa (73) oTpuuareibHa, a JieBaf MNOAOKMTeAbHA. Bepuoe
paBeHCTBO moAyuHTCs, ecau T’ samewntb 8 (73) na |T7).

3aMeTuM, UTO MHTErpajH, KOTOPHE Mul cefivac paccMarpupaeM, —
STO HHTerpaii OT (yHKUWA [O MOAMHOXKECTSaM NpOCTpaHCTBA RE,
H C 3THMH TNIOAMHOMCCTBAMH MH He CBA3LIBAEM HHKAKOH OpHeHTAaUdH
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WiY HanpaBjesinsi. Mpl BcTaHeM Ha ApYIVIO TOWKY 3peHHH, Koraa

GyneM 3aHKMATHCA HHTErPHPOBaHHEM nHdGepeHNHANbHEIX  DOPM
RO NOBEPXHOCTAM.

Hoxaszareabcrpo. M3 Tonvko uTo ClefaHHbX 3aMeyansil
cneayer, 4ro (72) cnpaseasauBo, ecin T —rnpocToe 6'-oTofpamenue
{cM. Teopemy 9.21), a Teopema 9.29 nokasmBaer, uTo (72) BepHO
H B 7T0M cayuae, Korja T —smuefinoe npeofpasosanue, Mensoilee
MeCTaMH iB¢ KOOPJAHHATHL.

Ec.au Teopema Bepya asig orobpaxenndt P, Q n ecan S (x)==P (Q (x)),

TGO
Vt@az={ 1PN e idy=
= { FPQONIIP @) 1o (x)|dx =
=\ HS () ids () 1 dx,
TakK Kak

Jp (Q (x)) Jo (x) = det P* (Q (%)) det Q’ (x) =
= det P’ (Q (x)) Q' (x) =det &' (x) = Jg (),

COTJACHO TeopeMe 06 YMHOMEHRHH onpeleanTededt H NPaBHAY AH(-
depenuypoBannsd caokuofi Gyrxunu. Takum obpasom, reopeMa Bepra
u jgaa S.
Kaxpasa Touka a€ E umeer oxpectHOocTe U, B KOTOpOH
T(x) =T (a) + gs (Baga1 (. . - &1 (By (x—a2)))),

rae gg, B; Texe, uto B Teopene 9.21. [lonaraa V =T (L), nosnyyaem,
yTo (72) CIpaBeifuBO, €cJH RocuTeab dyRKuHH [ cofepxutes B V.,
Hrax:

Kawdan mouxa muoxecmea T (E) umeem oxpecmuocms V, maxyo,
ymo (72) cnpasedsuso 0aa aobod nenpepoirod Gynxkyuu f ¢ wocume-
aem, codepacawumcn 8 V.

Teneps nycTb f-— HenpepuiBHAA QyilKLEHA C KOMUAKTHRM HOCHTE-
aeMm K, conepxamupmed B T (£). Kaxjast Touka y € K CAyKHT HEHTPOM
HEKOTOPOTO OTKpmTOro wapa V(y) panayca r{y). Takoro, uto (72)
BHITIOJHACTCA A8 Kaxzol HenpepbiBiofl dYHKLURH C HOCHTEsAEM,
nexaummuM B V (y). [TockonbKy MHOXKECTBO K KOMNAKTHO, CYNIECTBYIOT

TOUKH ¥y, +.., ¥p, UpHHAANNaUIne K M Takue, uro oOBEAMHERHE
I
OTKDHTHX MmapoB W; ¢ UEHTPOM B y; M PaAuyca -5 f (y:) noxpuiBaeT K.

Mycts By (1 < i< p)—odyHKund, HenpepwBHad Ha R*, ¢ Hocute-
aeM B V (yi), Takan, yro f; (y)==1 wa W;. Ilonoxum o) =f; u

ay=(1—PB) (1 —82) 0. (1 —Ps-0) Bir
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ccal 2« j<p. Jlerxo npopeputn, uTo
@A opm= L —(1—By) (1 —Bo) ... (1—Bp).

B kaxpol Touke muoxectsa K ofpamaeTcs B HYJb X0TA OHl ONUH
H3 COMHOMHTEAeHl NOCAeNRero TPOM3BeACHUHA, TaK 4T th; (y}=1,
ecan y € K. Hocnrens uenpepesuofi ¢ynkuun off nexur B V (y)),

Tax uTo (72) BHMOJRSeTCA MpA KaxoM o f. Wa pasencrea f= Do f
caeayer, uro (72} cnpaseganso # paq f.

9.33. Onpenenenne. Ilyers f--BemecTBenuas QyHKLHA,
onpejieNeyHas Ha OTKPHITOM MHOMecTBe E — R™, ¢ 4aCTHBIMH TIpOH3-
sofubiMA Dyf, ..., Dyof (eM. n- 9.13). Econ dyuxunu D;f camu and-
(depeHURPYEMEl, TO 4ACMNBIE NPOU3soTRbIE 8MuPOE0 nopadxa pynryuy
OnPeie RIOTCH PABERCTBOM

Dyf=DDf (i, f=1, ..., n).

Eciau nce stn dysxnun D;;f wenpepmBHt Ha E, TO roBopAT, YTO
f--dyaxkuna knracca 8" na E uwan uro f €€ (E).

FoBopat, wro otobpaskenne ¥ mroxecTBa F B npocTpancTBo R*
NPHHAZREKHT Kiaccy € Ha E, echad Kamjasi ero XOMIOHeHTA JIpH-
HAIXEKHT Kaaccy €.

Haa npoctotet (M He yMansia oGUIHOCTH) MBI COPMYJIHDYEM Hally
CACAYIOULYIC TeopeMy ANA $YHKuHi ABYX NepeMeHHBX. :

9.34. Teopema. Ecau Dpf u Dyf nenpeposntt ng omgpoimos
suoxmecmse E < R®, mo Dyf ==Dyf 6 E.

HokasateascTso. donycriM, uto Dy,f (x) = Dyf (x) B xakofi-
ARGYAbL TouKe X muoxectBa E. Ha mpeanonomxenHofi RenpephiBHOCTH
CAeAYET, UYTO TOrAa CYHECTBYeT MNpsAMOYTrodpHHK R, coaepxa-
mufics 8 E, onpecasieMplfi HepaBeHCTBAMM a<x<b, oe<y<p
1 rakoft, uro (Dyf) (x, y) = (Dyf) (x, y) npu Beex (x, y) € R. 3nauur,

(74)  Duf > { D
n
Ho

b
dy § D, (Daf) (x, y) dx =

\ Do =
R

I

Pt R ) . Y

[(Dof) (b, 1) —(D:f) (a, )l dy=

=f{b B)—Fla. P—F(b. a) +f(a, @)
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O OCHOBHOA TeOpeMe MHTErpajsbHOrO MCYHCAEHHA, A 1o Teopeme 9.29

TOT K€ PesysbTaT NOAYYHTCH B AJd SDzaﬁ UTO fPUTHBOPEUHT

HepaBeHcTBY (74). )

Aubdepenunanbine dhopmul

B sTOoM paspene GyaeT yacTHYHO pa3paloTaH anmapar, HeoGXoau-
MBI jns rTeopemu CToKca.

Jlo cHX TOp MW PacCMATPHBAJIH NPOK3BOIHEE QyHKUME HECKONLKHX
NMepeMeHHbIX TOABKO JAJA OGyHKUME, OnpefleleHALIX Ha OTKPHITHX
MHOXeCTBaX. 3710 GO BbI3BAHO coo0paXKeHHAME YA0GCTBA M 1OSBO-
JIHJI0 HaM H36exaTs TPYAHOCTEH, KOTOPHE MOI'YT BCTPETHTHCS TipH
PacCMOTPEHHH TPaHHYHHIX TodeK. OAHAaKO Tenepr HaM Oyzer yaolHO
paccMaTpHBaTh IHpeperuHpyeMEe QYHKIHH HA KOMAQKMHOIX MHO-
xectBax. IlosToMy Mbl npuMeM chesyiomee cornamenue. Tobops,
uto f ecTs  @’-otofpakenne (wm B'-oToGpaxenue) KoMIaKTHOro
mHoxectBa D (T R* B mpoctpascTBo R™, Mbi OyZeM HMETb B BHAY,
9TO cymecTsyeT @’-orobpaxense (maH G"-oToGpamenne) g HeKoTo-
poro oTkphitoro MuomectBa W < R* B npocrpancTtso R*, Takoe, uto
DcW n g(x)=5(x) npu Bcex x¢D.

9.35. Onpenenenne. Ilycts E-—-OTKpLITOE MHOXECTBO B R™;
6’ -otobpakenne @ HEKOTOPOrO KOMIIAKTHONO MHomecTpa D c RF
B MHOXeCTBO E MEI GyAeM HasblBaTh R-nosepxrocmow 6 muoxcecmse E.

MpoxecTBo D) HasbIBAETCH MHONCECMBOM NAPAMEMPOE NOBEPX-
HoctH @. TouxH mHoxmecTBa D Mul GyneM 0603HadaTh Wepes u, Tak
910 U =(4,, ..., ).

Mu 6yaem HMeTb fesc TOMbKO ¢ mpocrefiuel caryauueil, Korja
D—unmn k-xnetka, wm k-cumniexe Q®, omucaunmfi B npumepe 9,31,
[pranna s7oro B TOM, UTO HaM TNpeACTOMT HHTEIPHpOBaTh no D,
a MH ¢lle He PasBHAM TeOPHH HHTerpHpoBanus No Gofiee CJAOKHLIM
NOAMHOKECTBAM nNpocTpaHCcTBA RR. MBl YBMAHM, 4YTO 3TO orpasuye-
HHe, HaloMenHoe Ha D (Mbi Gyaem ero B panbeefieM, He Orosap-
Bas, NPeANOJaraTb BHIOAHEHHLIM) He BJeYET CYLIECTBEHHOH noTepH
OOMHOCTH B TeODHH AudPepeHHHANLHBX dopM.

Cpapnenne c onpezencuneM 6.34 noxaswpaer, uyt0 1-mOBepxX-
HOCTh — 3TO He 4YTO HHOE, KaK HenpephiBHO andepeHnupyemas
Kpusas.

9.36. Onpenenenne. [lyeTb E —OTKpHTOE MBOXECTEO B Bpo-
crpaictee R". Jupdepenyuaronol gopmoi nopadka k> 1, onpe-
Oesennolt 8 E (unu, xpatko, k-gopmoti ¢ E) nasuiBaercd PyHKUAS ©
HA MHOMeCTBe k-NOBEPXHOCTeH, CHMBOJHYECKH 3aNHCHBAEMad B BHAE

(75) o=Dai. . i, Kdx A .. Adxg,
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(HHAEKCH {, ..., {3 HE3aBHCHMO TpPOGEeraioT MHOXecTBO 1, ..., n)
H conocrapisoman kaxaoh k-nopepxnoctd O B MHOXkecTBe E uncso

@ {D) = ‘m B COOTBETCTBHH C TPaBHAOM

o
- a{xit,...,x!k)d
(76) § 0= §) Z ai,.. .1, (‘D(U))W u,
rae D—wmuoxecTso napamerpos noeepxsoctn @.
DYHKUHH ¢ ., .1, NPEANONATAOTCA BEUIECTBEHHHIMH K HERpephs-
bt B E. Ecau ¢y, ..., @p— KOMNOHEHTH oToOpaxenus @, To aKo-
6uan B (76) —sT0 sIKOGHaH OTOOPAKEHHSA

Gty + -0 88) = (93, () - .., Py, ().

3amMeTuM, YTO mpaBaf yacTe PasencTBa (76) — MHTErpajs mo Mmo-
wecrpy D, ommcannuil B m. 9.28 (mam 9.31), u yro (76) —onpede-

AeHue CHMBOJA w,

I'oBopar, uto k-bopMa @ NpHHAAIEKHUT Kiaaccy @' waM 6", ecan
DYHKUHH ai,... B (715) npuHagnexMT Kjaccy 6 MM G,
0-dopmoft BasuiBalOT (QYHKLHNIO, HENPepHBHYID Ha MHOXectme E,
DopMul
(77) dxii /\ can A dx;k

Ha3LBalT OGasucabimu k-(popMamz. HTo6b yIpOCTHTb 0G03HAYEHHS,
Ml yacTo GyneM ynoTpeGisTh cHMBoA PB*  TOBKO AAA  GasAcHBIX
k-popu. Kaxpas k-dopma oxasniBaeTca TorAa cymMoit k-dopm fp*,
rae f ecte O-popma.

B kavecrBe mpocToro nmpHMepa paccMOTPHM l-noBepxmocTs ¥ B R?
(1. e. KpuByi0 kJjacca €‘) ¢ mmoxecrsom napamerpos [0, 1. Ecau
W =Xydx,+ x,dxs, TO . N

|

(o= § [v2 () %; ()3 ) ¥; (D1 df =, (1) 2 (1) — %, (0) %2 (0).

¥
Ecau y—3aMKHYTas KpHBas, TO g ©=0.

v
9.37. DnemenTtapube ceofictBa B-popm. Iycts w, w,, @3
cyTs k-gopunt 3 E. Mt 6yzeM mucath ®y=®,; TOrJa H TOJBKO
TOrAa, Koria oy (®)=aw,(®P), Kakopa O6H HH GBIa k-nosepxwocts O
B MHOXecTBe E; B uacTHocTH, @ =0 o3xauaer, uto o (D)=0 pis
Bcex k-nopepxHocTet @ B MuOKectBe E. Ecam ¢ — semectBennoe
YHCJO, TO ¢@ ecTh R-hopma, ONpeneNeHHas PaBEeHCTBOM

fro=cfo

]
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B uactHOcTH, — @ onpejefseTc] TakK, YTC

(78) { (o =—{o
L] L 2]

H © =0, | @, 03HAYALT, UTO

S o= S (l)i + g (1) 7
> -3 b
Hita Beex k-nosepxHocteid O B MHomectee E,
Coraacno (78) u (76), u3 TOro, 4TO ONpeAeHTEN: MEHAET 3HAK
Npd NEpecTaHOBKe ABYX €ro CTOAGHOB, ClejyeT, UTO BHIIOJHALTCA
QHMUROMMAYMANUeHbIE I0K0H

(79 de; Ndxy=—(dx; Adxy)y (¢, j=1, ..., 1)
Tlonaras 8 (79) {=j, nonydaem ’
{80) dey Adxy=0 ({=1, ..., n).

Chesosatenbto, Kamnas k-popMa oT n nepeMeHHHX ~ HYJEBasd,
ecau k>>n.

9.38. YmMuoxenne. Ilycte w ecto k-popma (75), a A ecTb
m-popma

\
(81) =200y . (R)dxy A Lo A dxg,
B E, rae ji, ..., j;m HE33BHCHMO TpoferaloT MHOMKECTBO LIEMNbIX yHcen

ot | no n. ITpoussedenue atux dopM, ofosHayaemoe cuMBoaoM @ A A,
ec7b, NoO onpefenennio, (k- m)-gopma

(82) o NA=Das. 1, (%) b5 (Xdx A ...
e /\dxik f\dxji/\ ce Adxjm-
B cymme (82) mmpexcnl iy, ..., fa f1u ..., fm H3MEHSIOTCA HES3A-

BHCHMO o1 | g0 1.

OnpejenenHoe Tak YMHOXKEHNE, OYeBUARO, ACCOUMATHBHO B RHCTPH-
GYTHBHO TIO OTHOILEHHIO K CA0KEHHIO, OITpefiefientioMy B pasiene 9.37.
3aMeTHM, uTO pasee BBefieHHoe 0003HAUEHHE

des, A\ oo Adxg,

corjacyeTcsi ¢ HalUAM TenepelHlM  ofpeleNeHneM  YMHOKEHH:.

9.39, IvddeperunpoBanne. Mp onpeleauM Tenmeph one-
patop audpepennupoBanus d, KoTopeifi Kamxpoii k-dopMe Knacca €’
B MHOXecTBe E craBut B cootBercibue (&4 1)-¢opmy B E.
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0-popma knacca ¥’ B E—310 npocto BewecTBensad (yHxuus
f€® (E), 7 Mu nonaraeM, NO ONPefeICHHIO,

(63) df = 3 (Ouf) (x) dxe

Femg @ =[P, rae P*- Gasucuan k-popma, 10 ee npoussodnot de
HaawiBaeTcsl (k4 1)}-bopma

(84) do=(df) A P,

rpe df —to xe, uro B (83), a npoussejeHHe NOWHM2ETCA B CMuiCse
n. 9.38. Onepatop d pacnpocrTpaHsieTcsa Ha CyMMbl wiedoB [B* (T. e.
Ha Bce R-QopMbl @} NO afAHTABHOCTH.

Uacto QopMy do Ha3WBAOT sewneld npoussoduor HopMpl @,
a4 © /\ A HashIBAIOT snewnum npousgederuesr $opMm @ u A. B coor-
BETCTBHH € 3THM GQopMaNbHOe HCYHCJEHHE, HOCTPOSHHEM KOTOPOro

Mbl CEfiyac 33aWHMAEMCH, HASHIBAIOT GHEWINUM Oupdeperyuaibroim
UCHUCIERULHM.

9.40. Teopema. {a) Ecau @ u A cyme k- u m-ghopmet (coom-
sememeenno) gagece % 6 E, mo
(85} dio A W) =(do) A L+(—1)Fe A dir

{b) Ecau w-—popra xaacca €" ¢ E, mo d®0 =10 g E. 3aece d%o
ofosnauaet, pasymeercd, dopmy d(do).

Jdokasateawcreo. Haa noxkasareascrsa pabencrsa (85)
AOCTATOYHO PacCMOTPeTh uacTHEH cayuail w=ff*, A=gp™, rae
f, g€ %' (E), a p*, p™ —Gaaucuuie dopmul. Toraa

o A h=fgp* A\ B,
TaK 976
(86) d{e AW =d(fg) A B" \B™
Coraaciio {83),
&7 d{fg)=gdf+[dg.
CooTHollleHHE aHTHKOMMYTATHBHOCTH (79) mokaswsaer, yTe
(88) (dg) A\ B* =(—1)"B" A dg.

Coraacno {88), noacraBaas (87) B (86), moayuaem (85). Ecau f
ecth (-¢opma kaacca 6", To

dif=d (3 (D) (W )= 3} dDf) Nty
=2 (Dyf) () dxy A dxj.



254 Fa. 3. Pynkyliu HeCKOALKUX NEPEMERHDIX

Beuay toro uro Dy;f =Djuf u dyxyAdx;=—dx;\dx, Mu BUmuM,
uto d*f ==0. Ecan o= ff*, 1O dmz(d[)/\ﬁ", a 7ak kKak d(f*)=0,
10 M3 (85) cnemyer, uro d*o=(d@*f)AF =0.

9.41. Onpepenenne. [lycth E—OTKpEITOR MHOMKECTBO B LpO-
ciparctee R™, T ecth ©'-orobpamenne MuoxecTsa E Ha OTKpuiTOe
Muoxectso V< R™, a @ ecto k-dopma B V:

o= ai...,, W dy A .. Ady,
Torxa T npeobpasyer dopMy @ B k-dopmy @r B E, sapannyio
cieayiolumM 06pasoM:
op= 2o, 4, (T Q) A .. \dt,

rae £y, ..., {m—KOMHOOHEHTH OTOGpameHHs T ADYrHMH CAOBaMmH,
ecqad (Y, ..., Ym}=T(X), TO #;=¢(x) U B cooTBercTBHH ¢ (83)

dt; = ’Z‘,‘ (D) (x) dx;.

Hama creaywomas Teopema 110K23kIBaeT, 4TO ONEPAUUH CRONKEHHS,
yMHOXekHs H InbdepeHunposanns QopM onpefeseHbl TaK, UTO OHU
HABAPHAKTHR OTHOCHTEJbHO 3AMEHH NepeMeHHBIX.

9.42. Teopema. llyemos E u T—me e, umo 6 onpedese-
;uu 9.41. fIycms o u h cymo k- u m-popmvt (coomsemcmaenno) s V.
oz0a .

(@) (04 Ayp=w7+hy, ecau k=m;
(8) (@ AMr=opAdp;
(¢) d(ar)=(do)r,

e o-—xKaacca 8, a T—raacca 6°.

. HoxasaTteancTBo. (@) H (b) BHTEKAOT HENOCPEACTBEHHO
u3 onpefedennit. Ecim f ectb O-bopma kaacca 6" » V, 1o

fr(Xy=F(T (X)), df =2 (D:f)(y)de

Hs npaeuna nndpdepeHuHpoBatns caelyer, 4to

d{fr)== ? (Difr)(x)dx; = ; ; (DY (T () (D) (x)dx; =

= D (DF)(T (%)t
Takum oGpasom,
d (fr) ={d)r.
Honyctim Teneps, 410 «=ff*, rae P'=dy, A... Ady,. Torpa
(B*)r=dtr\ ... Adti, ® u3 Teopemur 9.40 caenyer, uro d ((B*)r) =0
(3TO eAHHCTBEHHOE MECTO, TJ€ Mbl HCNOAb3YeM NPEITONoKEHHE O TOM,
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y1o T €€"). Ilockoabxy
0y = fr (")

To (85) m (b) mokaamBaroT Temepe, UTO

d{or)=d (F)AB")r =N AB")r =(dNN\B")r=
= (do)r.

Tem caMpiv JokasaHo M {c).
Teneph MBI MepexofuM K ApYroMy BaxHOMY cBORCTBY npeoﬁpaao—
BaHHil AnddepeHnHANLHHK dopM.

9.43. Teopema. fTycmo T ecmv € '-omobpaocenue omxpumozo
muomcecmea E c R™ ¢ omxpumoe mruowecmeo V< R™, S ecms
G -omobpanenue muomecmea V & omkpuimoe muomecmso W o R*,
a © asasemca k-poproi 8 W, max umo og ecms k-gopma & V,
u obe popuot (wg)y u wgr cymo k-hopmnt 8 E, 20e ST onpedersemcs
pasencmgonm (ST) (x} =S (T (x)).

Tozda
(89) (0g)r = wgr.

HdokasareascrBo. Ecan o u A—dopmut 8 W, 10, Kak noka-
snipaeT TeopeMa 9.42,

(@ AX)s)r = (0 Adg)r = {©0g)r A (As)r

(o AA)gr=wgrN\Agr.

Taxkum obpasoM, ecau (89) munoadsierca Aa% ¢ W pia A, 1o (89)
BumosHsteTcs ¥ s wAA. llockospky Kawpyio $OpMy MOXKHO
noctpouts H3 O-popM u l-dopm ¢ nomombio onepanufi CACKEHHA
H YMHOXEHHSI H NOCKOJBbKY (89) BuinostHAeTCA TPHBHANLHHIM 00pasoM
ona O-popm, To AocratouHo RokasaTe (89) B TOM caywae, xoraa
w=dz,, ¢g=1, ..., p. {Mul oBosHauaeM TOYKH MHOXectB E, V, W
uepes X, ¥, Z COOTBETCTBEHHO.)

Nyers £, ..., tm—KoMUOHeHTH oOTOGpaxenns T, 8, ..., Sp—
KOMIMOHEHTH oTofpaxeHwus S, a ry, ..., r;— KOMNOHEHTH oTOGpake-
uus ST. Ecau w=dzy, TO

W5 = dsg = 2 (Dysq) dy
T4K YTO NO NpaBURY naq:tpepenunposaunﬂ (cM. npumep 9. 14)
(0g)y = Z Os) (T (x)) dt;=
= 2 (D3} (T (x)) Z (Dt} (x) dx; =
= 2, (Dyrg) (X)dxi =drg = wsp.



256 Ta. 9. Duasyul ReckobKUx REPESERHBLY

9.44, Tcopewma. flycmo ® ecmo k-chopma 8 omKpoImos MHO-
ocecmae E < R", @ ecmo k-nosepsnocms 8 E ¢ mromcecmsom napa-

sempos D= RF, a A ecmb k-nosepxuocmoe ¢ R* ¢ mnoncecmsom
napamempos D, onpedeseunan mak: A{g)=u{uc D), Toz0a

[ o={ as
P )

HokasarenpctBo. HaM J0CTaTOMHO pACCMOTPETb TOABKO
cayuaft

o=a(X)de A... Adxy,
ECM @, +vey @n— KOMIOHEHTH OTOOpamenms @, 1o

wp =a(® ) dg A... Ades,.
Teopema GyleT IoKasaHa, €l MB YCTAHOBHM, HTO

(90) dos Ao A\dey, =T wydu A - .. Adus,
rae 5
. xii| P xik)
Y=

nockoabky #u3 (90) caemyer, uro
S 0= S a(® (w) J (u) du=

L D
- R a (@ (W) @du /... \duy = § 0.
a A
Mycte [Al—Marpiua u3 k cTpoR M k CTONOUOB € 3aeMEHTAMH
e(p, 9)=(Degi ) () (p, =1, ..., &).
Torpa
dgs, =2 0(p. q)dug,
TaK 4ro
doy A oo Adpu=da(l, @) ... a(k, gydug A ... Adug,
B nocrenpnclt cymme ¢y, ..., gr HIMEHRIOTCH HE3aBECHMO OT 1

1o k. Vis aaxona asTRKOMMyTaTHBHOCTH (79) caexyer, 4TO
d“qlf'\ oo Ndug, =s(g0 .., Qk)dull./\ .o Adug,

rje s-—To e, ut0 B onpefencnun 9.22. [lpumenns sto onpefene-
HHE, MH BRAMM, 4TO

d!}){l/\ v /\dq};k= det IA] dﬂ.i!\ e /\du;z,
a 18K kak J(u)=det[A], To (90) mokasauo.
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KoMOuuupys ABe NOCACAHHE TEOPEMLI, MNOJAYYaeM 3aKJIOYHTeb-
Huifl pesysbTAT 2TOre pasgena.

9.45. Teopema. ITyecms T ecmo G -omoBpaxcenue omxpeimozo
mroxncecrnea E — R™ ¢ omxpumoe muomecmeo V c=R™, @ ecms
k-nosepxtiocme ¢ E, o © ecmo k-¢popma ¢ V. Tozda

ISE

HokasatenbcTno. [TycTs D— MHOKECTBO MapaMeTpoB NOBEpX-~
HoctH @ (u Tem camuM moeepxroctH T®). OnpepennM A, Kak
B TeopeMe 9.44. IpuMenss 3Ty TeopeMy K op H @, nonyvaem

~ {or={ (@n)o-
@ A
Mpumenss stor peayabtar Kk ® B K T®, noayvaem
[ ore.
T® A '

Ho (wr)e =9re no Teopeme 9.43. Teopema ackasana.

Cumnaskenl B genu

9.46. Onpeneneuns Ilpu k=1, 2, 3, ... M onpezenses
cmandapmuoit cumniexe Q* xax mHoxectso Bcex u & R® Buaa

k &
u=izla;e; (¢;>0 npu i=1, ..., ku ga;gl).

rae {e;, ..., e;}—crangapruni Gasuc mpocTpaHcTBa R,

Ecid poy Py +.., Px—TOUKH NpocTpaHcTBa R™ M A--Jasunefiroe
orofipaxenue npoctpadcTa R® B npocrpancteo R®, ompegensemoe
paBencTsaMi Ae; =p;—p, {i=1, ..., k), TO opuenmuposanroim npa-
MOAUHEHHOIM R-CUMNACKCOM ’

(gl} 0"_’“[?09 Pis ss0y pk]

HAsHBAETC R-TIOBEPXHOCTL B R™ ¢ MHOXKecTBOM mnapamerpos QY,
3ajaHHas PaBEHCTBOM

%2) o(u)=p+Aun (ucQ¥).

3ameTM, uto a(0)=1py, o(e))=9p; npu i=1, ..., &.
MBI Ha3bIBaeM CHMILIEKC O OPUEHMUPOBARHEIM, UTOGH NOJYEPKHYTD,
9TQ NOPAAOK BEPUMH Pg, ..., Pi CAEKYeT YUHTHBaTh, Ecau

E=[pim seey Pi..l,
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rae {io, £, ..., {a}—nepecranoBka Mmoxectsa {0, 1, ..., &}, 10
MH OyXeM OUCATDH

.&-=S(io, ‘.is ey ik)gy

rae s— QyHKnHda, onpegedentHad B . 9.22, Taxum o6pasom, a=+0
B 3aBHCHMOCTH OT TOIO, KaKOe H3 IBYX paBeHCTB $=1 MiH s=—1
sumoanserca. Ctporo rosopa, cuutas (91} u (92) onpepenennem
CHMILIEKCA ©, MBI HMGEM TNPaBo MHCAThE ¢ =0 TOJABKO B TOM Cayuae,
Korga i,=0, ..., ix=Fk, xora OBl S{ip, ..., §») ¥ paBuaNOCH 1,
TaK uTO, CTPOro TOBOPsA, 3Aech Mbl HMeeM HeNo He € PABEHCTBOM,
a C OTHOLeHHeM SKBHBaAeHTHocTH, OFHAKO OJS HaUMX Helell Takoe
0602HauYeHHe OMpaBJAAHO, KAK NMOKa3bBaeT Teopema 9.47.

Ecau o=¢e0 (MH CAeAyeM TOALKO HTO NPHHATOMY COFJIAINERUIO)
H eciH £=1, TO TOBOPAT, 4TO O H G UMEIOT 00UHAKOSYNW OpUENma-
4u/o; echH e= —1, TO FOBOPAT, 9TO @ H O HMEIOT MPOMUBONOA0N -
Hble OpueRmayuu. 3amMeTHM, uYTO MiI HE ONpefenseM, YTO TAKOe
¢OPHEHTAUH CHMIJEKCa», To, YTO M ONPEASAHAH —3STO OTHOWICHHE
MEXKAY mNapaMH CHMIIEKCOS, HMEIOmIHX OIHO M TO Ke MHONECTBO
BEpIIHH, T. €, CBOACTBO JMBYX TAKAX CHMILIEKCOB HMETb OAHHAKOBYIO

OPHEHTALHIO.

Jdo c¢ux mop Mbl npeinonaradd, 9To k> 1. Opuenmuposanrolm
Q-cumnieKcom HA3HIBAETCHA TOUKA, KOTOPOHR MPHNHCAH HEKOTOPHIA 3HAK.
Mu nuileM 6= +py #IH 0= —p;. BEcm o=ep; (e=F 1) uecnu f
ecth O-popMa (T. e. BemlecTBeHHas GYHKOMA), TO Mpl TOJaraem,
no onpefeenulo,

{ =i o).

g

9.47. Teopema. Ecau o—opuenmuposanssil npasoasurelinoid
k-cumnaiexc a omxpomom muowcecmez E — R™ u ecau o=¢0, mo

(93 S O=8 S @
¢ g
048 obol k-popaw © e E.

HDokasareasctBo. Ecau k=0, 10 (93) cnenyer u3 npefni-
aywero onpefenenudsa. Hrax, Oynem cuATaTh, 9T0 2> 1 H yr0 0
caMmaexc (91).

IMycte 1<j<k, H nycTb 0 TNONyYaercs H3 O NepecTAHOBKOH
BepUIHE P, U p;. Torna e=-—1 1

o(u)=p;+Bu (ucQ"),
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rae B--aunelinoe oto6paxkenne npocTparcrsa R* B mpoctpancreo R”,
onpenesesHoe paBeHCTBaMH Be;=p,—p;, Be;=p;—p;, ecam i~ j.
OGossavan Aey=x; (1<i< k), rae A sanamo pasencrBaMu (92),
Mb BHJHM, 4TO cronOmbt MaTpHusl [B] (T. e. BekTopH DBe;) TaroBu

Xi—Xjy ooy Kjmp— X=Xy Xppg=—XJy +.0y Xp— X0

Eenn sHvecte M3 Raxaoro c¢roabua j-it cronbem, TC HH OAHK
U3 onpegenurteneht B (76) He H3MeHHTCH, H MBI TOAYYHM cTOAGLH
Xiy =vey Xjogy —Xj Xjpts eoey Xpo OHH OTJHMEIOTCA OT COOTBET-
CTBYIOIMX cronfuos Matpuub {A] TOABKO 3HAKOM j-ro cToABuA.
3uagut, B 9TOM cayuae (93) Aokasamno.

[Iycte Tenepb 0<Ci<Cj<k, % NycTb ¢ MosNyuaeTcd M3 O Nepe-
CTaHOBKOH BepIUHH P; # p;. Toria o(u)=pe+ Cu, rae (C] umeer
Te X¥e croabnsl, uto H [A], 3a McKJouenHeM [-ro W j-ro, KOTOpHe
IlepeCTaBJlellibI. Orciona cHoRa caeayet, 9To BuimonHsercs (93), Tak
Kak e= —1.

TTostomy (93) BunoansieTcs U B OGWEM cAydae, TaK KaK KaXias
nepecta€oBka Muoxectsa {0, I, ..., R} paBra cynepnosuunu nepe-
CTAHOBOK, ¢ KOTODLIMH MBI Ye HMCGAH J1eno,

9.48. Onpenenenne. Hpamoaunednod k-yenowo T B OTEPHTOM
MHOXecTBe F < R™ HasbiBaeTCA CeMelCTBO, COCToAlnee H3 KOHeY-

HOTO YHCJIA OPHEHTHPOBAHHKIX R-CHMNJAEKCOB Oy, ..., 0, B E (He o61-
3aTeNILHO PAS/IHTHEX).

Ecmu I'-—Takaa uens u ecanm o ects k-popma B E, TO, N0 onpe-
AeJIeRHIO, WOJAaraeM

r

(94) fo=3 {a

T =16,

Mul Moxem paccmaTpuBars k-noBepxHocth @ B E Kak dyuKumo,
OnpeAeNeHHYI0 Ha MHOXecTBe BceX R-dopM o B £, COmOCTaB/sAIO-

myio Kaxzaofi dopme © uHcao So). BewecTeerHble GYHKOME MOXKHO

Q@
ckaaamBarh (CM. onpenenenne 4.3), nostoMy (94) noackasbiBaer
cacayomee ofosHadeHHe:

(95) T=0,+...+0,.

Hanpumep, ecsiw 0p= —0, 1 I'=0, 40y, 10 S =10 mpH BCeX .

B atoM caydyae MoxHO 3anucats I'=0.
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Ilpu k=1, 2, 3, ... epanuyed OPHEHTHPOBZHHOTO I pAMONANeR-
HOTO R-cHMMUIEKCa O =[P, Pys ..., Px] HA3HBaeTcAa npsMoaxuefiras
(% — 1)-uenn

k
(96) do = 5§0 ('- l)j [Pos ++ o4 Pi-ts Pjats »+ o2 Pile

Hanpumep, ecau o=[pqg, py, P2}, 10

0o =1ps, P2l —Pos P2} + [Por P1l= [P0, Ps] + [Py, P2l 4 [P2s Pole
3ro cosnanaer ¢ OOLMHBIM ONPEAGNEHHEM ODHCHTHPOBaHHOA rpa-
HHUB TPEYTOAbHAKA.

3ametnM, uto ecnu 1 <<j<k, TO CHMIVIEKC O5=[Poy <+ .y Pjus,
Pst1s - -1 Dal, QUCypupytomwii B (96), umeer Q¥ cBOMM MHOMXECTBOM.
napaMeTpoB, H YTO OH OMNpefedfeTCs TakK:

(97 oj(u)==po-+-Bu  (eQ*Y),
rie B— nunefinoe orofpaxenne u3 R*1 B R™, onpepensemoe papeH-
CTBaMK
Bei =P Pn
ecmn 1<i<j—1, Be;=pur—po, ecu f<i<k~—1. CrMnieke
O =[P1 Par «+«s Py
KOTopHIfi TOXKe ydacTByer B (96), sagaerca Kak otoGpaesne
O (1) = py - Bu,
rae Bey=puy—py mpu 1 <i<k—1.

9.49, Onpenenenue. Ilyers T ects €'-orobpaxkenne OTKpbi-
Toro MHoxkecTBa E — R™ B oTKpbiToe MEOXecTBo V — R™, He obs3a-
TeAbHO B32HMHO ORHO3HauHoe, EcAH ©— OPHeHTHPOBAHEHHA npsmMo-
Juuedunf k-cumniaekc B E, To chaoxnoe otobpaxenue @ =T (g)
ecTb k-nosepxHocTh B V ¢ MHOXecTROM napamerpos Q*. Mu Gyzem
nasuBate O opuenmuposannum k-cumnaexcom xaacca €°.

Koneunoe cemefictso ¥ opHeHTHpOBAaHHHX R-cumnaekcos @, ...

vsey O, KNacca 6" B V uasmipaerca k-yensio xaacca 6" ¢ V; ecau
® ectb k-opma B V, TO, no onpegedeHu0, nojaraeM

(98) 0=3 {0

M MCIONE3yeM COOTBETCTBymee oGosnavenwe ¥ =) @;. Ecanm
I' = )} 0; — npaMonurefnas uens ¥ ;=T (c;), T0 MH 6yAeN NHCATH

¥=T(T), uau-
T(D o)=2T (o).
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Ipanuya 0@ opuentupoBanHOro k-cumiyiekca @ = T (a) — 370,
no onpejenennio, (k— 1)-tensd

o0 =T (30).

Ouepnfiro, uro 0@ npuMagaexkut kiaccy 67, ecan @ npusapaexnr
STOMYy KJaaccy.
Hakoseu, Mum onpeaenseM rpanuny O¥ mexotopoit k-nenn

¥ = > ®; kak (k— 1)-nenn
(99) a¥ = 3 90,

Teopema Croxca

QOpMYAHPYA 3ITY Teopemy, Mil GyJeM HOAL3CBATLCH TEPMHHONO-
ruel u ofo3HaYeHHsMH H3 m. 9.49

9.50, Teopema. Ecau W ecmo k-yene Kaacca B° 8 omupbimom
mronecrnee V< R™ u ecau w ecmo (k—1)-gpopma xaacca € e V,
mo

(100) i do = ﬂsvm.

(B cayuae k=m=2 5Ty TeopeMy HasmBalor TecpeMofi [puma.
B cnysae k=m=1 sra TeopeMa— He 4TO HHOe, KaK OCROBHAsS TeO-
peMa HATErpajJbHOTO HCUHCACHHS.)

Hoxazareanctro. HocraTtouHo Zokasath, 4TQ
(101) { dm:osom
@

AN KaXKAOTO OpHeHTHpOBaHHOro k-cumniexca @ xnacca 8" 3 V,
Tak Kak ecaM poxasano (101), a W=D @;, 10 u3 {99) caeayer,
qro (100) Tome BHNOXHSETCH.

3adukcapyeM takoe @, H NyCTL O — OPHEHTHPOBAHHLIL NPAMOJH-
nefinuiii k-cumnaeke B R*:

(102} _ c=[0,e, ..., el

2TOT CHMIIEKC @ — POCTO TOXKAGCTBEHHOe oToOpamenue Ha QF;
B ofo3rauerdax (92) spech py=0, A=1.

Beray toro yto ®—kaacca " 8 V, cymectsyer OTKpHITOe MHO-
weetBo E  R*, copepxamee QF, u $"-otobpaxenne T Mmuoxecrtsa
E B V, 1axoe, yro O="T (0). Jlesas wacte pasexctea (101) pasna

{ do={ o)e={ don),

Tia) o a
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cornacHo TeopemaMm 9.45 H 9.42 (¢). Eme pas npamessna 9.45,
ME BHAHM, YTO NpaByw Yacrb paseHcTBa (10]1) MOXHO 3anucaTh

B CJeRyloueM BHAE:
5 o= S 0= S @,
(Tion T(0) o

Takam oGpasoM, JOCTATOUHO AOKA3aTh, YTO
(103) S a= {1
o ds

st cnenHanbROro cAMmaekca (102) n npousBoabholl (& — 1)-dopMut
knacca €' 8 E.

Ipanuua cumnaekca (102) pasna

k N
[eh rrey ek] +3§l (_ l)J (0: sy Bigy €iagy o auy ek)t

cornacro (96). epepBuned saemeHT 0 B j-M c/llaraeMoM 3TOi CyMMH
TaK, 4TO0H OH OKA3aJCAd MEeXAY €54 M €y JTO MOXKHO CAENaThb
¢ moMombi0 f—1 Tpancnosumnufi. 3navur,

B
(104) 30 =Ty— D) Ty,
i=1
rie To=[e,, ..., &) H T; Roayuaerca H3 T, 3aMenoli ¢; Ha 0,
jzlp s any k

Ecau 2=1, 10 u3 onpeaencumsa oprenTHpoBannore 0-cuMmaexca
BuitekaeT, yro B (103) yTBepajaercd Bcero JHIIb Clefyloines:

{

§ [ @ydu=f (1) (0)

Aaa moGoil HenpepmeHo Auddepenumpyemofi dynxuun f wa [0, 1];
STO YTBepXKJACHHE CNpPaBE;VIHBO, COIMIACHO OCHOBHOH TeopeMe HHTe-
l‘pa:leOl"O HCYHC/IeHHA.

Echu B> 1, 10 pocratouso pokasarts (103} mns
(105) A=a(x)dx /A ..o Adxa,
rae a€ ¥’ (E), Tak xax (104) nokasniBaer, 410 70 Xe camoe Oyjer

F0r7la CHpaBeIMBO | A7is Jioboi dopMul af*~, a moGas (k — 1)-gopma
paBHa cyMme ¢opM Bhja uf* L.

MHOXeCTBOM 11apaMeTPOB A7 CHMIVIEKCOB Ty, ..., Tp CAYRHT
cumnaeke Q%1 Ecmm u=(uy, ..., - )EQ"Y 8 X=(xg, ..., Xp)=
=7,(u), 10

(106 fi=1—ty— oo —Upeyy Xi==Hpy MAA 2L R,
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Ecmn x=7,(u), TO

(107) =0, xy=u-4 a3 2<LigKk,

Ecar x=1;{(u) u 2 /< k, 10 x;=0. ClefoBaTensHo, skoGHaH
B(xgy .. Xp)
F{uygy ..oy Upy)

papen | aast ¥y H Ty M PaBeR HYMO AJA Ty, ..., Ts. TaKuM oOpasoM,

{r=0 (=2...4
%4

Orciona Gyper cneaopath (103) mocsie TOro, Kak MH MOKaMeM, YTO

(108) de=Sx-Sx.
¢ Toll n

JleBasd gacTb paeencTBa (108) paBHa

(109) S (Dya) (x) dx,
et

Tak Kak dh=(Da)(x)de,Adxz A\ ... Adxs, a 6 — TOXIECTBRHHOR
oToGpaxenHe Ha Q".

Bouncnaa k-kpatnnit uurterpan (109) MHTErpHpOBaHHEM N0 Xy,
noayuaem

| lato(w)~a(w @y,

Q’;.-rl
cornacro (106) u (107), uro B CBOWO ouepeab PaBHO MpaBofi uacTH
paBenctBa (108). Tenepp HOKa3aTeALCTBO 3aKOHYEHO.

Ynpaxknenus

1. Joxasatb, uTto Rawpomy A€ L(R", RY) cooTseTrcIByeT eaHH-
C¢TBEHHAR TOYKa Yy € R®, Takas, uro AX —=Xx-y. Jokasate, uto [ A=
=yl

¥xazanue. Tipn HeKoTOpHX yciaoBHAX Hepasenctso llIBapna npe-
BpamaeTcss B PaBeHCTBO.

2. Hokasatb, uto ¢yHEKUM% [ HenpephBHa B TOYKe X, €C/IH
Iyf. ..., Dnf orpanuvueRH B HekoTOpofi OKPeCTHOCTH 3TOfl TOYKH,

¥xazanue. HeifictBoBaTh Tak e, KaK NPH AOKA3ATENBCTBE TEO-
pemy 9.16.

3. Tlycrs §—Bemectsensan auddepennupyemMans (QyHKOHA Ha OT-
kputoM MHoxectee Ec R™, ¥ nycth [ HMeeT NOKaAbHHIE MakcH-
MyM B Touke x€ E. [Joxasare, uto [’ {x)=0.
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4. Iyere (Dyf)(x)=0 npr Bcex X U3 BHOYK/IOIO OTKPLITOTO
mHoxecTBa E < R™. [loxasarn, 410 f (X) SaBHCHT TOMABKO OT X3, . . ., Xp.
ITokasaTe, uTC BHRYRAOCTE MHOXeCTBA E MOXKHO 3aMeHuTb Godee
cnabbiM YCNOBHEM, HO YTO KAaKOE-TO YCJOBHE BCC-TakH Tpefyercs-
Hanpumep, ecnn n=2, a MHOKecTBO E HMeeT ¢opMY NOAKOEH,
TO YTBEPHKIEHHE MOXeT H He OHTb BepHHM.

9. Ilycts f — BemecTBenBas fH(depeHuEpyeMan QYHKIHA Ha CBA3-
HOM OTKpHTOM MHOMecTBe E— R", u nycte [ (X)=0 nps# Bcex
x € E. Jloxaszats, uto f nocrosnna na E.

6. Bomuucants [’ (x), ecaw f(x)=|x[® npn xER"

7. Myers f(0,0)=0m

o T
[l ) =xyzrea, ecm (x,5) % (0, 0).
IokazaTe, 4TO

(@) f. Dif, D,f uenpepuiByu ua R?;

(6) Dyof, Dyf cywecrsyior B Xaxpok touke npocrpanctea R?
# HenpepuiBHLI BCIOAY, Kpome ToukH (0, 0);

(c) (Diof) (0, 0)=1, (Duf) (0, 0)=—1. .

8. VM3 cymectBoBanns (M JaXKe H3 HENPEPHBHOCTH) MPOH3BO~
Hoft D;»f nHe cnegyer cyulecrBosanue npoussoanoit D,f. Hanpumep,
nycTh fx, y) =g(x), vae g—nurie ne nudxpepeHuupyeman QyHK-
uus. Toraa D;f me cymectsyer, Ho Dyf =0, Tak uro D;f=0.

9. INoaoxkum f(0,0)=0 u

flx, 9 =m"-s—y? » ecam (x, y) 5= (0, 0).

Torna ¢yuknus f menpepuiBHa B R2, a ee cyendHe Ha mobyw npg-
Mmyo Auddepennupyemo. boaee Toro, nokaxure uto ecqH y—aoGas
AuddepedunpyeMas xpusad B R:, 10 dymxuus [ (y) auddepenns-
pyeMa. ITO 3HAUMT, YTO ecnH y— AnddepeHunpyeMoe oTofpaxkerue
cermenta [0, 1] B npocrpancteo R u ecmu g (¢) =[{y({f}), T0 dyuk-
uua g -audupepennupyema wa {0, 1). Flokaxure, uro ecnu y€%',
T0 H f(V)ET'.

Hokasate, 410, HecMoTpa Ha 570, GyRKuEA [ He RuddepeniupyeMa
B Touke {0, 0).

10. [Toxasath, 4TO HellpepPHLBHOCTL NPOH3BOAHON [’ cyliecTBeHHa
B TeopeMe o0 ofpaTHoR (yHKIHH, Aake B TOM caydae, Korja #=1.
Ecmt f{)=¢+2sin(1/t) npu ¢0, f(0)=0, 10 f ()0, [
orparuuena ua (-1, 1), Ho f He B3aHMEO OZHO3HAYHA HH B KaKoi
OKPECTHOCTH TOYKH 0,

11. Ilycrs  f -~ BemecTBennas guddepenunpyemas  yHKuus
Ha OTKpuITOM MmuowxectBe £ < R™. HasoBeM epaduenmos dynxuun f
B Touke X€ E Bekrop (¥f) (x)€R", Takofi, 4T0

h-(V/) (x}=F" (x) h



Ynpaxunenus 265

nps ‘Bcex he R® (cp. c¢ ynpaxuenueMm 1}, Eciar u€ R™— efusHyubil
BEKTOp (T. €. ecan ju|=1), 10 npexea

(Duf) (x) == lim - [f (x- tu) — f ()]

HA30BeM npoudsodnod Gynkyuy [ 8 HONPaGAEHUIL 6EKMOPE W 8 MOUKE X.
Hoxasare, utO

(Dof) (x) = u- (V1) (x)

¥ 4T0, CTano OmTh, AaA moboro x € E cyumiecTByeT BeKTOp U, TAKoi,
41O

[{Duf) () [ =1 (=)} [ =1 F (x) .

Ecmn {¥f) (x) =0, 10 Takoil BeKTOp 4 — eAMHCTEEHHH.
12. Tlycrs f—orobpaxenne, kotopoe teuke {x,y)ER?* craBur
B COOTBETCTBAE TOUKY (K, v)ER®, rhe

u==e¢*cosy, v=e"siny.

KakoBo MHOMecTBO 3Hauenmii orobpaxenus §? ITokasats, uro
fikobxaH TOro OTOOpaykeHAA OTAHYEH OT HYyJA BO BeeX TOYKax npo-
cTpaactBa R?* TaxkuM o6pa3oM, KaXjad TouKa nipoc'rpaac'ma R
oﬁnanaer OKDECTHOCTHIO, Ha KO‘TO])OFI O'roﬁpameuue B33HMHO OIHO-
aHauHo. Tem He MmeHee f He ABNAETCS B3aHMHO OJHO3HAYHHIM Ha R,

Kaxosn 00pasnl OpsiMEX, MApaJNeNbHBIX KOOPAMHATHEIM OCSM,
npu oroSpaxenuu f?

13. HccnepoBath ananorHuNbiM ofpasoM oTobpaxenHe

u=x3—p? ov=2xy.
14. H3 cucremu yparHenHfl
v +y—z+ut=0,
x—y+224u=0,
21+ 2y—32+2u=0
MOXKHO X, ¥, 4 BHIDA3sHTb uepes z; X, 2, 4 4epe3 y; §, 2, U uepes x;
HO He/b3sl BHIPAsHTL X, Y, 2 uYepes u.
15. B teopeMe ¢ neasHol ¢YHKUMH NONOKHTL #=m=1 H HCTON-

KOBAThH 9TY TeopeMy rpajHuecki.
16. Tlonoxum f-—(fi. f2), rae

B ) =27%, R =5y (©9=00)

Bemncaute panr npeoGpasosannsi i’ (x, y) ¥ HafitH MHOXKecTBO
aHaueHnfi otobpaxenus f.

17. Tlepecrapasiouse npeoGpasoBanus B; AefcTBHTENbHO HYKHbI
B Teopeme 9.21. YrobGpt ybepuThCA B 3TOM, NOKaKHTe, 4To oTobpa-
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xenue (x, y}—> (y, x) npocTpaucrBa R2 Ha R weav3s PasioKHTH
B NpOUSBEJCHHE ABYX NPOCTHX NPeoGpasoBaHHA HY B Kakof oKpect-
HOCTH Hayasia. Halti apyrue mpuMepui sT0TO SIBJCHHS.
18. Tlycte f—10 Ke, urto B Teopeme 9.21. [Tonoxum A=1 (0),
f, (x) =A™ (x). Torga §;(0)=7. Tokasats, uto
£5 (x) =gn (g1 (- - . (g (X)))

B HEKOTOPGR OKPECTHOCTH HYSAS, Ifie gy, ..., ga—NpoCTHE OTOGpa-
xeyua. Takud oOpasoM, MbH NoJyuaeM APYLYI TeOpeMy O pasfo-

HEeHHH:
F(x) = Agn (ga-1 (. . . (g1 (X)))-

19. Tlyere ¢ — dyHguns, HenpepuBaasd Ha R (i=1,2,3,...)
¢ HOCHTeneM B muTepBaje (2 21%), takaf, uto’ S @ == 1. TTooxum

For )= 3} 1900 — 01 (191 0

Toraa f uMeer KOMNAKTHHIH HOCMTENb, HENPEpHBHA BCIOLY, KpPOME
Touku (0,0), u :

de S fx, y)dx=0, Ho S a‘xS flx, p)dy=1.

38M8Tb‘l‘€, Ly 1] f HE OrpaHHY¢Ha B xa}x,uoﬁ OKPeCTHOCTH TOURH
(0, 0). 1 i

20, Ilycrs F(x)= S f(x, ¥) dy. PaccMaTpHBas pa3HOCTHHE OTHO-
-1
WEHHA H Nepexois K npejenay, HafiTH YCAOBHAR, NPH KOTOPLIX
i

F = Opx
=1

T. €. YCJOBHS, KOTOpHE NO3BOAAKT «iudepeHuEpoBaTh 102 3HAKOM
HHTEerpasias. :

Bot Koutpnpumep: npu x>0 nomoxum

y. ecnn 0<y< Vs,
f )=y 2Vx—y, eccmn Vi<y<L2Vx,
0, B mpounx cayuasx

IH noackuM f(—x, —y)=—f(x, y). Torpa dyuxuns f nenpepnipHa
Ha R%,
(Dif) (0, ) =0

1
npu Bcex Y, BoO F{x)==x, ecau |xi<-3~.
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21. Ilyets @ u A CyTh k- § m-popMm cooTBercrBeRHO. Kakopa
cBsa3b Mexay wAA 0 AAo? '

22. NokasaTh, 4TO Kaxkaaa k-popMa @ B OTKPHTOM MHOMKECTBe
E < R™ Momer OuTb NpUBEneBa K cmandapmuomy sudy

W= Z ait,,gk (x)dx;ij\.../\dxik.

f<Cigl. o <y
TlokasaTe, yTo ecnu @-=0, T. €. ecau S =0 ana Bcex k-noBepx- .

L
nocteit @ B E, 10 Bee Ko3pdHiuenTHl B 3TOA CTAHAApPTHOH 3aIHCH
paBHnl Hymo. [loxasats, 410 NCaTOMY Kaxkaas dopMa @ eduncmeen-
HoiM 00pA30M TIPHBOAMTCH K CTaHA3PTHOMY BHAY.
23. MNoxazaTte, ute {72) MoXHO sanicaTh B BHAE

{ronay=§raendn ... Ndm

ecay T(X)=(t ..., yx) u ecan Jp{x)>=>0.
24. HaiitH ycaoBHs, NpPH KOTOPHIX BepHa opMyJa

{fo={@nno+{inde
o

@ @

M NOKA3aTh, YTO €€ YACTHHM cAyvdaeM fBAdeTcs (OpMyaa HHTerpH-
PpOBaHHA [0 YacTHM.

25. {lyctb 6 ecth k-cuMnaexc (k3>2). IMokasate, uro d%0 =0,
HCXO0QA HENOCPeACTBEHHO H3 OlpEJesieHHs TPaHHYHOTO omepatopa §.
PiHeMM coBaMH, ' «FpaBHUa rpaduubls paBHa Hywmo. OTMeraM, 4ro
3T0 yTBEpXKAeHHe coraacyercss ¢ Teopemod Crokca:

S 0= g do= g d*e=0.
o &

26. Tlycts @ ecTh k-TIOBEPXHOCTB C MHOMKECTBOM rnapaMerpos Q*,
nycts ®%:==®(Qy) —MHOXecTB0 3Hauenuii oTobpaxkenwns @; ecan
Pp= 20y ecTh k-uenb, TO NOJCKHEM, O onpepenenmo, v*= U} Of.

Iycts

Ox)=5j b oo Fa) (XEQ-

TMokasats, uto (D —opHenTHPOBaHHL CHMIIEKC Kaacca 6° B R*
¥ uto O* 3aROAHAET ¥ACTb 3AMKHYTOrO eJMHMuHoro wapa B* npo-
crpancrda R ([lokasateab 4 obecneynpaet JIrddepeHUHPYEMOCTE
B Ha®ale KOOpAHHAT.)

[Tokasats, uTo cyliecTsyer k-uens P Kkaacca ¢" 8 R, Takas,
uro y*=B* H Takas, uro (3Y)*—eiunudHas chepa S, T. e.
MHOMECTBO BCeX x € R*, Takux, urto [x|=1.
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310T npuMep TOKasbiBaer, urTe ¥'-00paz npaAMOnHHenHHOA Lenn
BilOJIHE MOMeT OHTh «KpyriniMs, Tak 9to Teopema 9.50 npuMennma
K pa3noo0pa3sHeiM MHOXECTBaM.

27. NMonoxete £=3 B ynpaXHeHdrd 26 N BOCNONL30BATECH TEO-
pemoit Crokca AAf BEIUHCJEHHS HHTErpaia

{ (cdy pdztydz A det2dx A dy).
o

Briuncaurs npe kK =2 uHTErpasbl S xdy—ydx 1 S xdy+ ydx.
ow v

28. Tlyets = Da;(X)dx; ectb 1-Gopma xnacca 6’ Ha OTKpH-
ToM MHoKecrse E c R™. Hasoeem dopMy o Samxuymod, ecan
do=0. Hasopem dopmy @ mounoii 8 E, ectn cymecrsyer 0-hopma
f B E, 1akas, uro o=df.

(a)} Hokasath, 4T0 @ 3aMKHYTa TOrAa M TOAbKO TOPAA, KOrga
Dia;=D;a; npr 1<<i<n, 1<f<n.

[{1)] If:xasaTb, 4YTO ecJIH @ TOYHA, TO @ 3aMKHyTa.

(¢} ITycre mMuoxkectso E suinyxno, a ¢opMa o samkuyra. [loxa-
3aTh, MTO ¢ TOYyHa B K.

¥kasanue. 3aduxcupyem po€ E, nonoxum f(p}= S ® nps pEE,

rie HHTerpat Gepercs MO OPHEHTHPOBAHHOMY NPAMOJAMHEHHOMY CHM-
naexkcy [po, pl. Tlpumenntn teopemy Croxca K npaMoauHeRHbIM
2-cumnnexcaM 8 E. [lokazare, 4Tto

i
FO—F® =3 =) { a1 = x+ty)at,

0

eca XEE, yeE, u uio df =w.

Takum obpazoM, yTeepxaenne, obpathoe K (b), BEpHO, €CJIH MHO-
#ecTBO E BRIIYKHO.

(d) Tlycts T -~ B3anmpo ofHo3HauHOe B"-oTOGpaxeHne BHOYKIOTO
OTKphITOre MHOXecTBa E Ha OTKpHIToe MHOxkectso V. [lokasars,
Y70 Kaxjas 3aMkryras l-popma w B V Touna B V,

¥kasanue. BocnonsaopatheR onpepeaenuem 9.41. Cornacuo (c)»
or=df B E n cywecrsyer O-¢opma g B V, Takas, uto f=gp
Torpa er=d{gy)=(dg)y, Tak uT0 O =dg.

{(e) Hokaszatb, yro ecawV —7T0 Ke, uto B (d), ecaH y-—3aMKHy-
Tas €’-xpusas B V, a w-—~3amknyran l-gopma B V, 10

Sm=0.

Y
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(f) Iokasath, 4to yTeepkAenua (d) M () CTaHOBATCH HeBep-
HbIMH, ecik V —mpocTpancTB0 R?, M3 KOTOPOro yJAalleHO HAYAMAQ
KOODAHHAT, H €CNH
ydx—xdy

ittt

29. Tlycte @ ectv 2-mopepxHOSTH B R® ¢ MHOKECTBOM [MApaMer-
pos D, nyers @ (u, v)=(x, y, 2). Ha3sosem Hopmaier0 K DOBepX-
Hoctd @ B TOYKe (4, U) BEKTOP

AU 9z x) a{x, &

N(y, v)= d{u, v) €+ a4, v) e+ @ (i, v}

Yem obnacHgeTcs sta TepMusonorkn? Ecou f— QyHKunAs, Benpephise
Had Ha @* {cM. ynpaxHenue 26), TO NOAOKHUM

S e S f(® (u, v)} N (u, v) | du do.
b

D

o=

es.

Ecan f=1, TO 5TOT HHTerpaJ HasslBalT n.4ouiadore noeepxnocta @.
[loxasath, UTO ONpeAeNcHHE IVIOMIAZH AAST €CTECTBEHHLIE Pe3YJbTATH
B TOM ciayyae, Korga O —auHeilHoe oTo0paXeHHe, Korja onpe-
ReAsieTcA paBeHCTBAMH

x=cosusiny, y=sinusiny, z=cosv (O<ueLn, Ogor LN}
30. fiycte F=(F,, Fp, F3) ectp ¥'-orolpamkenue OTKPHITOrO
mMHoxecTBa E < R® B npocrpadcreo R® (B du3mke Takoe otofpame-

HUe Ha3WBAIOT BEKTOPHLIM mnogeM). [dusepecenyus wm suxpe {pomop)
noas F onpefenawTcs paBeHCTBAMH

V-Fz=DiFy -+ DoF g - D3Fs,
V X F=(DoFy— DyFy) ey -+ {DsFy — Dy F) ey +- (D1 Fy — DyF ) €5,
C nonem F ceasaun fiBe puddepeniuaiprbie GOpMbI:
o=Fydx+ Fydy+ F,dz, ‘
A=Fdy \dz+Fydz \ dx+-Fydx A dy.
{a) Hokasatb, uto V(V X F)=0, ecnu F€€".
(b) Hoxazats, uto VX F=0, ecain F=Vf npn uexoropoii [ € €".
{c) Ilokasats yTepxkaeuue, obpatHoe K {b): ecau V —710 xe,

q10 B ynpaxHerud 28 (d), u ecaim VXF=08V, 1o F=Vf npa
HeKoTopok f Knacca " 8 V.
¥xazanue: F=V[ osuavaer, uro w=df; csasark do ¢ VXF.
(d) Tycte ¥ ecro 3-uenb Knacca €° B Muoxecree E, nycTs
®=0¥. Tlpumenas x A TteopeMy Crokca, NOJIYyWHTb <«TeopeMy
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0 JAHBCPIEHIHHY l"aycca:

\ v-F={Fun,

k & o

rae n=N/|N]| B ofosnauennsx ynpaxuenus 29,
(e) Ilycto ® ects 2-nenb kAacca ¥” B Muoxectee E, # nycThb
I'=J®. TpuMenssa K o teopemy CTOKca, noay4durn QopMyay

{ vxF={F+,

D r*

rae F-{—«xacatennnas cocrapamoman nosa F srone I's. (Mu npenc-
CTaRIAEM UATATENO BHACHHTL TOUYHBHI CMBIC/ 3TOM NocTe el hpa3nl.)
3t. Ilyeth F=fVg, rne f v g knacca 6" B OTKPHTOM MHO-

wecree E < RY, Ilpumenss pesyanrat ynpaxuesna 30 (d), noayunrs
TOWAECTBO

{ op-va)+

e v

rie Vig=V.(Vg), dg/on=(Vg)-n, a @O =9V, .

(@) Uro naer 3T0 TOXAecTBO B TOM chyyae, Korga f=1,a g—
rapmonnueckasi ynxuua (t. e. Vig=0)?

(b) Ilyers g rapmonnusa B E u g =0 na ®*, [lonaraa 8 nocaes-
HeM TOXJAecTBe f==g, JlOKa3aTb, 4to g=0 na ¥*,

v og
f 28 Sfdu '
*

S*
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TEOPHA JIEBETA

Iene 3To# THABH— H3NONKHTb OCHOBHBI® TNOHATHA JeSeropofi
TEOPHH MepH H HHTErpala H B JOBOJABHO OOHIEM BHAE AOKA3aThb
HEKOTOpHle BamKHeiflllHe TeopeMbi, He 3aTEeMHAR OCHOBHLIX HJefi MHO-
KECTBOM CDABHHTEJILHO TPHBHaJLHHX JActaned. [loatomMy B HeKoTo-
pBIX caydasx JoKasaTe/ibCTBA JHIOb HAMEYAIOTCA, a HEKOTOpHle Gosee
JeTKHe TIpEIJIoKeHHA GopMYyAHpYIOTCA Ge3 aoxasatenbctsa, Oamako
YHTATEAI0, OBAAJICBIIEMY TEXHHKOM, NPHMEHABIIEHACH B MpenbiAyINHX
TJaBax, HeTPyAHo OYAeT BOCCTAHOBHTb NPONYUIEHHBE 3Tanbl pac-
CYHACHHH.

Teoprro HHTErpana Jlebera MOMHO H3/1araTh HECKOJbKHMH pasany-
HeMH cmocobamu. M3 mux 3gecs Oygmer o6cyKpathed JHIbL OAMH.
Yro KacaeTcs APYTHX BO3MOXKHBIX CNOCOGOB, TO 33 HAMH Mbl OTCHI-
JdaeM YHTaresd K CliefHaJAbHBIM KypCaM IO TCOPHH HHTErpadaa, mepe-
uHCJAeHHbIM B Gubauorpaduu.

DYHKUHRH MHOXeCTBA

INycrs A H B— kakue-uu6ynp Muaomecrsa. Campoaom A—B Mul
6yneM 0003HaYaTh MHOXECTBO BCEX 3JIEMEHTOB X, TakHMX, 4UTC X €A,
x & B. O6Gosnauenne A-—B npHMeHfeTcs He ToAbKO Torja, Korja
B A. Tlycroe maoxecTso Oyier o603HAYaTHCA CHMBOJIOM &f, H MEl

GyaeMm roBopHTb, UTO MHOXMecTBa A M B He nepecekalorcs, ecan
AnB=g.

10.1. Onpenenenue. Mnoxectso %, cocrosuee H3 MHO-

KECTB, HasHBAETCA KOA64OM, ecaH H3 Toro, uto AE€R u BE.7,
caedyer, uTo

1 AUBe#, A--BeR.

Bensty toro yro A)B==A—(A— B), Bepuo Taxe, uro A(\B¢ &,
eCH R -~ KOJBIlO.

Koneito & HasbBaeTCH G-K04b4OM, €CAH

@ U e,
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KaKoBhl Obl HH Guity MHOXecTBA A, € R (n=1, 2, 3, ...). [lockombky
0 A=A U (A—A),
TO MBI HMEEeM TaKie

(-]
ﬂ Aueﬁu
n=1

_ecan J ecTb O-KOJBIO.

10.2, Onpenenenne. Mu 6yaeMm TOBOPHETb, 9T0 @ — GyHKIHAS
MHOXKeCTBa, ONpeAeseHHas Ha K, ecan @ KaX/AOMY MHOXeCTBY
AER conocrapnger uMcao @ (A), NpHHALJAEKAIlEE PpACIIHPEHHON
CHCTeMe BelllecTBeHHBIX uHces. PyHKUMA ¢ HaswiBaetca addumusnod,
ecan us roro, uro A1 B= 5, A€ R, BER, caeayer

3) e{(AUB) =9 (A)+o(B),

H @ HA3HBACTCH CYETHO-aRAMTHBHOH, €CAH M3 TOro, 410 A;f) Aj==
=g (i7=]), Ane# (n=1,2,3,...), caeayer

@ #( 0 A)= 3 o4

Mgt Bcersia GyfeM mpeAnosaraTh, YTo He Sojee ueM OAHO ¥3 YHCeN
400 H --c0 MNpPUBALJMEKHT MHOKECTBY 3Ha4YeHNN GYHKUEA @
ecan Ool 970 OLLIO He TaK, TO NpaBas uacTh paBeHcTBa (3) Morsma 6wl
He HMeTb cMbiciia. KpoMe TOro, Ml MCKJIOYMM H3 PACCMOTPEHHA
GYHKUMH MHOXKECTBA, €AMHCTBEHHEIM 3HAYEHHEM KOTOPHIX CJAYMCHT
+ oo HIH — o0, . '

HinTepecEo OTMETHTD, UTO JIEBAs YACTh PaBeHCTBA (4) HE 3aBHCHT
OT NOpAIKa, B KOTOPOM pacro/omeHu MuoxectBa A,. 3Hauut, H3
TEOpeMH O IEePeCTAHOBKAX psja CJAeAYyeT, YTO PAf B MNpaBoft 9acTH
paseHcTBa {4) cxopuTCA a6COMIOTHO, ecAH BooSIle CXORHTCA; eCaH e
OH DAacXORHTCH, TO €ro YaCTHHE CYMMB CTpeMATcs K -} oo HIK
K — oo,

Ecnu dynknus ¢ afimuTHBHA, TO, KaK JIErKO BHJETH, OHa 06aa-
HaeT ciefyionlMME CBOACTBAMM:

(5) p(2)=0,

(6} {4 U...Udn)=0A)+... -9 (4
ecnm Ai)A;= & npr i j;

(7) e (A U4+ o (A NA) =9 (A)+9(4).

Ecar ¢{A)>0 npu Becex A u A, c 4, TO
(8) P (A) <9 {A).
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Hmea B BEAY STO HepaBeHCTBO, HEOTPHUATENbHbLIE QYHKIHH MHO-
WECTBA YacTO Ha3blsaloT MOHOTOHHBIMA. Hakomen,
(9 9(A—-B)=¢(A)—¢(B),
ecit B Au |¢(B)| < oo,

10.3. Teopema. ITycmo ¢~ cvemno-ad0umuenan pysKyus Mro-
acecmsa, onpedesennan na Koavye R, Myems A, € R (n=1, 2,3, ...),
A1CA2C:A3C: “ery Ae.ﬂ 7

A= 4.
Toz0a npu n—> oo =
9 (4n)~> g (A).
HoxasateabcrBo. Ilycte A;=58, u
By=Apn—Asy (n=2,3,...).

Torpa BiN\Byj= npu i==j, An=B,U...UB. n A=) B,.
3maaur,
"

¢ (An) r=i2 ¢ {B)

3 |

¢ (A) :‘g’i ¢ (By).

Noctpoenne meput JleGera

10.4. Onpenene vHe. Ilycts RP ofosHauaer p-mepHOe eBKJH-
JOBO TpocTPaHCTBO. [Tpamoyzosrsruxom B RP MBI HasHBaeM MHO-
JEeCTBO BCeX TOYeK X=(Xy, ..., Xp), TaKHX, UTO

(10) aigxiébl (i=l| LR p)$

WIH JKE MHOXKECTBO TOYeK, onpeieisemoe HepaBeHcTsamu (i0),
B KOTOPHIX HeKOoTOpble (HJH BCE) 3HAKH < 3aMeHeHn Ha <. Bos-
MOMHOCTb PaBeHCTBA &) = by NPH KaKOM-HHGY b 3HAYEHHH { He UCKJIO-
naercst; B YA4CTHOCTH, NMYCTO® MHOMKECTBO— TOKE NPSMOYTOJBHHK 1).
Ecau A-—ofbefuHerHHe KOHEYHOrO YHCAZ NPAMOYTOMBLHHKOB, TO
TOBOPSAT, 9TO A-—31eMEHMApNOe MHONCECNEO,
IycTe [-——npAMOYrOABHHK; NOJOXKHM, 1O ONPEAEIEHIHIO,

m(= [ (r—a,

1) Onnako BOIMOMCHOCTL HOPABCHCTEA @) o> b; ClHefyeT HCKMOUATHL 3apasee,

TAK Kax B MPOTHBHOM cayuae uacno m () (cM. nHke) He OyReT onpeieneno onHo-
2Hauso.— flpum. nepee.
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BHE 3aBHCHMOCTH OT TOrO, BKJANMAeTCA HAM HET 3HAK pPaBeHcTBa
B HepaseHcTsa (10},

Ecan A=I,U...Ul, 1 3TH NpAMOYTrOJLHHKM NOMAPHO He mepe-
CEeKanTCHd, TO ML NoJAaraeM

(n m{A)=m )+ ... +m().

OGo3Ha9nM GYKBOR & MHOKECTS0 BCexX IJMEMEHTAPHLIX MOAMHO-
KecTB npocTpancrsa RP,
Teneps cnepyer yGeZHTECA B TOM, 4TO

(12) &€ — koAb, HO HE O-KOMBIO,

(13) Ecan A€8, 10 A npeacTaBuMo B8 BHAe OOBERHHEHHS Henepe-
CEKQIOULUXCR TIPAMOYTOALHHKOB,

(14) Ecom A€ E, 10 m(A) DeficTBATENbHO ONPefiesleHO pPaBEHCTBOM
{(11). D10 3HawuT, 4TO, HCXOAR H3 ABYX Pa3JIMIHLIX NPEACTAB-
Aennfi MHOXecTBa A B BuJe O0belHHeHHS HemepeceKaloUHXCH
NPAMOYTOJILHHAKOB, MBI MOAYYMM ORHO 4 TO e 3Hauenue m(A).

(15) OyHKUEA m agAuTHBHA Ha &,

3amernM, 410 ecau p=1, 2, 3, TO Mm-—3T0 COOTBETCTBEHHO
ANHEA, MJIOWAAL H OOBEM.

10.5. Onpenenenne, HeoTpuyatenbHana ajauTHBHAS QYHKUHA
MHOXKECTBA @, ONpeAe]eHHas Ha §, HASHBACTCA peeyAApHOl, eCNn
BepHO CJegyloulee: faa mioboro A€ & k awoboro yncaz e >0 cyme-
cTBYIOT MHOXecTBa F€ &, G€ &, Takue, uto F samkayro, G oTKpHTO,
FeAcGu

(16) e G -e<p(A)<p(F)+e.

10.6. Ilpumepn. {a) Dynxyus MHOMECMBA M pe2yrApHA.
Ecnd A —npamMoyroanHux, To Tpeosanue ompefenesna 10.5 swinos-
HeTCs TpuUBHANLHBIM ofpazom. OGmmlt cayualt caemyer us (13).

(6) Ionoxum R?=R!, U NycTh G— MOHOTOHHO BO3pAcTANOILANA
tbyukung, onpelenentad Ha Rl. [NonoxuM

rlia, B)=a(b+)—ala—),

plla, B))=ab—)—a(@—)

p{(a, ) =a(b+)—efat).

pi{a, b)) =a{p-—)}—a(a-).
3neck [@, b)—MHOKECTBO BCeX YHCEN X, TaKHX, 40 4"k < b,
H T. A. 3TH MHOXECTBA CJEAYeT Da3JHYaTh H3-33 BO3MOMKHBEX pa3-
puiBoB ‘(ynkuuy o. Ecaa p onpefesuTs Ha 3JeMEHTapHHX MHOMe-

cTBax, Kak B (11), 170 dysxuEa | oKasHBaeTcs peryasphol Ha &.
HokasareanhcTBo TOYHO Takoe ¥e, Kak B (a)-



Mocmpoenue mapu Jebeza 975

Hama caeayiomas uens COCTOMT B ROKasaTeNbCTBE TOrO, YTO
Kaxjas (QYHKURA MHOMKECTBA, PeryjiapHasd Ha &, MOMeT OuiTb npo-

RO/IKEHA JI0 CUETHO-aJANHTHBHOH OYHKHHH MHOMXECTBa, onpelelensofi
Ha O-KOJblle, coiepxameM &. ‘

10.7. Onpexenenne, FycTs dyHKuMs p afAuTHBHA, pery-
JAsipua, HeoTpHilaTeXbHa H KoHeusa Ha &. PaccMmoTpuM cueThHEe
NOKPHITHA KaKOro-HHGYAb MHOMeCTBa E << RY OTKPHLITHIMH sneMeHTap-
HEIMH MHOMXeCTBaMH A,:

o]
Ec UiA“
TTonoxHM, N0 ONpeAeeHHIo,
an B (E) =inf 3 p (4,

TAe HHKHAA Tpanb GepeTcs NO BCeM CUETHHIM [TOKPHITHAM MHOXes
cTBa E OTKPHITHIMH 3/AEMEHTAPHEIMH MHOXecTBaMK. Uncao n* (E)
uazviBaeTcA sHeusneri Mepod MHoxectsa E, cootmeTcrRyloiefi dbynK-
IHH W,

Slcno, uro p*(E)> 0 npu Bcex E H uTO

{18) w*(E) <p” (E2),
ecau E, < Ea.

10.8. Teopema. (a) Hra aoGozo ACE umeem p*(A)=nu(A).
(b} Ecas E = UIE,., mo

AN
(19) pE)< X p*(En).
n=|
OrmernM, ut0o (a) oO3Hawaet, uTo QYHKUHS §*— Npoaomuenue
DYHKIHN [ ¢ KOABUA & HA MHOXKECTBO éceX MOAMHOMKECTE NpPOCTPaH-
crea R". CeoficTBo (19) HashBaetcs nosyaddumustocmen.
Joxkasateavcrso. Ilycre ACE n >0,

Uz peryasipROCTA Mepsl [ CAeAYeT, YTO MHOXecTBo- A conep-
AHTCH B HEKOTOPOM OTKPBITOM 3JICMEHTAPHOM MHOXecTBe G, TaroM,

uto p (G) < p (A) 4 2. TTockoasky p* {4) < u (G) ¥ nockoabKY WHCAG &
1pOH3BONILHO, TO

(20) p*(A)<p(A).

ITo onpepeseHnio p* CYLWECTBYET TaKas NOC/AeAVBATENBHOCTD {An)
OTKPHTHX 9/1€MEHTAPHBIX MHOXKECTB, OOBEAHHEHHE KOTOPHIX COREp-
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KHT MHOXecTBO A, yTO

'Z:l #(A) <pt(4)te.

Peryaapuocts Qyskuun p nokaswBaer, 4te MHOXecTBO A conep-
KHT SJIeMENTApHOE SaMKHyTOe MHOXecTBo F, Takoe, uto pn(F)>
>»un{A)—e, a TaK KaK MHOXecTBO F KOMNakTHO, TO

Fec Ai U...u AN
npH Hekoropom N. 3uaumr,

N
plA)<n(F)+e<p(AU... UAN)+ea‘lz.’u(An)+e@* (A) + 2e.

ConotTapasns $T0 HepaBeHCTBO ¢ HepapercTBoM (20), moayuaeM yTsep-
xuenue (a).

IIycrs Tenepy E={}E,, u nycts n*(E,)<<-+o npa Beex n.
Haunomy uucny e>>0 orpeuaior nokpurtua {A.}, k=1,2,3, ...,
MHOXECTB E, OTKDHTHIMH 3JIEMEHTapHHIMH MHOXECTBAMH, TaKue, 4TO

@1 ,gl B (Aar) < u* (En) +27".
Toraa

p*(E)< gl gi 1 (Am) < jl p* (Ex) +e,

oTRyja creayer (19). Ecau ke p*(E,;)= + o nph =€ekotopoM n,
TO HepapedcTo (19), pasymeeTcs, TpHBHANBHO.

10.9. Onpegencrne. /Ina jwobux MHOKecTs A RP, B RP
TOJIOFKHAM

(22) S(A, B)=(A—B)u(B—A4),
(23) d (A, By=p*(S(A, B)).
Bynem nucats A, ~> A, ecnn

limd (A, Ap)=0.

Ecma cymecTyer Takad nocaefoBaTensHOCTh {A,) sneMenTapusix
MHOXeCTB, 4TO A;—> A, TO Mb GyAeM TOBOPHTB, UTC MHEOXeCTBO A
Koneuno W-usmepuso, v 6yiem micarb A€ My (). Ecan MaOXKecTRO A
paBHO OOBCAHMHEHHIO CHETHOrO CeMeficTBa KOHWEUHO |L-H3MEPHMBLIX MHO-
KeCTB, TO MM OyAeM roBopuThb, uto A p-uamepumo, U GyieM MHCATH
ACT ().

Muoxecteo S{A, B)—3T0 Tak HasHBaeMas <CHMMETpHYECKas

pasrocTby MuOXecTB A-u B. Mo ysujiuM, uto d (A, B) obnagaer
OCHOBHbIMH CBO#ICTBAMH PaCCTOAHHA.
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" Caepyiolias TeopeMa NO3BOAMT HAM NOJYYHTb HYXKHOE pPacupo-
crpaHeste QYHKIHER B

10.10. Teopema. Mnowcecmeo 9N (1) RBaAEMCR OC-KOALUOM,
a dynxyus p* cuemno-addumuena na I (p).

Ilpexne wem o6paTHTBCA K AOKa3aTeNbCTBY 3TOH TeOPeME!, MH
rﬁegmm HeKoTopuie crolfictRa MHOXecTEa S (A, B) u uucaa d (A, B).

eeM:

(24) S(A, By=S(B, A), S(A, A=,

(25) S{A By S(A, O)US(C, B),
S(A; VA, BiUB)

(26} S(A:N A, BiNB,) ]CS(Aiv BUS (4, By).
S (A{—A,, B,—By)

YTBepkienue (24) ouesuauo, a (25) caelyer H3 TOro, 4To
(A—B)c{A—CYY(C—B), (B—A)c=(C—AHUY(B—C).
Iepraa ua dopmya (26) caepyer us Toro, uTo
(AU Ag) — (B By) <= (A1~ By) U (A, — B,).

Haxonen, oSosHauag wepes E¢ pononBenne MHOXKecTBa E, noaydaem
S(ANA, BINB)=S(AU4;, BIUB) =S4, BHUS(4;, B)=
=S (A, B)US(Ax, By),

B nochefinds H3 dopmyn (26) moayunTesa, ecAH 3aMeTHTh, 4TO
Ay — A=A N AL

Coraacro {23), (19) u.(18), H3 >rux csoficTs Muoxkecrsa S (4, B)
cenyer, 9To
@7 d(A, By=d(B, A4), d{A A)=0,
(28) d(A, By<d (A, Cy+d(C, B),
d(A4,UA, BBy}
(29) d(A:NAz BN\ By) (<d(Ay, B))+d(4; By).
d(Ai_sz Bl_‘B2)
CootHowenun (27) w (28) noxasmBaior, uto d (A, B) ynoBretBo-
prer tpefopaHmuaM omnperenchuf -2.17, sa HCKTIQYeBHeM TOro, 9TO

u3 d(A, B)=0 ne cnepyet A==B. Hanpumep, ecmn p=m, MHOXKe-
ctBo A cuernno, a B nycro, To

d(A, B)=m*(A)=0.



278 Fa. 10. Teopun Jlebezn

Hro6m yGeRHTbCS B 5TOM, NOKDOEM f1-10 TOMKY MHONKecTBa A
NPAMOYTOJbHHKOM [,, TAKHM, YTO

m(l,) < 2.
Ho ecm Mm Gyaem cumtath ABa MHOMecTBa A W B sKeHBaneuT-
HHEMH TIPH YCJOBHMH '
: d(, B)=0,
TO BCE NOAMHOXKECTBa NpocTpancTBa R® pasofpioTea Ha KAACCH
9KBUBANEGHTHOCTH, M d (A, B) npespatilaeT MHOXECTBO BCeX 3THX

KNaccos SKBHBAACHTHOCTH B MeTpuuecKoe npoctpanctso. Torna My (w)
OKa3HBACTCA 3aMEIKaHHeM MHOXecTBa &1). ’

Srta wdTEPNpeTAlHA HeCYecTReHHa AJs AOKasaTe/hCTBA, HO OHA
OGBACHAET HJEIO, JIEKAULYIC B €0 OCHOBE.

Ham norpebyercs eme opso ceoiicteo ancia d (A, B), a nmenuo
(30} |p*{(A)—n* (B){<d (A, B),
eclH 00 Kpafinefi Mepe opuo u3 uncen p* (A), p* (B) Koneuno. Hedct-
BUTeNBHO, nycTh OLp*(B)<p*(A4). Torha, Kak NOKA3LIBAaeT Hepa-
BerCTBO (28), :
d{A, @)<d(A, B)+d(B, o),

p*(A) <d (A, B)-+p*(B).
Ho Tax kax p*(B) xomeaso, TO
p* (A)—p* (B)<d (4, B).
HoxasaTteawncteo teopemu 10.10. Ilycts A€Mp(n),

B¢ Mp (n). Bubepem nocnenopatensHocTd {A4,}, {B.} Tak, urobul
A,C8, B, €&, A,—~> A, B,—B. Toraa (29) u (30} nokasslBaioT, 410

T. €.

(31 : A UB,—AUB,
(32) An1By—ANSB,
(33) An—B,—>A—B,
(34 w* (4n) — p* (4),

¥ p*(A)<<+ oo, Tak Kak d(A4,, A)— 0. Cornacmo (31) u (33),
My (W) —woabno. Cornacuo (7),
@ (An) +r (Bn) =R (An U Bn) 1-p (An ﬂ Bn)'
flonaras n—- oo, noayuaeM u3 (34) u Teopemun 10.8 (a)
* (4)+p* (B)=p* (AU B) +-p* (AN B).

1} Touxee 6o G 3ACH roBOPpuTL He o Mp (n) v &, a 0 MHOXECTBAX Acex
KIaCCOB SKBHBAJGHTHOCTH, COfepXamux snemeHTH Muomecrs TMp{p} v &.—
flpum. nepes,
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Ecir A(YB=gf, 1o p* (A By=0. Caeposareasno, byuxums p*
apauTHpHa Ha Mpe (1).
[Mycts Teneps A€M (n). Torza A MOXKHO NpeAcTaBHTL B BHje

OOBEXMHEHUS CUYETHOTO MHOXKECTBA HENEPEeCeKAIOMUXCR MHOKECTE H3
Mr(p). Hehcreutensro, ecmu A= [J Ay, rae An € My (1), TO NOJIO-
KM A=A %

A=A U. . UA—(AJU... Udny) (n=2,3,4, ...).
Toraa :
(35) A= ‘GlA,,

—TpeGyemoe npeacrasienne, CorsacHo (19),
(36) AN 2 bt (4n).
C zpyrofi ctoposnl, A DA, ... A ¥, B CHAY BARUTHBHOCTH
dyakuny p* Ha My (1), noayyaem
(37) p Azt (A4 U. .. Uhn) =p*(4)+. .. +p* (An)

i3 (36) u {37} caepyer, uTO
(38) B (A) = 2 1 (An).

HonyctuM, uto unceao p* (A) korneuro, Monoxam B, =4, ) ... U An.
Torga, kaK nokassisaer (38),

d(a By=w( U A)= 3 u*(4)->0

ipd #—> co. 3Hauut B, — A, a Tak xak B, € Mr(p), TO nerx

pusieTh, 4to A€ Mr(p).
Takum ofpasoM, Mb nokasaam, 470 A€ Mp(p), ecnm A€M (W)
np*(4) <+ .
Tenepn yxe acno, 4T0 PyHKuWa W* cuerno-aiaurusha ma IN (u).
/lefCTBUTENBHO, ecaH

A=) An,

rie {A,}— nocnefloBaTeNsHOCTb HENEePeceKAOUIHXCH MHOMECTR, TIPH-
nagtexamux M(p), TO, Kak MH nokasauu, (38) srinonusercs,
ccit p*{A;)<<-co npu BCEX 7, a B TPOTHBHOM CJaydae pPaBeH-
¢TBo {38) TpHBHAJLHO.

Haxotien, Mbl JOAKHB 10Ka3aTh, uto M (u) — 310 o-Komeuo. Ecau
A€M (p), n=1,2, 3, ..., 70 gcto, uto {} A, € M (n) (teopema 2.14).
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flyctn A€M (), BeM(p) u
A= G Am B= 3 Bm
i ne=i

=

rae An, B,€Mp(p). Toraa toxaectTso
ANB=1 (405

noxassiBaeT, 4t0 A, (B M(p), a TaK KaK

r AN B) < p* (An) <+ o,
T0 A (1B Mp (n). 3naunr, An—BcMp(p), 1 A—BcM (), Tax
Kax A—B=“§1(ARHB).

Teneph Mu samenHM p*(A) Ha p(A4), ecan A¢M(u). Taxum
o6pasoM, OGYHKUHMA p, ONpeRe/ieHHAR NeEPBOHAYaJbHO TOMLKO Ha &,
DPOAO/MKEHA B0 CYOTHO-2JBHTHBHOR (PYHKIMH MHOXECTBA HA G-KOAbLE
WM (u). Ora npopoiikenHast QyHKNuS MHOKECTBA Ha3LIBAETCS Mepod.
B ToM yacTHOM cJyvae, KoTAa W= (Ha &), oRa HasbiBaeTcs Jele-
rosoil Mepoft B mpocTpascTRe RP,

10.11. 3ameuyanug. (a) Ecaum muoxectBo A OTKpPHTO, TO
AEM (n). HeiicTBurenpHo, Kaxjoe OTKPHITOE MHOXKeCTBO B RP pasHo
OObeAHHEHNI0 CUETHOTO CeMeficTBA OTKPHTHIX  NPAMOYTONBHHKOB,
Uro6e B 3TOM YOeJHTHCH, AOCTATOYHO NOCTPOHTL CYUeTHYK O6a3y,
3JeMEeHTAMH KOTOpOH CAYKAT OTKDLITHE NPAMOYI'OJNLHHUKH,

(6) Ecim AeM(p) v e>>0, 10 CymecTBYOT MHOXecrBa F u G,
TaKde, 4TO

FcAcgG,
F 3aMgnyT0, G OTKpPHITC H
(39) p{G—A)y<<e, p(A—F)<e.

[lepBoe HepaBeHCTBO BHIMOJHAETCH MOTOMY, 4TO BHEIUHAR Meépa
6Lla onpefieNeHa C NOMOMBIO NOKPRITHA omKpbumbimu  JeMEHTap-
HBIMH MHOMECTBaMu. BTopoe HEPABEHCTBO NOJYUMTCSH, €C/H TepedTH
K DOTIOAHEHUSM. :

(¢} Mul roBopum, uto E - Gopesesckoe muosicecmao, ecan E Moxer
SHITb TIOAYYEHO C NOMOIMBIO CUETHOTO MHOMKECTBa onepaiunfi, HCXOus
H3 OTKPHTHIX MHOMECTR, NpHuyeM KaXKIadA ONepaund — 3TO aHbo Baf-
THe oO0beAHHeHHs, JHOC B3ATRE NepeceveHnd, aubo MEPEXOR K AOMON-
Henuio. MuoxectBo % Bcex GopesnieBCKMX NOJMHOXKECTB MPOCTPAaH-
ctBa RP o6pasyeT O-KOJbIl0; B AEHCTBHTENbLHOCTH 3TO HaWMEHbilee
H3 o-KoJsell, COAePIKallluX Bce OTKpHITHe MHOMecTBAa. Cornacho same-
yauuw (@), E€M (n), ecvm E€ F.
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(d) Ecain A€M (p), TO cymectsyioT GopeaeBCKHe MHOMecTBa F
u G, taxkue, yto Fc Ac=G n

(40 p(G—A)=p(A—F)=0

Ot1o caeayer K3 (b), ecan 83T e=1/n H NOROXKHTH N~—> 0O.

Nockonbky A=F(A—F), M BupuM, uto Kaxaoe A¢ IR (u)
npeacrasaser cobofi ofbefrHenne OOPENEBCKON0 MHOWKECTB2E H MHO~
WecTha HyAeBoft MepEl

BopenepckHe MHOMKECTBA W-H3aMepuMu! TipH KaxpioM p, Ho mso-
KecTBa MepH RyJb (T. € MHOXecTBa E, naa koropuXx w*(E)=0)
MOTYT GHITH PaSRUYHBIMH AN PAIIHGHBIX .

() Kakopa Sm HH Obia GyHKOMS |, MHOXKECTBA MepHl HyJ b
0bpazyloT J-KOABLO.

(f) B cayuae Mepn JleGera BcsiKoe CueTHOE MHOMKECTBO HMeeT
Mepy HyAb. Ho cymlecTBYIOT M HecueTHble (H Aake COBEpILEHHBIE)
MHOXeCTBA Mepu Hy/b. IlpuMepoM MoXeT CAyXETh MHOxKecTBO Kan-
TOpa: MCMOAL3YS 0603HAuUEHHS H3 n. 2.44, JIeTKO N(OKa3aTh, YTO

m(En):(%)“’ (n=t| 2, 3’ "o)’
a 1ak KXak P= NE,, 1o Pc E, npr mofom », tak yt0 m{P)=0,.

10,12, Onpegeanenue. ITycts X -—MHOKECTBO, HE OOA3ATENBHO
ABJSIOMIeeCs TOAMHOMECTBOM €BKAHZOBA MPOCTPAHCTBA HAH BooGHle
KaKoro-HuGyAb METPHUUYECKOro TNpocTpancTBa; X HAsHiBaeTCS Mpo-
CIMPANCIEOM ¢ Mepodl, ecNi CymecTBYST J-Koabio IR moaMHoKecTB
MHOXKecTBa X (aJeMeHTH MHOXecTRa I HA3HIBAIOTCS HIMEPEMBIMU MHO-
MEeCTEaMH) H HEOTPRLATENLHAA CHETHO-ALAUTHBHAA (YHKUMA MHOXe-
cTBa |\ (HasnBaeMan sepod), onpefencHnan nHa .

Econ, rpoMe Toro, X€IR, 1o X HasniBaeTCH USMEDUMBIM RpO-
CMPAHCIMAOM.

Hanpumep, MH MOMeM B38Th B KadectBe X mpocTparcTBo RY,
B KauecTBe I} — MHOMKECTBO BCEX H3MEDHMLIX NOAMACKECTB NPOCTPaH~
ctBa RP, a B xauectpe | — Mepy JleGera.

Hinn B KayecTBe X MOMKHO B3fTh MHOXKECTBO BCeX NOJNOXKHTENIb-
HBIX LEAHX 4HCeN, B KauecTse SN — MHONKECTBO BCeX TNOAMHOXKECTB
MHOKecTBa X, a B Kauecrse p (E)— uncao aJeMeHTOB MHOKecTBa E.

Hdpyroft mpuMep paer TeopHs BepOATHOCTeil, B KoTOpO# colhiTHA
MOXKHO PpacCMaTPHBATh KAK MHOMKECTBA, 4 BePOSTHOCTb HACTYMJIEHHA
COBHITHH — 3T0 ANAHTHEHAH (MAH CUETHO-ANAHTHBHAA) tbymmnﬂ MHO-
HKeCcTBaE.

B caenyomux pasiesax Mbet Bceria OyAeM HMeTb Jiello ¢ H3Me-
PHMBIMH [pOCTpaHCTRaMH. ChnefyeT NOAYEPKHYTh, YTO TEODHA HHTE-
rpaja, K KOTOpoA MM BCKOpe nepefileM, HH B KakOoM OTHOLIEHUN
He cTaza 6W mnpome, ecan Obl MBl TOXKEPTBOBAAH TOH CTENEHLIO
OOIHOCTH, KOTOpo#i MBI cefidac MOCTHTIH, H OPPAHHUHIHCH, CKaxkKeM,
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Mepolt JleGera Ha mnpoMexyTKe Beliectsenuodi mpsamoil. Ha camom
Jesie OCHOBHLIE UepTHl TeopHH C ropasjo Goibiiel SICHOCTBI) IposiB-
AmoTea HMeHRO B ofulell cHMTyausd, KOrja Xopoilo BHAHO, 4TO BCe
3ABHCHT TOABKO OT CUETHON aJOHTHBHOCTH Mephl |, OnpeieneHHoH
Hd HEKOTOPOM G-KOJbIle.

Ham Gyzer yaobHO BBecTH o603Hauenue

(41) {xiP}
I MHOMKECTBa BCeX 3JEeMEHTOB X, objajaromux csofcrsom P.

Hamepumnie yHxkunn

10.13. Onpenenenne. Ilycrn f-—dyukuus, onpejeleHsan Ha
H3MEPUMOM TPOCTPAHCTBE X €O 3HAYEHHAMH B PacCUIEDERHOH CHCTEME
BEMICCTBEHABX ynces., PYyHKLHA [ HA3HBACTCA USMEPUMOL, €C/H MHO-
WECTBO

(42) {x|f(x)>a}
M3MEPHUMO TIPH KAXAOM BEIReCTBEHHOM &.

10.14. [Tpumep. Ecau X=R", a M =M (p) —B COOTBETCTBHH
¢ onpepenchdeM 10.9, —To Kaxjasn HenpepbiBHas dyHKuHsA f H3Me-
pEMA, TAK KaK B 5TOM chaydae MHOMKeCTBO (42) OTKpLITO.

10.15. Teopema. Caedywujue ycao06uR IKSUBAACHINNDL

{43) {x|](x)>>a} usmepumo npu KawOOM BEUECMOCHHOM Q.
(44) {xif(x)>a} uamepumo npu KaxOOM 6euiecmeeHHOM Q.
(45) {x!f(x)<<a} uamepumo npu KayOosm GEWCCMEEHHOM 4.
(46) {x|f(x)<a} usmepumo npu xKaxGom GeUJECMBEHHOM a.

Hoxasarteawscrso. OTHomenns

1 @>ap= 0 {=lfw>a—g),
{x|f(x) <a}=X—{x|](x)>a},
lim<a)= 0 {x1fm<at+},
(if () >a)=X—{xif (9 <a)
nocAeoBATENILHO NoKasuBawT, uto K3 (43) caeayer (44), u3 (44)
caenyer (45), us-(45) cnepyer (46), a us (46) cnegyer (43).

3Ha‘llﬂ'. Kaxjaoe H3 3THX YCJIOBH[?] MOM¥HO HCIOJL3IOBATH BMECTO
(42) pna onpelencHEds W3IMEPHMOCTH.

10.16. Teopewma. Ecau | usmepuma, mo usmepuma u | f|.
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DokasaTenbCTBO:
{xl|f (| <a}={x|f()<a} N {x|f{x})>—a}

10.17. Teopema. ITycmv {f.} — nocsedosamesvnocms usmepu-
moix @ynsyud. Hpu x€X norowcum

gix)=supfa(x) (r=12,3,...),
h{x) = Tim fa (x).
Tozda ynxyuu g u h uamepusst.

Koneuno, TO e BepHO H B OTHOWCHHH HMMCHCH MPaHH H HHXKHEro
npeneaa,

JdokaszaTeascTBO.
(rig@>ap= U {xifa(0)>a),
h(x) = inf gm (%), vRe gum(X}==sup fa{x) (n>m).

Crnegcreun. (a) Ecau | u gusmepunor, mo max {f, g) 4 min(f, g)
uamepumst. Ecau
41N fr=max(f,0), [ = —min(f,0),

mo, @ wacmuocnie, ¥ ou [T usamepumest.
() Hpedea cxodauiedca nocaedosamerbHOCIL UIMEPUMBX (PyrK-
ytell— uaMePUMAT DYNKYUSR.

10.18. Teopema. flycmo | u g-—usmepumoie Koneunvie seuwe-
cinsernbie (GynKkyuL, onpedeaenubie wa Muoxecmee X, nycme pynk-
s F eeulecmeenna u Henpepsigna Ha R®, u nycmp

h(x)=F(f(x), g(x)} {(xeX)

Tozda ¢ynkyua h usmepuma.
B uacmnocmu, ¢ynxyuu f4-g u fg vamepumot,

lloxésa"re.nbcrao. Nycrs Gy ={(u, v)| F (4, v)>a}.
Torga G,— OTKpLITOE MOAMHOKECTBO NpocTpaHcTBa R* #

[+a]
Ga= U l‘ ni
n={
rae {I,} —nocaeaoBateNbHOCTD OTKPHITHIX NPAMOYTONLHHKOB:

In={(u, U)ian<u<bng c"<v<dn}o
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[TockonbKy MHOXKECTRO
{x]an<f (%) <ba}={x|](x) >an} N{x]] (£} < bn}
HIMEPHMO, TO MHOMKECTEO

(x| (F(x) g€} ={xlan<F ()<} {¥|cn<g(¥) <dn}
H3MEpUMO. 3HAURT, TO JKe BEPHO H B OTHOLICHHR MHOXECTBA

(18 () >0} = {21 (1), g(M)€Ga)=
= 0, 10, genen).

[TonBoRa #TOTH, ME MQXKEM CKa3aTh, YTO Bce OOHIYHBEIE OnepalMy
aHa/nH3a, BKJIOYas ONepalMi, CBA3aHHHE C NPeleNbHAM NepexoioM,
OyAyuH NPHMEHEHHLIME K HIMEPHMLIM OYHKUHSM, TPHBOAAT CHOBA
¥ H3MEPHMHM YHKUHAM; HHLIMH CJIOBAMH, Bce (YHRIHE, C KOTO-
PEIMH OGBIMEO BCTPEYalOTCH, H3MEpHMEL.

To, uTo 3712 PopMyaHpOBKA TEM He MeHee ACBOJBHO Tpy6a, BUAHO,
OfHAKO, M3 CJAEeNYIOIero 3ameyands: ecad h(x)=f(g(x)), rae
&yHKugs f M3MepHMa, a g HenpepuBHa, To ¢yHKuWA A He ofn3a-
TENLHO M3MepuMa.

UntaTtenb, BO3MOXHO, 3aMETHJ, WTO B HalmleM oGCYXKJAEHHU H3Me-
paMHIX QYHKUHR HATAE He YNOMHAaJach mepa. B camoM fene, xaace
byHKUMH, H3MepHMBIX Ha X, 3aBHCHT TOJbKO OT o-koasna IR
(o6o3navenus Te ke, uro B m. 10.12). Hanpumep, MCOXHO FOBOPHTD
o ¢ynknuax, usMepnmMux no Bopesio na R®, T. e. o dyHRuusx f,
ANA KOTOPBIX MHOMKECTBO

{xifx)>aj

Bceraa GopelieBCKoe, He YIIOMHHas NPH 3TOM HHKAKOH KOHKpeTHOH
MEpH!,

MpocTrie pyHkuMM

10.19. Onpegenenne. Ilycth §— BelecTBeunad GYHKUMS,
onpeAeneHHan Ha mHOKecTse X, Ecau MHOmecTBO 3HaueHHA QyHK-
URA § KOHEeuHo, TO Mbl GyHeM r'OBOPHTDL, HTO S— NPocmas Qyrxyus.

[tyete Ec— X, n nyetsb

(x€ E),

(48) KI‘L'(x)= 0 (er).

Ky HasbiBaeTcst xapaxmepucmudeckoid ynnyuerd MuoxecTsa E.
[Tycts MHOXecTBO 3HaueHHfi (PYHKHHH S COCTOWT H3 DA3JIHUHEBIX
YHCEN Cpy ..., Cp. T1¥CTH

Ei={x!s(x)=c3} =1 ...,8).
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Torpa

n

(49) | s= 3 aks,,

T. €. Kakjaas npoctad GYHKUHA mnpencrasiser cofod KOHEUHYIO
JHHEARYIO KOMOHHAUMIO XapaKTepHCTH4eckHX (yHKmHA. $lcho, 4970 s
H3MepHMa TOTAa H TOABKO TOrja, Korja MHoXeetsa Ky, ..., E,
H3MEPHMHL.

Oxa3supaerca, no0yilo QYHKUHIO MOXKHO NPHOAHSHTL NPOCTHIMH
DYyHKINAMH,

10.20. Teopema. [Tycms [— sewecmeenrnan Pynryus. onpede-
nenrar na muoxecmse X. Toeda cyujecmeyem nocaedosanesshocms
{sn} npocmeix pynkuud, maxas, 4mo S, (x)—f{x) npe n—co Jan
ecaKozo x€X. Ecau oynxyus [ usmepuma, mo moxcre evibpams
nocaedosameavrocme {sp} mag, umobov ece Qyuxyun s, mosce Obit
usmepumsi. Ecau f > 0, mo nocaedosamesonocms {S,} MoxcHo ceumams

MOKOMOKRHO 803pacmaiowed.
HokazareabcTBo. Ecom f3» 0, To nmoJoknm

Eu={s| 55 <l <ge} Famixli>n)

ap n=1, 2, 3, ..., i=1, 2, ... n2", Ilycre
n3"

(50) sn= ) “5o-Kg,,+ K,
-

B obmem chyuae 3annmiem f=f*— [~ 4 NpHMEHHM RpefbLIAYMYIO
KOHCTPYKLAIO K fr u [~

3ameTum, YTO NOCJIEAOBATENBHOCTD {5, }, 3ajauHan paBeHCTROM (50),
cxoputTcs K [ paBHOMEpHO, ec/H [ OrpaHHYCHa.

Hurerpipopanne

Mul onpenenuM HiiTerpHpoBaHHe Ha H3MEPHMOM NpoCTpaHCTBE X
¢ o-KoabuoM 3N uIMepHMBIX MHONKECTB H ¢ Mepolt p. Yurareas,
Kenaomuf HMeTh Nepef rIyasaMH GCoJiee KOHKDETHYIO CHTYaLMIo,
MOXKeT TpeAcTapiarh cebe X KaK NPAMOYrOABHHK HAH KaK Bele-
CTBEHHYO NpAMYic, 8 p—Kak Mepy JleGera.

10.21. Onpenenenue. MonycruM, uro $yHKuua

n

t1)) s(x)= 21 cKg, ()  (x€X,6>0)

=
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uamepumMa, ¥ nycrs E ¢ IMN. Tonoxum
n

(52) Ig(s)= 121 cis (E N Ey).
Ecay dynruua f d€3MepEMa H HEOTPHUATEALHA, TO MBI ONpe/eIHM
(63) \ Fdn=supIs(s).

E

TAe BepxHss Tpakb OepeTcd NHO BCeM NPOCTHIM (PYHKUHAM, TaKHM,
yto 0<s<f.

Jlesasi wacth pasenctBa (B3) HaswiBaeTcs uwmezpaiom Jlebeza
Pynkyul | omrocumessro Mepol p no muosecmsy E. 3aMeTHM, YO
HHTErpan MoxerT OHITb PaBHHIM -i- 0o,

Jlerko nposepuTh, 4TO

(54) {sdn=1Is(s)

.l

E
And mofofi HeOTPHLATENLHOA NPOCTOH UAMEPHMOH (QYHKIHHA .

10.22, Onpepenenne, Ilycte ¢yrekuus f usmepama. Pac-
CMOTPHM LBa HHTErpaa
(55) {Fap,  {rdp

E E
rae f* wm |~ onpegenenst, Xak B {47).
Ecan xors 6w oaun u3s uuTerpanos (55) KOoHeueH, TO Mul foAa-
raeM, 1o onpefeneHHIo,

(56) {rdn=\rdp—{fan
E E &

Ecan oGa unterpana (55) KoHeuntl, T0 M pasHocth (50) Koneywa,
H MB TOBODHM, uTO QYBRUNA [ unmezpupyema (HAR Cymmtpyesa)
Ha MHOXKecTBe E B cmbicne Jlefera no OTHODIEHHIO K Mepe |4; Mbl
nuweM f€ L (1) na mroxecrse E. Ecan p=m, 10 ofbigroe obo3na-
yeHHe TakoBo: f€ £ Ha MHOXecrse E.

OTa TepMHHONOTEA MOXET BEI3BAThH HeGOJLLIYD NMYTARALY: €CHH
(66) paBHO - c0 HAH — co, TO HHTErpaX PyHKIHUH f N0 MHOMKecTBY £
onpeaedeH, xorsi GYHKDMA f M He HHTerphspyeMa B TOJbKO UTO
Pa3BACHEHHOM CMEIC/IE CJ/10BA; f HHTErpHpyeMa N0 MHOXKecTBY £
TONLKO TOTHA, KOPja €€ HHTErpal No 9TOMY MHOXeCTBY KOHeuew,

10.23. 3aMevanus. Creaywmue cBoficTBAa OYEBHAHML:
(a) Ecom f naMepnMa H orpasndeHa Ha MAOXecTBe E 0 p(E) <+ o,
To fEL (W Ha E.
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(6) Ecom f wamepuMa, mpudem a< f(x){b npu x€E, ap(E)<<
<+, TO

‘ ap (E)<§ f du< by (E).

() Ecom f u g€ (k) Ha £ v ecom f(x)<<g(x) npu Bcex
x€E, 10

ird»sggdu.

(d) Ecnu fe X (p) Ha E, 10 ¢f€ &£ (1) na E, Kakoo 66l BY ObiAo
KOHEeYBoe WHCAO ¢, H

Scfdpﬁc Efdp.

(e) Ecan p(E)=0, a f—nusMepuma, T0
§fdp.=0.

(fy Ecam fe.‘ﬁ-(}l) Ha E, A¢W n AcE, 10 fe¥ (p) na A,

10.24, Teopema. (a) Hycms | usmepuma u Heompuyamesona
wa muoxcecmee X, Han ACWM nosomum

(57) oA = fdu.
: A

Tozda yrryun ¢ cuemno-adoumusna na N,
(b) To e eepro, ecau fEX (n) na X.

HdokasarenncTBo. ScHo, uto (H) c.rle,nye'r H3 (@), ecAn Mu
sanmweM f=f*—f" u npumennm (@) Kk f* u
Urolu gokasats (@), MH JOJKHH NOKa3aTh, 4TO

(58) A= 3 94,

et A€M (n==1,2,3,...), ANAj= @ opn is] u A=°L:; A,

Ecau f— xapakTepucTHueckas QyHKUUsS, TO CUeTHas aJAHUTHBHOCTD
(PYHKIHH @ — TO 3Ke caMoe, YTO cHeTHad a/AHTHBHOCTD (YHKIHH ],
TaK Kak \

;xndp«;-u(A n Ex
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Ecan f—npoctas pynkuus, 1o f umeer sug (51) # yreepxiaeHne
TEOPEME! TAKIKe BHIOVIHAETCH.

B obmem cxywae anm Kampaolt npocTolt HaMepHMOk (GyHKUMU s,
taKkofi, 4ro 0«s<f, HMeeM

Ssdu=§, S sdpsi‘, ¢ {An).

A n=i Ag n=t

[Nosromy, coraacho (53},
(59) A< 2 9(4n).

3amerum Teneps, 40 ecin @ (Ax)= + oo NpPH KakoM-HHOYAbL 7,
T0 (68) TpHBHaAbHO, Tak Kak @ (A)> ¢(A4,). [Tlostomy nycrs

¢ {Ap} << oo mnpa Bcex n.
Jaa 3agansoro >0 pubepeM H3MepHMYIWD DYHKUHIO § Tak,
10 0<s<f u

(60) §sdp}Sfdu—e. { sdus>{ fap—e.

Ay Az Ag
Heno, urto

oUA)> | sdu={sant{sdp>ot)+ot—2,

AlJAg Al Az

¢ (AU A) > @ (A} + 9 (Ao
CrieaopatesibHO, NPH KamkiaoM 7t
(61) e(AU... UA) 2 0(A)+ ... +9(4).
Nockoaeky AD A ... | As, TO u3 (61) caeayer, uto
(62) P(A)> 3 94,
# (58) Boirexaer u3 (59) u (62).
Chepcroue. Ecau AEM, B A, p(A—B)=0 u ¢ynrxyua f

usmepuma, mo
™~

S fdu=1 fdp.
A B

TakK 4To

Mockonbky A= B{J(A— B), 370 cnepyer u3 sameyanua 10.23 (¢).

10.25. 3aMeuaHuq. [IpuBeneHnoe Bullle CeICTRHE NOKA3MBALT,
9T0 MHOMECTBAMA MepH HYAb NpH HHTETPHPOBAHMA MOMHO mpe-
HeGpeub.
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Ecne MHOKECTBO
{xif(x)*=gNNE

HMEET Mepy Hyam, To M= OyjeM nucath f~g na E. Torma f~f;
u3 f~g caepyer, uro g~f, u H3 f~g, g~h chregyer, uTO
f~h. SHAYHT, UTO OTHOIIEHHE ~  €CTb OTHOHIeHHe DKBHBE-
JIEHTHOCTH.

Ecan f~g wa E, T0 Mu, O4€BHAHO, HMeeM JAAS JI0GOro HaMme-
puMoTO NoAMHOXKecTBA A MHOXKecTBa £

- {fan={gdn
A A

Npd YCAOBHH, YTO STH HHTETPaiH CYHIECTBYIOT!).

Ecagr cpoficteo P BHNOAHAETCA AJA9 Kaxaoro xcE—A # ecom
p{A)=0, 10 oGHYHO roBopAT, 4T0 P BHINOJHSETCA MAA TOYTH BCeX
x€E uan uro P Bomoangercs noutH Beoay Ha E. (CMeck sToro
«OYTH BCIOAY» SABMCHT, pasyMeeTcs, OT Tofl KOHKPETHOH Mephl,
KOTOpY®0 MBI paccMarTpuBaeM. B nurepatype, eciu He OrOBOPEHO
RPOTHBHOE, OCBMHO HMEIOT B BEAY Mepy Jlefera.)

Ecan f€ X (u) na E, 10 ACHO, 4TO 3HaUeHHe [(X) KOHEYHO TMOUTH
Bewopy Ha E. IHoaroMy B OOJMBHIEHCTBE CAYYaEB MBI MOXeEM, He
yMalad OGUIHOCTH, C CaMOI'0 Hauajia NpeAnoJaratsb, 9T0 (yHKIHH,
¢ KOTOPHIMH MBI HMeeM JeJ10, NPHRAMAIOT TOJBKC KOHETHHE 3HAYCHHS,

10.26, Teopema. Ecru fe L (wyna E, mo u |f|€ XL (n) va E u
(63) |§ rau|<§irde.
. ¥

Hoxasarteabctso. 3anmuem E=A|)B, rae f(x)>0 na A
u f{x)<<0 ua B. Ilo Teopeme 10.24

{17 1dn = § iFldpt { 1F1dp=§ Prap+ § fdp <+ o,
E B A
taKk aro |f|€ & (p). INockomexy f<|fl # —f<|f|, Mb BEgAM, uTO
{ran<{ifian, —{ran<{irian
E E B
oTKyaa u caepyer (63).
OCKOABKY H3 HHTErpupyeMocTH dymKilhH f clefyeT HHTerpi-

pyemocte GyrKuUME |f], 70 HATerpan JleGera 4acTo Ha3HWBAWT
a6ComOTHO cXopfmumMes. KoHewHo, MOXHO ONpefesuTb H HeaGCoIoTHO

1) Bonee Toro, eciiM CYNIeCTEYET OAHH ‘B 9THX HYTEr'pPANOE, TO CVIIECTBYeT
u Apyrofl, —Ilpum. nepee.
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CXOAdAIHECA HWHTErpaJbl, H HpH H3YYCHHH HERKOTOPHIX npollieM 3710
Aawe cymecrsedHo. Ho y 3THX muTerpasioB oTcyTcTBYIOT HamuGosee
nonesHute cBoficTea Huterpana JleGera, H OHH HrpalOT B aHaJH3E
HECKOALKO MEHee BaXKHYI0 POJb.

10.27. Teopewma. lIycms ynkyua | uamepuna na E, |f|< g,
v geE ) na E. Tocda fF€E (n) na E.

HoxaszareasctBo. Umeem f*<gu f-<g
10.28. Teopema Jlebera o MOHOTOHHOH CXOZH-

mocTu?). Hycms ECM. Hycme {fu} — maKas nocAe306aMEALKOCING
uamepumex Qyrkyul, wmo :

(64) 0K () <Faln)<. .. (xCE).
Tycme ynsyus f onpedesena pasercmseom
(65)  f@=lmfg  (x€B).
Tozda
(66) {hdn—>{tap  (n>oo).
B 4

Hokasateanrcrso. Cornacdo (64), cymecTByer Takoe @, 4TO
®n §fn dp->a

NpH n -+ ¢o, a TAK Kak Sf,,ggf, T0
(68) u<§  dy.

BuiGepem ¢ Tak, utobm O <c <1, ¥ MycTh $--MpoCTas HIMEpH-
mast dyuruud, taxas, 910 0<<{s<<f. [Honokum

Ep={x|fa(x) > cs(x)} {(n=1,2,3,...).
Cornacuo (64), Eyc F,c E;— ..., a B chay (65)
(69) E= ‘{_ji E.
IMpr motiom £

(70) { du> { fnause
E E E

ey

sdp.

n n

1y Sra teopeMa o6uluHo HasuBaercA TeopeMmolt B, Jlesr.—/Tpum. nepes.
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Yerpemud B (70) # Kk co. ITocKOMbKY uHTErpan — cueTHO-afdu-
TABHA® QYHKIAS MHOXecTBa (TeopeMa 10.24), 70, KaK moxasuipaer

(69), moxHo npumenHTs Teopemy 10.3 K nocaeamemy uuTerpany
B (70), H ME nOAYYHM

(1) u}cﬁsdp.

yCTPeMJlﬂﬁ ¢ K ¢lHHHUe, ML BHRHM, 4TO

e S sdp,

E
a u3 (53) caeayer, 4TO

(72) e3> § fdp.

Teopema caenyer Tenepb 3 (67), (68) u (72).

10.28. Teopema. Hycms f=f-+f, el [icL{n) na E
(i=1, 2). Tozda feZL () na E u

73 {ran="{ridn+{ raan.
E K E

HoxaszaTtensvcrBo, Cuavana ponyctu, wro f; 20, f,>0,
Ecau f; u fy—npocreie dyuxuun, 1o (73) TpHBHANBLHOC caAefyer
u3 (52) u (54). B obwem cayuae BeiGepeM MOHOTONHO BOBPACTAIIHE
AOCACL0BATENLHOCTH {Su}, {Sa) HEOTPHUATENBLHMX HIMEDHMBIX NPOCTHIX

dyuxunit, cxonamuxca K f;, fa. Teopema 10.20 nokaswBaer, uTo 3710
po3MOXHO, TTOJOKHM S, = S5, 3-S5,

Torna
S Sp dp = S Sndp+ é shdp,
B E

H (73) nonyuurca, ecaH MH
my 10.28.

Teneps aonycteM, uto f, 30, f2<0. Tlonomnm
A={x|[(x)>0}, B={x]|f({x)<<0).
Torpa dyukuwun f, f; H —f, HeoTpunarTenbHsl Ha A. 3naunr,

74 1dp= dp.+ —F)dp= dp — 24U,
(74) 5fﬂ§fu§(h)»§fu§fdp
Ananoruuto ¢yuxumn—f, fy B —f, HeoTpuuarTenbenw Ha B, TaK

V(—radp={ fiap+§ (—pap,

B B B

YCTPEMHM £ K ©O U NPHMEHHM Teope-

qTO
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HIH
(75) {fodn={ ran—{ foan,

B B B

n (73) Burekaer M3 (74) u (75).

B obmem cnysae MHOXKecTBO £ MOXKHO Da3f0oXuTh Ha uerbipe
MHOXecTBa E;, Ha kakaoM H3 Kotopux f,(x) u [»(x) coxpassor
snak. Ma poxasansoro caegyer, uro

(ran={nant (a1 2,3 9,
f &y 5y

B {73) noayuaerca, ec/M MH NPOCYMMHPYEM 3TH PaBeHCTBA.
Teopemy 10.28 momxuo caeaylouM obpasom nepedopMyn#poBaTh
B TepMHHAX PAAOB (yHKUHEH.

10.30. Teopema. Hycmo ECIM. Ecau {f.}— nocaedosamess-
HOCITIb HEOMPUYAMEALHLIX USMEPUMLLY PyrKyul U

(76) Fey=3 futn)  (x€B)
mo

§fdu=§ { .

maai B

JokazateabcrBo. Yactune cymmwl pajga (76) obpasywor
MOHOTOHHO BO3PAaCTAIOHIYIO NOCAEHROBATENBHOCTD,

10.31. Teopema ®aty. ITycme E€WM. Ecauw {fa}—nocae-
G0BAMEALHOCIIND HEOMPUYAMEAbRBY UMepumbix Pynyull u

f)=limfr{x)  (x€E),

R0

mo
(7 { rdusctim § 7 ap.

n—+w g
B (77) moxer umeth MecTo cTporoe HepaseHcTBO. [IpuMep yxasan
B ynpaxueruu 5.
Hokasateancrbo. [lonmoxkum
gu(x)=inffi(x) (i>n)

npu n=1, 2, 3,... H x€E.
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Toraa byuruus g, mamepuma Ha MuOXecTBe E u

(78) 0<a:x)<g:l)<. .o,
(79) ’ g (%) < fn (%),
(80) Zn(x)}—>f(x) (n—> oo},
Coraacuo (78), (80) u Teopeme 10.28,
(81) ) m»—»i fdu,
E

Tak 4ro (77) caeayer w3 (79) a (81).

10.32. Teopema JleGera o6 orpauuyeHHoh CXOQH-
MocTH. [yems ECIR. Iycme {fn} —maxan nocredosamersnocme
usmepumuix gyneyud, «mo

(82) fh@—f®) (€
npu n-—>co. Ecan cywecmsyem gynxyus g, maxas, «mo
(83) llnix)|<g@®) (n=1, 23, ..., x€E),
u geln) na E, mo
(84) tim { fadp={ fap.
E E

Hepapencreo (83) osuauaer, uro bysKuMs g OrpaHnYHBaET mocje-
RoBaTedLHOCTb {fa); 3THM OGBSCHAETCH Ha3BauMe TeopeMul. B cmity
n. 10.25, yrBepxaenHe TeopeMbl OCTaercsd BepHLM, eciam (82)
BHIMOJRSAGTCS NOYTH Belogy Ha E.

HokasareabcTBo. 3aMeriM cHauasa, uTo 43 reopemst 10.27
cnepyer, ur0 fo €L (W) u f€XL (p) Ha E.
Teopema Paty nokasmiBaer, 4to

\ G+rdu<tim § (fat ) dp,

B MWE

TaK Kak f,+ g>0; unaue roscps,

(85) { fap<tim § fadp.
E A B

AHaJTOrHYHO, MOCKORBKY g — o3>0, TO
i (g—Hdp<lim \ (g—fadp,

u—wog
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TaK 4TO
—ifdpéli_nz [~ {fadn],
N—00 r

4 3TO 3HAYMT, HTO

(86) { fan>Tim { ,ap.

E E

CymecTsoBanye npegesa B {84) u papenctno (84) renepb caenyior
n3 (85) n (86).

Canencreue. Ecau p{E)<-+ oo, nocaedosameasvriocme {fr}
pasnomepHo ozparuvena wa E u fn (x)— f(x) npu ecex x€E, mo
avinosnsemcs (84).

CpaBrenne ¢ uuterpaioM Pumana

Hawa cnegyiomas TeopeMa MOKA3bIBAeT, HTO KaXKAAsg (QYHKLMR,
uHTerpHpyeMas 1o PUMany Ha HEKOTOpPOM CerMeHTte, HHTErpHpyema
Ha 9TOM cermMente R mo JleGery, u 9T0 GYHKHHH, HHTETPHpYEMME
nc Pumady, NOAYHHAIOTCS JAOBOJIBHO OFPAHHUHTENBHBLIM YC/IOBHAM
nenpepuBiocTH. Teopha JleGera No3BoJIAeT HHTETPHPOBATL (QYHKIHH
ropasgo Gomee HIMpOKOTO KJjacca. OAHaKO caMoe 3HAYHTE/BHOE
ee TNpPeUMYILECTBO COCTOMT, BepoATHO, B TOR cBofoje, € KOTOpOA
B HHTerpaniax Jle6era oxasbiBaeTcsi BO3MOXKHEIM [POH3BOAMTL ONEpa-
IIHH HPefeNBHOro Nepexoia; ¢ 3TOll TOUKH 3PEHHA TEOPEMBl O CXOAM-
MOCTH COCTABJISIIOT CyTh Ae0erOBCKOR TEOpHA.

Oana u3 TpyAsocTell, BCTpedaloinuxcs B Teopun Phmana, 3axJio-
yaercs B TOM, YTC Npeies NOCHeROBATEALHOCTH BYHKUMA, HHTEr pHpYe-
MbiX o PHMasy (WAH jake HenpepsBHBIX), MOXET yxe He OHTE
HATErpHpyeMuM 1o Pumany. B reopun JleGera sta TPYAHOCTL NOUTH
HCKJMIOYMAeTCA, TaK Kak RNpefilefl IOCHAEAOBATENLHOCTH H3MEPHMAIX
GYHKUHA cHOBa H3MepHMas QYHKOHA.

Mycte npocTpancTaoM X ¢ Mepoit cayur cerment [a, b semte-
cTBeHHOfi NpAMofl ¢ p=m (Mepa JleGera), a M- MHONKECTBO BCEX
NOAMHOXECTB cerMenTa X, aMepuMmbix no JleGery. Bumecro

§fa'm

ang wmurerpana JleGera dymxumn f no cerMenty [a, b} npuHATo
ynotpebasTh npiBhYHoe obGo3nauenne

b

Sfdx.
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Yrofkl OTMMYHTL NeberoB HHTerpad oT uuterpasa Pumana, Mut GyzeM
STOT nocheisnil obfo3HavyaTs TaK:

b
& Sfdx.

i@

10.33. Teopema. (@) Ecau fCRH na fa, b], mo f€¥L na
ia, &) u
b b
(87) Sfdx=.9?3fdx.
(&) HMycmo pynxyus [ ozpanuvena na ja, bl. Tozda f€ R na [a, b)

moeda a; moavko mozda, kozda Pynkyus | nenpepeiena noumu ecwdy
sa [a, b).

Hokasateabcrio. Mycrs oynkuus [ orpanuyena. Ilyers
{Pi} —TaKas nocnefoBaTeNbHOCTL pasGuenni cermenta [a, b}, urto
Pryy —u3Menvuenne paszbuenusi Py u p {(P) —> 0 npi £—> oo (B 3ToM
ZOKa3aTeAbCTBE U 0003HAyaeT He Mepy, a AHameTp pasGHeHHs).
Ecau P, — pasGuenue

A=Xg<< Xy <esuo < Xp=0,
TO NoNOKRHM Uy (@) =Lz (a)=f(a) u
Up(x)=M;,  La(¥)y=m (tq<x<<xi, i=1,...,1)

(oGosnanenns Te xe, uro ¥ B n. 6.1), Toraa
b

b
(88) U Ps, f)= S Undx, L{Py f)= SL;dx.

TlockoabkY Pge;— H3MeAbUeHHE pasGuenns Py, 10

B89 Ui@zUz(x)>...2f@2...2L0LW2Lx)(agxb).
Ionoxum

(90) U(x)=Li_l.13°Uk (x), L(x)=£ﬂ£k () (a<x<b).

Teneps ponycruM, wro f€.%. Bauay 1010 uto p(P) —0,

b b
(1) UPn H— R S Fdr, L(Py [)—>B Sfdx.

10 nochelHee COOTHOWeHHE He OHIO HABHO CAHOPMYJABPOBAHO
B . 6 B BHAe TEOPeMKl, HO €70, KOHEUHO, JErK0 BHIBECTH K3 JOKa-
3aTenbcTBa Teopembl 6.14 [eM. dopmyan (28) u (29)]. Coraacno (89)
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u (90),
b b b b
(92) {unds— (vdr, (Liar—{Lax,
tax uto H3 {88), (91) B (92) cnexyer, uro
b ] b
(93) Sde= {Ldv=2{fde

[Mocroneky L (x) < f (x) <U({x) ua [a, b], TOo nepeoe u3 paBeHCTE
{93) nokasuBaeT, uTO

(94) Lx)=Ffx)=U{x)

NOYTH BCIOAY Ha (g, b] (ynpaxuenye 1), Tlockousky L B U uamepumsl,
TO 5T0 BepHo M B orHomenuH f. 3maunr, f€ X, u (87) cneayer
us (93) u (94).

Tenepn AOMYCTHM, YTO X He TIPHHAJLNERHT HHAKAKOMY H3 pasbue-
HEl P, (OTMETEHM, WTG MHOMECTBO BCEX TOYeK, EXOJNIIEX B COCTAB.
KaKoro-HHOYAb pasOucHua P, CueTHO H NOTOMY HMeeT Mepy Hyab)
COBCEM JIETKO 110Ka3aTh, 4TO TOTA2 QyHKuMA f HelpepniBHA B TOWKE X
B TOM M TOJALKO B TOM chayuae, Koraa U (x) =L (x).

Taknm ofpasom, ecnu fEFR na [a, b], To, Kak noxasumaer (94),
dyukuns [ Henpepoisia TOYTH BCKOAY Ha [a, ). OGpaTHo, ecau
[ WenmpepriBea nouTH Beway Ha [a, b), 10 (94) bEnoiHeHO. 3HauHT,
BLINOJIHERO mepsoe W3 papenctB (93), n, xax nokasuBaior (92) u (88),
Iasa Beakoro € >0 MoxHO HafiTH Takoe k, u4TO

U(Pk' f)_L(Pk’ f)<3!

ciiefoBaTenbio, no teopeme 6.6, f €2 na [a, b}

MHOrRe COOTHOWIEHHS! MEXKAY HHTerpupoBandeM H auddepenuunpo-
BaHHeM QYHRKUHE NepedocATes d B Aeberonckyio Teophio. Ecan fe X
Ha f{a, b} ®

X
(95) Fy=\fdt (a<x<b),

i

1o F!(x)=f(x} nouts Bcioay Ha [a., b].

O6patso, ecan dyukuua F aupdepennupyemMa B KaXKIOH TOUKe
cerMenta [a, b1 («moutH BCOAY» 3fech HegocTaTouHO!) M ecan F'€ X
Ha [a, b}, 10

x
F—F@=\F@d (a<x<b).
i

JoxazaTeAbcTBA MOXKHO HafTH B MoGoH H3 AOCTATOYHO NOAPOG-
HHX KHHI' 110 TEODHU HHTerpaja.



Humezpuposauue KoMnACKoNSX Dynuitii 297

Huterpupopasne KOMOEKCHMX thyHRINI

Ilycth f— xoMmeKcHO2HAUKHan OYHKLUESA, ORpejefienHas Ha APO-
crpasctee ¢ Mepoii X, f=u--{v, rie ¥ H U-—BEMECTBEHHH.
Mu Oyzem roBopurs, uTO (VHKUA® [ H3MepuMa, ecaH obe QyHk-
1HH 4 H U H3MEPHMA],

Jlerko npoBepaTb, UTO CYMMW U TPOMSBEASHHS KOMIAEGKCHHIX
H3MePHUMHX (PYHKIHN cHOBa H3MepuMmbl. M3 Teopemnr 10.18 caeayer,
uro | f|-—-usMepumasi byHKNHA, eclH H3MEPHMA KOMIJEKcHas dyHX-
nua f, Tak Kak

I f | = (u? -+ Us)’/s’

HonyctaM, uto p— mepa na X, E — uamepumoe nojMroxecteo X,
a f—komnnexcHas thyskuas, onpepenensas ma X. Mu GyjeM roso-
puTh, uTO fC £ (p) Ba E, ecyn | u3mepuMa n

(96) {ifidn<i-oo;
E

[pH 3TOM MH NOJAraeM, IO ONpejeNCHUIO,

Sfdp"—.— S udp.+is vdp,
B E E

ecnn Boimoaueno (96). Sleno, gro (96) BHMOAHAETCS TOrAa H TGABKO
TOTAa, KOTfa u€L(p) 4 vE€Z(w) na E, rmak xak |u|<|fl,
lol<Ifl [Fl<le|+]o],

Teopemnt 10.23 (a), (d), (e}, {f), 10.24 (b), 10.26, 10.27, 10.29,
10.32 Moryr OmTb mepenecerbl Ha MHTerpaJjnl JieGera oT KOMIJeKC-
HEIX ynxumi. JoxkasaTespcTBa COBCEM WPOCTH, H TOALKO J0Ka3a-
TeALCTRO TeopeMul 10.26 npeacrasnsier HekoTOpHil HHTEpec. Bor ono.

Ecan feZ{p) Ba E, To cymecTByeT KOMMAEKCHOE GHCAO C,
|e|=1, rakoe, 4rO

cgfdp>0.
B

HMonoxuM g=cf =u-+iv, rhe u u v BemectBennul. Toraa

|§rdu|=c ran={ gdn={udu<ifidn
E E E E F

3aveTHM, ¥TO UHCHO Sgdp. BEHIECTBEHHO (3T0 CJefyeT M3 nep-
BbiX ABYX DaBeHCTB).
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¢yHKUNM Knacca L3

B xavecrsBe npHaoKeHHA Teopun JleGera Mul usNomkuM oGobuieHne
TeopeMut TlapceBanst (KOTOPYIO Mbl JOKA3A/AH MWL 51 HENPEePHBHHX
¢yuruaft B ra. 8) u poxaxkem Teopemy Prcca—®Puwmepa ana opro-
HOPMaJbHWX CHCTEM (QYHKIHA.

10.34. Onpenenenue. Iycts X — HaMepHMOE HPOCTPAHCTBO.
Mu OypeM roBOpHTb, YTC KOMILIEKCHas (yHKU#st [ TNpHHAAACKHT
kaaccy £3(n) Ha X, ecan [ uaMepHMa H

{I1pde<too.

Ecia p—wmepa JleGera, To Mwm GyxeMm nHcate npocto f¢ L2,
Ecan fe £*(p) (sauuuas ¢ sToro Mecta Mnl GyAeM oONnyCKaTe cJoBa
«Ha X»), TO MH NoOJaraeM, no OnpeReSeHHIO,

Efl= {§!f5=du}"‘

R BasbiBaeM wHcdo || fl] Hopmoft gynkumn f.

10.36. Teopema. fTyeme feX2(n) u geX*(p). Tozia
fged(w) u .

97) §!ig[du<l?fii-1lgll-
310 HepaBeHCTBO, KaK M B cJAy4ae PAfOB M MHTerpasoB Pumana,

HasmBaeTcs HepasenctBoM lllBapua. Kak W B paccMOTpeHHuX panee
CAYyYadx, OHO BHTeKaeT H3 HepaBeHCTBA

o< (m+x|g1)=du=sifu=+2x§ |gidp-+32 gl
X

KOTOpOe BHIIONHAETCH NPH BCAKOM BellleCTBEHHOM A

10.36. Teopema. Ecaufe L2 (puge Lt (n),mof+get2{pu
If+gl<ifl+gl
NloxasaTeXbcTRO. Hepapercrso lilsapua noxaawsaer, 4ro
ir+gir= e+ § fa+ { e+ (lar<
<UBfP-+2070ligd gt =071+l

10.37. 3ameuanne. OnpeaenuM paccToandHe MEXKAY JByMA
$yuxkausmu f u g B £*(n), nonaras ero pasubiM ||f—gli. fcko,
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yTQ BCe, KpoMe ofHoro ycjopus n. 2.17, sunoansiores. Jeao B ToM,
970 u3 pasencTBa |[f—g|l=0 ne cmenyer, uto f(x}=g(x) npu
BCeX X, a CAeAyeT TOAbKO, uTo f(x)=g(x) DpH NCYTH BCeX X.
TakuM ofpasoM, ecnH MBl OTOXAEGCTEMM (IYRKUMH, OTJAHYAIOLIHECH
TONBKO Ha MHOMeECTBE MepH HYAb, To £*(n) oxasuBaeTcs METDH-
YeCKHM TPOCTPAHCTROM,

n 6}:accumpm Teneps £? Ha cermeHTe BElNECTBEHHOA OCH € Mepoi

ebera. )

10.38. Teopema. Henpepusssie Gyruxyuu obpasyom 8ciody
naomuoe Mnoscecmso @ £ ra la, bl.

Tounee, 310 3Ha4HT, 4T0 A5 JAoGot QynKuun fEX* Ha {a, U]
H mioGoro >0 cymecTByer &dyHKuUMA g, HenpepuBHas Ha [a, b]
H Takas, uT0

b
1,
i—-gl={{ t—grds} " <o

a

JdoxaszareabcTBo. Mu GyleM roBopiTs, 9TC NOCJAEAOBATE]b-
HOCTh {g,} annpoxkcumupyer dynkmuio [ B X2, ecamm ||[f—gnll —0
upH n—» co.

ITycth A-—3aMKHyTOR TOAMHOXKECTBO cerMeHTa {a, &), a K4 -—
XapaKkTepuctTHUecKaa (PYMKUMSA 3TOro noamHoxectBa. [lomomnm

t(x)==intlx—y| (yc4)

1
gn(XJm"r_i_W (n:l. 2, 3, ..-).

Torza ¢yHKUMA g, uenpepbsna- wa [a, 8], go(x)=1 Ha A
H gn(x)—0 na B, rae B=|a, b)— A. 3nauur,

Iga—Kali={{ srax} " —0
B

no Teopeme 10.32. Hraxk, xapaxTeprcTHIecKyo GYHKIHIO 3aAMKHYTOTO
MHOXKECTBA MOXHO AaNNpPOKCHMHpoBaTh B £? N0CACK0BATENBHOCTHIO
HenpepupHbX (PYHKUMI,

Cornacko (39), T0 e BepHO M B OTHOMIEHHH XapaxkTepHCTHUE-
ckofi . GYHKUHH JI00OTO H3SMEpUMOro MHOMeCTBa, H, cTaldo ObiTh,
‘B OTHOWEHHN JI0G0H NpocToit B3MepuMofi PYRKHHH.

Ecom f20 u f€X£3 1O nyctsh {S,}—Takas MOHOTOHHO BO3pa-
CTaIOIAsl NOCJAEAOBATENILHOCTE NPOCTHIX HEOTPHRATEABHEIX H3MEpPH-
MBIX (YHKUM, 9TO 8, (X¥) —> f(x) npH Bcex x. Teopema 10.32 noka-
3wBaeT, 40 ||f—s,]|— 0, Tak xak |[f—s P<|f %

Orciopa caenyer yrTBepiKieHHe TeopeMbl U B 0OIEM Cayvae.
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10.39. Onpenenenne. M 6yaeM roBOpHTb, 4YTO [OCHENO-
BATEALHOCTh KOMIUICKCHBIX YHKUHA {g,} eCTh opmoropmassuan
cHcTeMa (YHKUMHA HA HaMepuMOM npoctpaHcTBe X, eclaH

- 0 (ns=m),

B yacTHOCTH, JAOKHO BLIMONHATHCH BKJIONEHHME @, € ¥£2(n). Ecan
f€E2{p) u ecan

=Sf%dl‘- (n=1,2,3,...),
X

TO Mul GyfeM MHCATH

f ~ cnﬂf’m

I(E

Kak B onpeaenenun 8.10.

AnanornuHo pacnpocTpansercd Ha £ (wm jame Ha L) onpe-
fielieHHe TPUroHOMeTpHuecKoro paja Pypve Ha -, n). Teopemut
8.11 r 8.12 (uepamencrso Deccenn) pepumt ans moboii f€ L% (w).
JlokasaTenscTBA ROCNOBHO TE XKe.

Teneps Mul Mo3keM Aokasath Teopemy Ilapcesans.

10.40, Teopema. Ilycts
(98) F(x) ~ 2 cae'™,

2de f€ £* na\—m, n). Hycmo s, ecmo n-a wacmuas cymma pada (98)
To20a

(99) tim || f—sa | =0,
+o =
(100) D lenlt=gg § 1P

Hokasateascrso. Ilycrs e>>0. [lo Teopeme 10.38 cyime-
CTBYET HenmpepuBHAS (QYHKOMS g, Takas, 4TO

- B
Nf—gll<5.

Jlergo BHjleTh, 4T0 QYHKUHIO g MOXHO nojoGpaTe TaK, 4TodH yaA0-
BAeTBOPANOCL ycnoese g (n) =g {—n}. Toraa g MoXHO MPOAOIKHTD
Ha BCIO NPEMYI0O KaK HENpephIBHYIO Repropmiecky oyHKumo. Ilo
reopeMe 8.16 cymecTByer TPHrOHOMETpPHYECKHH MHorodsen T crene-
a8 N, Takod, 4ro

lg—TI<3 -
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3nauut, no Teopeme 8.11 (B cayyae £2) upu n> N umeeM
llse —FiIT—F|l<<e,

otkylla W chenyer (99). Pasencrso (100) moxuo Bumectn u3 (99)
TaK Xe, Kax TPH JoKasaTelbcTBe TeopeMu B.16

CaencrBHe. Ecau fCE? na [—m, n} u ecau
n
S fxe-msdx=0 (n=0, £1, £2,...),

L]

mo Y fi| =0.
Takau ofpasoM, ecau jaBe dYHKUHH HMEIOT ONAHAKOBHIE PSABI
Pypre, TO OHE COBNAJAIOT NOUYTH BCIOAY.

10.41. Onpenenenne. Iyers fuf € Z2(n) (n=1,2,3,...)
Bynem roeopuTs, 4TO MOCheR0BATEALHOCTD {f,} cxonuTea K [ B £2 (1),
ecad || fn—f||— 0. Byaem rosopHTh, 410 {f,}-—NOCAENOBATENLHOCTD
Ko B #2%(u), ecam nma aoGoro &>>0 cyumecrsyer uexoe N,
TaK0e, 4T0 H3 n>N, m> N cuenyer nepaseucrso ||fn—fu|/<e.

10.42. Teopema. Ecau {fz} — nocaedosamneassrocms Kown

e X (n), mo cywecmeyem pynkyus € L*(n), maxan, amo {fn}
cxodumes Kk | 8 E3{u).

Hpyrumu cnosam, £2()) —noiHOe MeTpPHUECKOE NPOCTPAHCTBO.

Doxkasareancrso [locroabky {f,} — nocsenosarenbHoCTh
Kony, To Mbl MOXEM HafiTH TaKyi0 CTPOro BO3DACTAIOLIYI0 MOCJAEA0-
BateabHocTh {m}, k=1, 2,3, ..., uto

| 1
I Fay—Fag oy I,‘<§;‘ {(k=1,2,3,...).
BriGepem dynkouo g€ £2{n). B cuay nepasencrsa Illsapna,

g |& (Fay,—Fay,,) [ B < ﬂéikn )

X
3unaymur, .
(101) 3§18 (e, —Fap 0 lan<ligl
k=21 X

TMo Teopeme 10.30 MLl MOXKEM NOMEHSTh MECTAMH CyMMHpOBaHHe
H WHTerpupopanre B (101). CreposatensHo,

(102) 186)1 3, 1Fny () = Fy,, (| <+ o0
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nouth Bcropy Ha X. [lostoMmy

(103 3 gy (6 = Fmy (| <+ 0

noutd pewoay Ha X. Jehcrsutensuo, ecan 6ul pan (103) pacxosuacs

na mMHOomecTBe E NONOXKUTENLHOR MepHl, TO MH MOTMH OWl BHOparh

PYHKIMIO g OTJIMUHON OT HYJ4 HA MHOXKECTBe TOJOXHTENbHOR MepHl,

coflepxamemcs B E, u npuATH K uporHBopeunio ¢ (102).
IMockoneKy k-1 4acTHag cyMMa psfa

n§1 (Frp,, (%) —fn, ()1

Cxonamierocs InoYTH BCIOAY Ha X, copnapaer ¢

- oy () — fay (%),

F(£) = lim fa, (<

TO DaBCHCTBO

onpeseasier f(x) Ang noutH Beex x € X, H HEBAXKHO, KAK Mbl onpexe-
auM f(x) B OCTANLEEIX TOYKAX MHOWecTsa X.

Tenepe Mbl MOKaxeM, ut0 PyHKuUUs [ obnajaer HYXHBIMH CBO-
cteamu. [lycts e>>0. Bosemenm uncac N, ykasaunoe B onpepene-
Eun 10.41. Ecau n, > N, 10 Teopema Pary nokassipaer, 41O

[!f_fﬂkitél_i_n_! Ii lfﬂi'—f“knge'
Tagum 06pasoM, f--fa, e':c= (u), a TaK Kak fe=(f—~fn,)tfn, TO
F€ £2(n). Kpome T0TO, BBALY MPOUBOJALHOCTH 4HCAa &0
lim || —Fny || =0.
R
HakoHeli, u3 HepaBeHCTBa
(104) | f—Fall < f—Fny fi 41y —Fnll

cAeayeT, uTo noclenomateibHocTe {fp} cXoauTed K QyHKiuMH I
B £3(p); AeficTRuTeNbHO, BLIGHPanR # M 1y AOCTATOUHO GOJBUIHMH,
Mbi MONKEM CJleaTb ofa claraemMblx & fpapofl wacTH HepaseHcTBa (104)
CKOJIb YTORHO MAJHIMHK.

10.43. Teopema Pucca—Quwmepa. Hycms {p.}-—opmo-
nopmarvnan cucmesa sa X. HJongemum, wmo psd Dl cn |t cxodumes,
U ROAONCUM Sp=CyQy = ...+ CnPn. To20a cywecmeyem Fynxyus
FE L2 (1), makas, umo {s,} cxodumca k [ & L*(p), npuder

f~ E CaPn-
L 24 )



Dyunyuu Kracca Lo X3

Boxasateasctro. Ecmyw n>m, 10
|| $p—5m li* = | Cmas B4 < .o F] a2

TaK 970 {S.}— nocaenobaTensHocTs Kown B 22 (u). Tlo teopeme 10,42
cymectsyeT dyHknua f € X2 (n), Takaa, uro

lim | f—s, || =0.
Teneps npu n>%
S fordp—cn= S fkad!i-—g SnPx b,
x X X
T4K UTO

| § fendu—cs|<if—sali- U @nli=] f—sall
X

[Monarag n— o, nontyuaem

ck=‘§f$kd!* (k=1,2,3, ...),

H JOKa3aTeMbCTRO 3aKOHUEHO.

10.44. Onpenenenue. OpronopmanbHas cucreMa {@,} HaSH-
BaeTCs noAHOL, €CAH W3 TOro, uTo fE L3 (p) M

gfq_a,.dp.=0 (n=1,2,3,...)
X

cnegyer, 410 |}f|l=0.

Ha reopempt 10.40 u papencrsa Ilapcesans (100) caeayer noa-
HOTa TPHTOHOMeTpHiecKoft cucremn. O6patso, pasencrso [lapcesans
BHITOJIARETCA AJMA M0G0 MOHOM OPTOHOPMANBHON CHCTEMEL,

10.45. Teopema. [Tycms {p,} — nosnas opmoKOpMAALHAR
cucmema. Ecaun fE€ L) u ecau

(105) fre 3 enton

mo

(106) o {irde=3 (el
X =1

Horasareabcrso. M3 HepasencrBa Beccens crepyer, wTo
paa [ i® cxomurea. [Tonoxam

5p 2= C4@y +t- o o = CnlPin
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B cuay reopemst Pucca—@mnepa cymecryet dynkuus g€ L2 (),
TaKas, 4TO

(107) g~ 2\ Ca@n
nmf

H {{@—sull—> 0. 3naunr, ||s,!!—| g|l. ITockoabky

fisnilt=lci 4. . Flen]m
TO

(108) Vlgrdp=3 1eln
X fe=i

_ Teneps na (105), (107) u nomsoTd cuctemst {@,} caepyer, urc
[f—gll=0, Tak ato ua (108) caexyer (106).

KomGuunpyn teopemsl 10.43 n 10.45, Mu nDpRXOAMM K OUEHb
HHTEpECHOMY BLBOJY: KaxXAasd NOJAHAA OPTOHOPMafbHAf CHCTEMA
MopoMjaeT B3aHMHO OAHOSHATHOE COOTBETCTBHE MeKAY (YHKLHAAMH
f€£2(n) (npuuem yHKUMH, cOBIajalomiHe NOYTH BCIOAY, OTOXje-
CTBJAAIOICH) H HNOCAENOBATENbHOCTAMH {Ca}, AAS KOTOPHX CXORHTCH
pan D leal’. Tlpencrapnenue

f~ 2 CaPn
n=i

B papeHcTBo [lapceBanis mokasweiBaioT, uTO Z*{p) MOXHO paccMaTpu-
BaThb Kak OECKOHEYHOMEDHOe €BKAHZOBO NPOCTPAHCTBO (TaK Hash-
BaeMoe «ruabGEpTOBO INPOCTPABCTBO»), B KOTOPOM TOuKa [ HMeer
KOOPAHHATH Cn, a QYHKINH @, CAYXKAT KOODAHHATHEIMH BEKTOPAMH.

YnpakHenus .
1. Ilyete {20 n S fdu=0. Jokasate, uto f{x)=0 nouts
E
Bcoay Ha E.

Yxaszanue. Ilycte E, —noamHoxecTBo MEOXKecTBa £, Ha KOTOPOM
f(x)=>>1/n. Tlonmoxum A== {JE,; p(A)==0 TOrAa H TOJNBKO TOTRA,
gorga u(E,)==0 npu Bcex n.

2. Ecnn Sf dp=0 pjaa BCAKOro HSMEPHMOTO MOAMHOMecTBA A
A
mHoxectBa E, 10 f(x)=0 noutn Bciony ®Ha E.

3. Dyers {fn) — nocnegoparenvrocTs HamepaMblx Gyukuunit. Joka-
3aTh, 4TO MHOMXECTBO TOYEK X, B KOTOPHX {f,(x)} cXxomurcsd, H3Mme-

4. Ecam fEX (w) na E, a dyHxknus g orpaHHuYeHa H H3MepHMa
Ha E, 10 fg€ X (p) na E.
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5. Ionoxum
0 (0<x<1/2),
g"‘)“ll (12<x<l),
fan (%) =g (x) O<x<1y,
fan(x)=g(l—x) (O0<xK1).

Toraa Qﬂf,. x)=0 O<xg),
Ho l’i—rm‘
i

{indx=.
1]
{cp. ¢ (77)).
6. Tlycte
]

fn(x)={? (xi<n),
0 (lxi>n)

Toraa fa{x) — 0 papHoMepHO Ha R!, HO

{ hav=2  (a=1,2,3,...).

—C0

(=]

[# -
(be numeM \ BMECTO S ) Taxknam ofpasoM, U8 paBHOMEPHOH cXo-

Lt

—rr m
RMMOCTH He CJIeAyeT OrpaHHYEHHAs CXOJAHMOCTE B CMBICHAe Teope-
ma 10.32, OxHako Ha MHOXKeCTBAX KOHEUMHON MepDH pPABHOMEPHO
CXOAMUIKECR MOCAeHOBATENLHOCTH OrpamHyeHHbX QYHKUUA CXOAATCS
OrpaHHueHHo.

7. Hafitu ycsoske, HeoGXofuMoe H JOCTATOUHOE IJISt TOre, UTOGH
f€ R («) na [a, b)

Yrxasanue. PaccMorpers npuvep 10.6 (b)) u Teopemy 10.33.

8. Eca f €% wa [a, b] 1 ecan F(x)=Sf(t) dt, 10 F'(x)=f(x)

a
MOYTH BCIOZY Ha [e, ).

Hoxasarb, ure dynrknua F, safanHas pasencreoM (95), nenpe-
priBHa Ha [a, bl

10. Ecmn p(X)<<+oc0 u fEZL2(p) va X, 10 fEL (M) Ba X.
Ecau _

BX) = + oo,
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TO 3T0, BooOGIie ropops, HesepHo, Hanpumep, ecan

F ) =17+

TO fé.‘ﬁ* Ha R!, Ho f¢ £ ma RL
11, Ecmx f, g€ £ (1) va X, T0o onpeftennM pacctosHue Mexay f
W g, moJaras €ro paBHLIM

§|r-gidu.

JHoxasarb, yro ¥ (1) — NONHOE METPHUECKOe NMPOCTPAIHCTBO.
12. HDonycTumM, urto

(@) [f(x, )], eeom 01, Oy«

() npu dukcupoBannoM x GyHxuua f(x, y) HempepuBHa no Y,
(¢) npu durcuposanHoM y dyHruna f(x, y} HenpepslBHAa no X.
Ionoxcum

H
g(x)= § Fix, )y O<x<1).

Henpepuisna an ¢ynknua g?
13. PaccmorpuM dyBKIHH

fn (x) =sinnx n=1,23,..., —agx<n)

KaK TOYKH mpocTpaHcTBa X3, [okazarh, 4T0 MHOKECTBO 3THX TOMEK
3aMKHYTO H OTPAHHYEHO, HO HE KOMIAaKTHO.

14. lokasaTb, 970 KoMivieKcHaa &YHKuES [ u3MepuMa Torpa
H TOJBKO TOTAR, KOTAa MHOXecTBO f1(V) HaMepuMmo, Kakopo GH HH
GLII0 OTKpHITOE NAOCKOE MHOXecTBO V,

15. MycTb & — KONBLIO 3NEMEHTAPHHX NOJAMHOKECTB MPOMEKYT-
ka (0, 1]. Econ 0 <<a< b1, TO nonoxum

g {la, b)) =9 (la, ) =9 ((a, b)) = ¢ ((a, b)) =b~—a,

ecnu 0<< b1, TlokasaTes, 4TO 3THM OnpeneneHa ARAWTHBHas (QyHK-
UMST MHOXKECTBZ Ba 72, KOTOpasi He peryfapHa W He MoXeT OHTb
npojo/MmKeHa A0 QyHKIHHM, CUETHO-aJIHTHBHOA Ha O-KOJbHE.

16. Mlyctp {ny}— BozpacTaomian ROCNEROBATENBHOCTD  MOJOXKH~
TeNbHLEIX UeJABIX upces, a F — MHOMecTso BCeX Touek x € {—m, m),
B KO‘DOplalx cXOnKTCA mocaefoBaTensHocTh {sinxx}. Jlokasats, uto
m(E)=0, '
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¥razanue. Tlpn mobom A E

S sinnagxdx —0
A
H
2 S (sinmx)idx= S(l—cos2nkx)dx—+m(A) npu 2> oo,
A A

17. HonycruM, uro E < (—=n, %), m(E)>>0, § >0, Bocnoabso-
paThCl HepaBeHcTBOM Deccend ana  foxasaTeAbcTBa  TOTO, YTO
pMeeTcs He Go/lee ueM KOHeqHOe YHCAO TAKHX WeJANX #, wro sinnx » &
npu Beex x€ E.

18. Tlyers fE X2(n), g€ L2 (n). Hokasars, yTo

| §rgan]'={ifiran {1giap

TOTAa ¥ TOJMLKO TOrfia, KOTAA CYWECTBYET TAKO€ YHCAO ¢, YTO
g (x) =cf (x} noutn scony. (Cp. ¢ Teopemolr 10.35.)
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